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I.  INTRODUCTION 


The  research  performed  on  this  contract  covers  a  broad  range  of  topics  related  to 
coherent  radiation  sources.  In  general,  the  research  can  be  divided  into  two  broad 
categories:  theoretical  research  into  innovative  concepts  in  the  physics  of  ubitrons  (or  free- 
electron  lasers),  and  in  the  application  of  this  theory  to  the  support  of  the  experimental 
ubitron  program  in  the  Vacuum  Electronics  Branch  of  the  Electronics  Science  and 
Technology  Division  at  the  Naval  Research  Laboratory  (NRL).  The  work  on  this  program 
was  conducted  by  the  Principal  Investigator,  Dr.  H.P.  Freund  at  a  level  of  effort  of  1 
Manyear  per  calendar  year  during  the  contract  period. 

The  general  theory  research  covers  a  wide  range  of  topics  of  interest.  Linearized 
an^yses  of  the  ubitron/free-electron  laser  (FEL)  have  been  performed  to  study  (1)  thermal 
efpcts  on  the  gain  in  both  pl^^  and  helical  wiggler  geometries  in  ubitrons,  and  (2)  the 
relationship  between  the  variation  in  the  relative  phase  and  optical  guiding.  Nonlinear 
analyses  have  been  conducted  for  a  wide  variety  of  configurations  and  purposes.  These  can 
be  roughly  categorized  as  studies  of:  (1)  the  effect  of  wiggler  imperfections  on  ubitron 
operation,  (2)  space-charge  effects  in  ubitrons,  (3)  slow-wave  ubitrons,  (4)  tunability  of 
tapered  wiggler  configurations  in  ubitrons,  (5)  a  high-efficiency  collective  FEL  experiment 
using  a  heh^  wiggler  and  an  anti-parallel  axial  guide  magnetic  field,  (6)  the  inclusion  of  a 
model  of  self-electric  and  -magnetic  fields  in  the  nonlinear  simulations  of  ubitrons,  (7)  a 
high  power  Cerenkov  maser,  and  (8)  the  analysis  of  the  Coaxial  Hybrid  Iron  ICHD 
wiggler.  ' 

The  theory  support  for  the  ubitron  program  in  Code  6840  covers  two  distinct 
experiments.  The  first  experiment  is  that  of  a  fundamental  harmonic  ubitron  using  a  helical 
wiggler  and  an  axial  guide.  Extensive  theoretical  capability  to  analyze  this  configuration  has 
l^n  developed  over  the  course  of  this  and  preceding  contacts  with  Code  6840  at  NRL  and 
the  simulation  codes  developed  were  employed  to  analyze  the  results  of  this  experiment. 
Gratifyingly,  good  agreement  has  been  found  between  the  experiment  and  the  theory  The 
second  expenment  employs  a  planar  wiggler  and  operated  at  higher  harmonics  of  the 
resonance  frequency.  Once  again,  good  agreement  has  been  found  ^tween  simulation  and 
the  expenment. 

The  organization  of  this  final  report  is  as  follows.  A  description  of  the  general 
theory  developed  under  the  contract  is  given  in  Section.  II.  This  will  be  divided  into  six 
sub-sections  corresponding  to  each  of  the  categories  listed  above.  A  discussion  of  the 
theorehcal  support  provided  for  the  ubitron  experiments  is  given  in  Section  III.  A  summary 
IS  given  in  Section  IV.  The  text  of  the  report  will  not  be  very  detailed  in  that  figures  and 
drawings  illustrating  the  results  of  the  work  will  not  be  given  in  the  body  of  the  report. 
These  are  shown  instead  in  the  papers  published  during  the  contract  period,  and  copies  of 

ml  papers  published  in  refereed  journals  for  this  research  is  given  in  Appendices  following 
the  text  of  the  report.  rv  b 

II.  GENERAL  THEORY 

A  detailed  description  of  the  general  theory  will  not  be  given  here  since  this  is 
contained  within  the  papers  in  the  Appendices.  Instead,  only  a  general  overview  of  the 
pnncipal  results  will  be  presented.  To  this  end  a  brief  discussion  of  the  methodology  used 
in  nonlinear  analyses  is  in  order. 

The  nonlinear  techniques  used  in  this  research  program  are  based  upon  slow-time- 
scme  analyses  of  the  resonant  interaction  between  the  electron  beam  and  the  radiation  field 


in  a  variety  of  waveguide  structures.  For  example,  the  vacuum  TE  modes  in  a  cylindrical  or 
coaxial  waveguide  can  be  expressed  in  the  form 


6A(x,0  =  6AJz)  Z/W)  e^sin  a,„  +  Z/(k^)  e^cos  aj 


where  6A(x,f)  denotes  the  vector  potential, 

ci,„  =  j^dz'kjz')  + Id- (ot  , 

denotes  the  phase  corresponding  to  wavenumber  k/m  and  angular  frequency  to,  and  ki^  is 
the  cutoff  wavenumber  of  the  mode.  Observe  that  the  amplitude  dAiff,(z)  and  wavenumber 
of  each  mode  is  assumed  to  vary  slowly  in  z  with  respect  to  the  wavelength  of  the  mode. 
The  cutoff  wavenumbers  are  given  by  the  dispersion  equation  JiiKi^Rg)  =  0  for  a 
cylindrical  waveguide  of  radius  Rg,  and  hy  Ji{Ki„fl)Yi{KiJ))  =  Ji(Ki^b)Yi'iKi^)  for  a 
coaxial  waveguide  of  inner  and  outer  radii  a  and  b  respectively.  The  polarization  vector  is 
given  by  ZiiKi^r)  =  JiiKi^r)  for  a  cylindrical  waveguide,  and  ZiiKi^r)  =  JiiKi^r)  + 
for  a  coaxial  waveguide  where  Ai^  =  -  Ji(KiJ>)IYi(Kimb). 

The  dynamical  equations  for  each  mode  is  found  by  substitution  of  the  above- 
mentioned  representation  for  the  field  into  Maxwell's  equations  and  (1)  orthogonalizing  in 
the  transverse  coordinates,  and  (2)  averaging  over  a  wave  period.  The  results  can  be 
compactly  written  in  the  form 


and 


(1) 

Im 


2 

1-  c(2) 

dz  “  p"  ’ 

where  daim  =  edAiJmeC'^  is  the  normalized  amplitude,  (ot,  is  the  ambient  beam  plasma 
frequency,  and  the  sources  are 


and 


‘S'te  Z^K^)  sin  ^  Z;{K^r)  cos  , 

Z,(kj- )  COS  a,„  - Z;{K^)  sin  . 


Here  Him  =  ^Kim^Rg'^l{Kim^Rg^  -  P)Jp{KimRg)  for  a  cylindrical  waveguide,  and 

for  a  coaxid  waveguide.  Finally,  the  averaging  operator  is  defined  as  the  average  over  the 
initial  conditions  of  an  ensemble  of  electrons.  An  initial  momentum  distribution  is  defined 
as 

F(Po)  =Ae-<P^-po->^^ld{pi-pP-^^-p2jH{p^)  , 
where  the  normalization  constant  is 

As\tc  . 
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This  distribution  describes  a  monoenergetic  beam  with  a  pitch  angle  spread,  and  the  axial 
energy  spread  corresponding  to  this  pitch  angle  spread  can  be  expressed  as 


—  =  1  -  [l  +  2(y^-  1)  —1 


where  yo  =  (1  +  As  a  result,  the  averaging  operator  takes  the  form 

r2it 


X  // 3VoO|(V’o)  (■  •  0  . 


where  Ag  is  the  cross-sectional  area  of  the  waveguide,  ^  -  (oto)  is  the  initial  phase 

corresponding  to  an  entry  time  /b.  0o  =  tan“i(P3o/p;(o).  and  and  c\\  represent  the  initial 
distributions  in  cross-section  and  phase.  These  equations  exhibit  no  direct  mode-mode 
coupling.  All  coupling  is  through  the  electron  beam.  Hence,  to  complete  the  formulation  the 
electron  trajectories  must  also  be  specified.  For  this  purpose,  we  use  the  full  Lorentz  force 
equations  in  the  fields  composed  of  the  wiggler,  the  electromagnetic  wave(s),  and  the  self¬ 
fields  (to  be  discussed  below).  Thus,  we  integrate 

u,  ^  p  =- e[6E  +  i  V  X B,,  +  6B  +  B<^)]  , 

for  an  ensemble  of  electrons,  where  Bu-  denotes  the  wiggler,  E(®)  and  B(®)  denote  the  self¬ 
fields. 


6E=-4  J76E,  and  6B  =  Vx6A  , 

describes  the  electromagnetic  field,  and  an  axial  guide  field  is  included  as  well.  Observe 
that  the  Lorentz  force  equations  need  not  be  averaged  since  they  are  implicitly  slowly- 
varying  for  waves  near  resonance.  This  constitutes  the  principal  difference  between  the 
formulation  pioneered  by  SAIC  and  nonlinear  approaches  developed  elsewhere.  This  non- 
averaged  approach  to  orbit  dynamics  permits  the  self-consistent  inclusion  of  beam  injection 
into  the  wiggler  as  well  as  the  treatment  of  wiggler  tapering  for  efficiency  enhancement  and 
all  harmonic  interactions. 

Finally,  before  proceeding  to  the  detailed  discussion  of  the  work  performed  on  the 
contract,  it  is  important  to  remark  that  this  nonlinear  formulation  can  also  be  applied  to  the 
TM  modes  as  well  as  other  waveguide  geometries  by  the  simple  expedient  of  using  the 
vacuum  modes  of  other  configurations.  Of  particular  relevance  to  the  work  performed  on 
the  contract  is  the  rectangular  waveguide,  and  dielectric-lined  waveguides. 

A.  Thermal  Effects  on  the  Linear  Gain 

The  interaction  in  a  ubitron  is  crucially  sensitive  to  the  beam  quality,  and  even  small 
thermal  spreads  can  result  in  substantial  degradations  in  the  gain  and  efficiency  of  the 
interaction.  As  a  result,  SAIC  conducted  a  study  of  the  effect  of  the  beam  thermal  spread 
on  the  linear  gain  in  lx)th  helical  and  planar  wiggler  ubitrons.  This  analysis  has  been 
published  in  the  IEEE  Journal  of  Quantum  Electronics  [vol.  27,  p.  2550  (1991)],  and  was 
conducted  by  Dr.  Freund  in  collaboration  with  Dr.  D.  Kirkpatrick  of  SAIC  and  Dr.  R.C. 
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Davidson  at  the  Princeton  Plasma  Physics  Laboratory.  A  copy  of  the  paper  is  given  in 
Appendix  I. 

As  expected,  the  analysis  showed  a  steep  decline  in  the  gain  with  increasing  thermal 
spreads.  However,  there  were  differences  in  the  analysis  in  comparison  with  the  previously 
commonplace  approach  to  thermal  effects  in  ubitrons.  The  typical  analysis  of  thermal 
effects  in  ubitrons  made  use  of  a  Maxwellian  velocity  distribution,  and  resulted  in  an 
expression  for  the  dispersion  equation  which  contained  the  Plasma  Dispersion  function. 
This  is  the  most  common  approach  used  to  describe  thermal  effects  in  drifting  plasmas. 
However,  it  is  incorrect  to  apply  this  formalism  to  ubitrons.  The  reason  for  this  twofold. 
The  first  is  that  it  is  implicitly  assumed  in  this  analysis  that  the  axial  velocity  is  a  constant  of 
the  motion.  This  is  true  for  uniformly  magnetized  beams,  but  not  for  electron  propagation 
through  a  wiggler.  Here,  the  constants  of  the  motion  are  the  total  energy  and  the  canonical 
momenta.  Orbits  with  constant  axial  velocity  can  be  found  for  a  helical  wiggler,  but  they 
represent  a  special  class  of  trajectory  which  breaks  down  if  there  is  any  thermal  spread.  The 
situation  is  even  worse  for  planar  wigglers,  since  there  are  no  orbits  with  constant  axial 
velocity  in  this  geometry.  The  second  reason  is  that  the  Maxwellian  distribution  does  not 
apply  either  since  this  distribution  does  not  describe  the  beams  in  a  ubitron.  In  the  ubitron 
the  electron  beam  will  be  characterized  by  a  maximum  energy  corresponding  to  the  potential 
applied  across  the  diode.  Hence,  there  will  be  no  long  exponentially  decaying  tail  at  very 
high  energies.  As  a  consequence,  the  Maxwellian  distribution  is  an  approximation  at  best. 
Since  the  Plasma  Dispersion  function  appears  only  in  the  context  of  the  Maxwellian 
distribution  in  which  the  axial  velocity  is  a  constant  of  the  motion,  this  also  represents  a 
questionable  approximation. 

In  order  to  overcome  these  problems,  a  completely  new  analysis  was  developed. 
The  first  consideration  was  to  construct  an  appropriate  distribution  function.  Since  the 
beams  in  most  ubitrons  of  interest  to  Code  6840  are  produced  in  a  diode  with  a  fixed 
potential,  a  monoenergetic  beam  was  assumed.  The  source  of  the  thermal  spread,  therefore, 
is  the  pitch  angle  spread  induced  by  electron  transport  across  the  cathode/anode  gap. 
Hence,  a  distribution  of  the  form 

was  chosen,  where  Px  and  Py  are  the  canonical  momenta,  p  is  the  total  momentum,  nb  is 
the  ambient  density,  and  po  and  AP  denote  the  total  beam  momentum  and  momentum 
spread.  Using  this  distribution,  we  obtained  dispersion  equations  for  both  helical  and 
planar  wiggler  configurations  which  included  a  thermal  function  of  the  form 

where  jE"!  is  the  exponential  integral  function  and 


where  denotes  the  bulk  axial  beam  velocity. 

The  result  found  using  this  approach  differed  from  that  found  using  the  Maxwellian 
and  the  Plasma  Dispersion  function.  The  difference  consisted  in  the  fact  that  we  found  that 
the  gain  remains  relatively  constant  for  small  increases  in  the  thermal  spread,  and  only 
begins  to  decrease  after  a  threshold  is  reached  in  the  thermal  spread.  No  such  plateau  is 
found  using  the  Maxwellian/Plasma  Dispersion  function  analysis.  Since  the  Maxwellian 


# 


approach  represents  an  approximation  at  best,  this  newer  analysis  constitutes  an  advance  in 
our  understanding  of  the  physics  of  ubitrons. 

B.  Optical  Guiding  and  the  Relative  Phase 

The  issue  of  optical  guiding  in  ubitrons  and  free-electron  lasers  has  received  a  great 
deal  of  attention  with  respect  to  short  wavelength  FELs  in  which  the  radiation  is  quasi- 
optical.  In  this  regime,  it  was  feared  that  diffraction  could  cause  to  radiation  beam  to 
expand  outside  the  bounds  of  the  electron  beam,  and  that  this  could  result  in  a  reduction  in 
the  gain  and  efficiency  of  the  interaction.  The  work  on  optical  guiding  was  predicated  on 
the  hypothesis  that  the  dielectric  effect  of  the  beam  acts  as  an  optical  fiber  which  will 
confine  the  radiation  to  within  the  electron  beam  envelope.  On  the  basis  of  previous 
theoretical  formulations,  this  appeared  to  be  quite  feasible. 

The  effect  of  optical  guiding  at  short  wavelengths  is  related  to  the  phase  shift 
induced  by  the  beam  at  microwave  frequencies.  Hence,  we  felt  that  a  study  of  the  relative 
phase  could  have  relevance  to  the  question  of  whether  optical  guiding  works  at  short 
wavelengths.  The  relative  phase  can  be  defined  in  the  following  manner 

-  JT JZ') -  , 

which  measures  the  change  in  the  evolution  of  the  phase  in  the  beam-loaded  system  with 
respect  to  the  vacuum  waveguide.  Using  the  nonlinear  codes  described  above,  it  was  found 
that  the  relative  phase  could  be  either  positive  or  negative  over  the  band  of  unstable 
frequencies.  Typically,  at  the  low  (high)  frequency  portion  of  the  gain  band  the  relative 
phase  is  negative  (positive),  and  there  is  one  frequency  at  which  the  relative  phase  remains 
unchanged.  Since  optical  guiding  requires  a  positive  relative  phase  in  order  for  the 
refractive  effect  of  the  beam  to  result  in  guiding  of  the  wave,  this  implies  that  guiding  is 
found  only  over  a  part  of  the  gain  band. 

In  order  to  test  this  conclusion  Dr.  Freund,  in  collaboration  with  Dr.  T.M. 
Antonsen  at  the  University  of  Maryland,  performed  a  theoretical  analysis  of  optical  guiding 
and  showed  that  it  did  indeed  correspond  to  the  variations  in  the  relative  phase.  This  work 
was  published  in  the  IEEE  Journal  of  Quantum  Electronics  [vol.  27,  p.  2539  (1991)],  and 
is  included  in  Appendix  II. 

C.  Wiggler  Imperfections 

Since  the  ubitron/FEL  is  so  sensitive  to  the  effects  of  beam  thermal  spreads,  it  is 
feared  that  imperfections  in  the  wiggler  magnet  can  also  have  a  deleterious  impact  on  the 
gain  and  efficiency.  The  reason  for  this  is  that  variation  in  the  wiggler  field  can  induce 
variations  in  the  particle  velocity  which  can  result  in  resonance  broadening.  Much  of  the 
analysis  of  the  effect  of  wiggler  imperfections  has  been  based  upon  orbit  averaged 
formulations  in  which  the  effect  of  wiggler  imperfections  is  included  via  some  assumed 
random  walk  model  of  electron  motion  in  a  randomly  varying  wiggler.  Dr.  Freund  had 
some  reservations  about  this  model  which  stemmed  from  the  fact  that  the  random  walk 
model  was  originally  constructed  to  deal  with  Brownian  motion  in  which  small  particles 
experience  random  and  discontinuous  impulses.  In  this  way,  the  particle  "walk  off"  from 
their  initial  location  ,  and  the  displacement  varies  as  the  square  root  of  the  number  of 
impulses  they  receive.  This  is  not  what  happens  in  a  wiggler  however.  In  this  case,  while 
the  wiggler  may  vary  in  an  random  (i.e.,  unknown  or  unplanned)  manner,  the  field  is 
continuous.  Thus,  the  electrons  don't  experience  random  and  sudden  impulses.  Rather, 
they  follow  a  meander  line  associated  with  the  field  variations.  A  better  model  for  this 


motion  might  be  a  bead  sliding  on  a  wire  which  has  been  bent  or  twisted  in  a  random 
manner.  By  this  analogy,  the  electrons  would  not  be  expected  to  walk  off. 

In  order  to  test  this  hypothesis.  Dr.  Freund  modified  the  nonlinear  simulation  codes 
to  treat  random  variations  in  the  wiggler  field.  This  was  a  relatively  straightforward  process 
since  the  formulation  integrates  the  electron  trajectories  in  a  given  wiggler  field.  Thus,  all 
that  was  required  was  to  modify  the  wiggler  model  to  include  a  randomly  chosen  set  of 
irnperfections  in  the  wiggler  amplitude.  These  analyses  were  conducted  in  collaboration 
with  Dr.  R.H.  Jackson  and  have  been  published  in  Phys.  Rev.  A  [vol.  45,  p.  7488  (1992)] 
and  Nucl.  Instrum.  Meth.  [vol.  A341,  p.  225  (1994)].  These  papers  are  include  din 
Appendices  III  and  IV. 

The  detailed  model  employed  was  based  upon  the  fact  that  a  planar  wiggler  is 
constructed  of  a  stack  of  permanent  magnets,  and  that  random  imperfections  can  result 
form  variations  in  the  magnetization  of  each  element  in  the  magnet  stack.  Thus,  the  field 
amplitude  can  vary  in  a  random  way  from  pole  face  to  pole  face,  which  occurs  regularly  at 
some  fractional  length  of  the  wiggler  pericxi.  As  a  result,  a  wiggler  model  was  constructed 
in  which  the  amplitude  varied  on  some  length  scale  Az  =  kJNp,  where  A„,  denotes  the 
wiggler  period  and  Np  is  the  number  of  pole  faces  per  wiggler  period.  A  random  sequence 
of  wiggler  variations  in  then  chosen  {AB„}  where  AB„  s  AB^(nAz).  The  variation  in  the 
wiggler  amplitude  between  these  points  is  then  constructed  from  a  continuous  map  as 
follows 

AB^inAz  +  6z)  =  AB„+  (AB„^ , -  AB„)  sin'(^)  , 

for  0<dz  ^  Az.  Given  this  variation  in  the  wiggler  amplitude,  it  is  possible  to  integrate  the 
electron  trajectories  for  a  large  number  of  different  error  distributions.  In  this  way,  it  is 
possible  to  construct  an  ensemble  average  of  the  efficiency  as  a  function  of  the  rms 
magnitude  of  the  wiggler  error. 

The  results  of  the  study  indicate  that  the  effect  of  wiggler  imperfections  is  much  less 
severe  than  the  effect  of  l^m  thermal  spread,  and  that  for  most  experiments  (at  least  at 
long  wavelengths)  there  is  no  cause  for  alarm  based  upon  the  current  manufacturing 
tolerances  for  wiggler  magnets. 

It  is  also  interesting  to  note  that  this  approach  to  treating  wiggler  imjjerfections  also 
allows  us  to  model  the  effect  of  a  specific  set  of  imperfections  in  any  given  wiggler  magnet. 

D.  Tunability  of  Tapered  Free-Electron  Lasers 

It  is  widely  known,  and  practiced,  that  the  efficiency  in  ubitrons  can  be 
substantially  enhanced  by  using  a  tapered  wiggler.  The  physical  basis  of  this  process  is  that 
as  the  electrons  decelerate  as  they  lose  energy  to  the  wave  and  drop  out  of  resonance. 
However,  the  electrons  can  be  accelerated  if  the  wiggler  amplitude  decreases  and  the 
resonance  condition  can,  therefore,  be  maintained  over  an  extended  interaction  length.  The 
efficiency  enhancement  in  such  cases  is  extremely  sensitive  to  both  the  slope  of  the  taper 
and  the  start-taper  position.  The  start  of  the  taper  must  be  chosen  in  such  a  way  that  the 
electrons  have  just  become  trapped  in  the  ponderomotive  potential  formed  by  the  beating  of 
the  wiggler  and  radiation  fields  but  have  not  had  time  to  undergo  one  half  of  an  oscillation 
in  the  trough  of  the  wave.  The  slope  of  the  taper  must  not  so  fast  that  the  electrons 
"slosh"  out  of  the  trough  nor  so  slow  that  no  effective  enhancement  occurs.  Because  of  this 
sensitivity,  it  had  been  felt  if  the  start-taper  point  and  slope  of  the  taper  had  been  chosen  for 
optimum  performance  at  one  given  frequency,  then  the  efficiency  enhancement  at  other 


frequencies  would  suffer.  In  other,  words,  that  the  tapered  wiggler  interaction  would  have 
a  narrow  instantaneous  bandwidth. 

In  order  to  test  this  hypothesis.  Dr.  Freund  collaborated  with  Drs.  B.  Levush  and 
T.M.  Antonsen  of  the  University  of  Maryland.  The  procedure  used  in  the  study  was  to  use 
one-dimensional  (B.  Levush  and  T.  Antonsen)  and  three-dimensional  (H.  Freund) 
simulations  for  tapered  wiggler  configurations  optimized  at  one  frequency  to  test  the  output 
efficiency  at  other  frequencies.  In  other  words,  the  parameters  were  optimized  at  a  given 
frequency,  and  then  held  fixed  while  the  frequency  was  changed. 

The  results  of  the  study  showed  that  the  previously  accepted  hypothesis  of  a  narrow 
bandwidth  for  the  tapered  wiggler  interaction  was  in  error.  In  fact,  it  was  shown  that  the 
bandwidth  for  the  tapered  wiggler  case  was  as  broad  as  that  for  the  uniform  wiggler. 

E.  A  Slow-Wave  Ubitron 

One  important  goal  of  the  ubitron  program  in  Code  6840  at  NRL  is  the  development 
of  ubitrons  which  can  operate  at  high  frequencies  but  low  voltages.  Three  principal 
strategies  are  being  used  for  this  purpose:  (1)  harmonic  interactions,  (2)  short  period 
wigglers,  emd  (3)  slow-wave  circuits.  It  is  the  latter  approach  which  will  be  discussed  in 
this  subsection. 

In  order  to  study  the  effect  of  a  slow-wave  circuit.  Dr.  Freund  adapted  the 
aforementioned  nonlinear  formulation  to  treat  the  case  of  a  dielectric-lined  rectangular 
waveguide  and  a  planar  wiggler.  The  waveguide  chosen  had  a  dielectric  liner  applied  to  the 
long  dimension  of  the  waveguide  (the  x-direction)  which  coincided  with  the  direction  of 
wiggler  motion.  The  mode  structure  in  such  a  waveguide  is  not  strictly  TE  or  TM  with 
respect  to  the  longitudinal  axis  of  the  waveguide.  Instead  it  is  TE  and  TM  with  respect  to 
the  y-direction.  These  are  referred  to  as  the  LSE  and  LSM  modes  respectively.  The  analysis 
has  been  published  in  Nucl.  Instrum.  Meth.  [vol.  A304,  555  (1991)],  and  is  included  in 
Appendix  VI.  This  paper  includes  a  detailed  discussion  of  the  formulation  as  well  as  the 
results  of  the  simulation. 

The  results  of  the  analysis  indicate  that  high  efficiencies  and  voltage  reductions  are 
possible  with  such  a  slow-wave  circuit.  However,  dielectric  liners  are  subject  to  problems 
of  charging  and  breakdown,  not  to  mention  mechanical  failure.  Hence,  an  actual  slow- 
wave  ubitron  might  be  better  constructed  with  a  more  robust  slow-wave  circuit  such  as  a 
grating  or  rippled  wall. 

F.  Cerenkov  Masers 

The  Cerenkov  maser  is  essentially  a  traveling  wave  tube  in  which  the  slow-wave 
circuit  is  composed  of  a  dielectric  liner.  Cerenkov  masers  have  been  built  and  operated  at 
Dartmouth  for  many  years,  and  hold  promise  for  low  voltage  operation  at  relatively  high 
frequencies.  In  order  to  understand  the  interaction  and  its  limitations  Dr.  Freund,  in 
collaboration  with  Dr.  A.K.  Ganguly  at  NRL,  has  formulated  a  nonlinear  slow-time-scale 
analysis  of  the  Cerenkov  maser  for  a  configuration  in  which  a  cylindrical  waveguide  is 
lined  with  a  dielectric  material.  This  formulation  was  conducted  under  a  previous  contract 
SAIC  with  NRL.  However,  more  recently  a  high  power  X-Band  Cerenkov  maser 
experiment  has  been  performed  at  General  Dynamics  which  recorded  power  levels  of  more 
than  280  MW  at  8.6  GHz.  Drs.  Freund  and  Ganguly  applied  their  previously  written 
simulation  code  in  order  to  study  this  experiment.  This  work  has  been  published  in  Nucl. 
Instrum.  Meth.  [vol.  A304,  p.  612  (1991)  and  is  included  in  Appendix  VII. 
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Details  of  the  formulation  and  the  comparison  are  given  in  Appendix  VII  and  will 
not  be  repeated  here.  Briefly,  the  experiment  employed  a  788  kV/3. 1  A  annular  electron 
beam  with  a  mean  radius  of  a  1.15  cm  and  a  thiclmess  of  2  mm.  The  waveguide  was  lined 
with  stycast  (e  =  10)  and  has  a  radius  of  1.74  cm  at  the  wall  and  1.47  cm  at  the  inner 
surface  of  the  dielectric,  and  an  overall  length  of  23.9  cm.  It  was  operated  as  an  amplifier 
with  a  100  kW  driver  at  8.6  GHz.  The  measured  output  power  was  280  MW  for  a  gain  of 
34.5  dB  (1.44  dB/cm).  The  results  of  the  simulation  were  in  substantial  agreement  with  the 
experiment  as  regards  the  gain  over  the  23.9  cm  of  the  experiment.  However,  the 
simulation  indicates  that  the  interaction  had  not  saturated  over  that  length.  Saturation  in  the 
simulation  occurs  at  a  power  of  620  MW  over  a  length  of  28  cm  for  an  efficiency  of  32% 
and  an  average  gain  of  between  14.4-1.6  dB/cm.  More  importantly,  the  simulation 
indicates  that  the  device  is  relatively  insensitive  to  thermal  spread.  In  particular,  the 
efficiency  is  seen  to  drop  to  18%  for  an  energy  spread  of  Ayjyo  »  30%.  These  are 
remarkable  figures,  and  indicate  that  there  is  promise  in  this  technology  for  high  power 
applications. 

G.  Self-Field  Effects  in  Ubitrons 

It  has  long  been  known  that  the  interaction  in  intense  beam  ubitrons  is  based  upon 
stimulated  Raman  scattering  in  which  the  negative  energy  beam  space-charge  wave  scatters 
off  the  wiggler  field  to  result  in  the  output  signal.  A  great  deal  of  effort  has  been  expended 
in  the  study  of  these  Raman  interactions.  However,  the  effect  of  the  DC  self-electric  and 
self-magnetic  fields  has  received  relatively  little  attention.  Recently,  it  became  apparent  that 
the  self-field  effects  were  important  to  the  operation  of  the  ubitron  in  Code  6840  at  NRL, 
and  Dr.  Freund,  in  collaboration  with  Dr.  R.H.  Jackson  at  NRL  and  Dr.  D.E.  Pershing  at 
MRC,  undertook  the  task  of  including  these  effects  in  the  nonlinear  slow-time-scale 
analyses. 

This  work  was  published  in  Phys.  Fluids  B  [vol.  5,  p.  2318  (1993)],  and  is 
included  in  Appendix  VIII.  The  formulation  makes  use  of  an  approximate  form  for  the  self¬ 
fields.  Under  the  assumption  of  a  flat-top  density  profile  with  a  uniform  axial  velocity,  the 
self-electric  and  self-magnetic  fields  can  be  written  in  the  form 

and 

B"^=-^«^^08^[(y-(y))^.-(x-(x))&J  . 

These  representations  for  the  self-fields  are  then  used  in  the  nonlinear  formulations  to  study 
both  helical  and  planar  geometries  using  circular  beams. 

The  results  of  this  study  indicated  that  the  self-fields  are  relatively  unimportant  for 
ubitrons/FELs  which  have  been  constructed  at  MIT  and  at  LLNL.  However,  this  was  not 
the  case  for  the  ubitron  under  construction  at  NRL.  For  this  experiment,  the  self-fields 
were  predicted  to  have  a  major  impact  on  beam  transmission  and  interaction  efficiency.  At 
the  time  this  paper  was  written,  no  experimental  results  from  the  NRL  ubitron  were 
available.  However,  the  experiment  became  operational  before  the  end  of  the  contract,  and 
confirmed  this  prediction.  These  comparisons  will  be  discussed  in  more  detail  in  the  next 
section  dealing  with  the  theoretical  support  for  the  experiment. 
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H.  Simulation  of  a  High  Power  FEL 

Dr.  Freund,  in  collaboration  with  Dr.  A.K.  Ganguly,  has  applied  the  nonlinear 
simulation  codes  to  the  analysis  of  a  recent  experiment  conducted  at  MIT.  This  experiment 
employed  a  helical  wiggler  field  in  conjunction  with  an  axial  guide  field  to  produce  an  FEL 
amplifier  at  35  GHz.  The  novel  feature  of  this  experiment  was  that  the  axial  guide  field  was 
oriented  anti-parallel  with  the  bulk  streaming  velocity  of  the  electron  beam.  This  work  has 
been  published  in  the  IEEE  Trans.  Plasma  Sci.  [vol.  20,  p.  245  (1992)]  and  in  Phys. 
Ruids  B  [vol.  5,  p.  1869  (1993)],  and  these  papers  are  included  in  Appendices  IX  and  X. 
We  will  merely  summarize  the  essential  points  of  the  study  here. 

The  experiment  used  a  750  kV/300A  electron  beam  with  a  radius  of  0.25  cm.  The 
wiggler  had  a  period  of  3. 18  cm  and  a  maximum  amplitude  of  about  1.8  kG,  and  the  guide 
field  could  reach  an  amplitude  of  approximately  12  kG.  The  experiment  was  operated  as  an 
amplifier  at  35  GHz  and  could  be  driven  with  powers  of  about  8.5  kW.  Output  power  was 
peaked  at  61  MW  for  a  wiggler  amplitude  of  1.47  kG  and  a  reversed  guide  field  of  10.92 
kG.  Significantly,  there  was  a  sharp  dip  in  the  output  power  for  the  reversed  field  cases  at 
an  axid  field  of  about  7.5  kG.  This  corresponded  to  the  magnetic  antiresonance  in  which 
the  Larmor  period  associated  with  the  cyclotron  motion  corresponded  to  the  wiggler  period. 
This  was  a  previously  unexpected  phenomenon. 

The  simulation  hcis  proven  to  be  in  remarkably  good  agreement  with  the  reversed 
field  measurements.  Choosing  an  initial  axial  energy  spread  of  1.5%  in  accord  with  the 
experimentally  quoted  figure  for  beam  quality,  the  simulation  predicts  an  output  power  of 
60  MW  for  the  10.92  kG  reversed  field  case.  This  is  exeeptionally  close  agreement.  In 
addition,  the  simulation  also  shows  the  dip  in  the  output  power  near  the  magnetic 
antiresonance.  The  source  of  this  effect  has  proven  to  be  an  antiresonant  perturbation  in  the 
orbits  of  the  off-axis  electrons.  In  effect,  an  electron  which  is  undergoing  wiggler-driven 
helical  oscillations  far  from  the  axis  of  symmetry  experiences  a  pericSic  driving  force  due 
to  the  wiggler  inhomogeniety  which  becomes  very  large  near  the  antiresonance.  The  fact 
that  this  unexpected  effect  was  correctly  described  by  the  simulation  represents  a  success 
for  the  non-averaged  orbit  anedysis. 

I.  Space- Charge  Effects  in  Ubitrons 

The  nature  of  the  Raman  regime  in  ubitrons/FELs  is  often  poorly  understood.  This 
is  because  there  are  several  effects  which  contribute  to  the  relative  importance  of  the  beam 
space  charge  waves.  For  example,  an  experiment  conducted  at  MIT  by  J.  Fajans  and  G. 
Bekefi  was  unambiguously  in  the  Raman  regime  despite  a  current  of  only  4  A,  while 
another  experiment  (also  at  MIT)  conducted  by  D.  Kirkpatrick  and  Bekefi  was  not  in  the 
Raman  regime  despite  a  current  of  900  A.  In  order  to  explain  this.  Dr.  Freund  studied  a 
group  of  four  experiments  with  the  view  of  evaluating  their  Raman  status  based  upon  three 
different  criteria.  This  work  was  published  in  Nucl.  Instrum.  Meth.  [vol.  A331,  p.  496 
( 1993)],  and  is  include  in  Appendix  XI. 

The  three  essential  criteria  for  Raman  effects  to  be  important  are  as  follows.  Firstly, 
the  beam  current  must  be  high  enough  that  the  space-charge  potential  of  the  beam-plasma 
waves  exceeds  the  ponderomotive  potential  formed  by  the  beating  of  the  wiggler  and 
radiation  fields.  Secondly,  the  frequency  shift  associated  with  the  beam-plasma  waves 
[i.e.,  the  beam  plasma  frequency]  must  exceed  the  gain  bandwidth  of  the  interaction. 
Thirdly,  the  beam  plasma  waves  must  not  be  subject  to  Landau  damping.  This  last 
condition  is  equivalent  to  the  requirement  that  the  Debye  length  be  greater  than  the 
wavelength  of  the  beam-plasma  waves. 


Four  experiments  were  considered  in  this  study.  These  included  the  three 
experiments  at  MIT  and  one  experiment  at  LLNL.  Of  these  four  experiments,  the  two  with 
the  highest  currents  were  found  to  be  not  in  the  Raman  regime,  while  the  two  lower  current 
ones  were  found  to  be  in  the  Raman  regime. 

The  highest  current  was  found  in  the  Kirkpatrick  and  Bekefi  experiment  at  MIT.  As 
mentioned,  this  experiment  used  a  900  A  electron  beam  and  operated  at «  500  GHz.  In  this 
case,  the  space-charge  potential  was  comparable  to  the  ponderomotive  potential,  but  the 
beam  plasma  frequency  («  5.5  GHz)  was  much  less  than  the  bandwidth  of  the  interaction 
(»  50  GHz).  In  addition,  the  Debye  length  was  s:  0.09  cm  is  comparable  to  the  space- 
charge  wavelength  (a  0.06  cm);  hence,  the  space-charge  waves  should  be  damped.  This 
experiment,  therefore,  is  not  expected  to  be  in  the  Raman  regime. 

The  next  highest  current  is  found  in  the  LLNL  experiment  which  was  a  35  GHz 
amplifier  using  a  3.5  MV/850  A  electron  beam.  In  this  case,  the  ponderomotive  and  space- 
charge  potentials  also  were  comparable,  but  the  plasma  frequency  (a  2.2  GHz)  was  much 
less  than  the  bandwidth  (a  15  GHz).  In  addition,  the  Debye  length  was  a  0.8  cm  while  the 
space-charge  wavelength  was  also  a  0.8  cm.  Hence,  the  space-charge  waves  experienced 
sever  Landau  damping.  Hence,  this  experiment  was  not  in  the  Raman  regime  either. 

The  third  highest  current  was  found  in  the  reversed  field  experiment  at  MIT 
described  in  a  previous  subsection.  This  experiment  employed  a  750  kV/300  A  electron 
beam.  In  this  case  the  space-charge  potential  exceeded  the  ponderomotive  potential,  and  the 
Debye  length  (a  0. 14  cm)  was  much  less  than  the  space-charge  wavelength  (a  0.8  cm). 
Hence,  Landau  damping  was  unimportant.  Finally,  the  plasma  frequency  (a  5.2  GHz)  was 
comparable  to  the  bandwidth.  This  experiment,  therefore,  was  in  the  Raman  regime. 

The  lowest  current  was  found  in  the  Fajans  and  Bekefi  experiment  which  was  a  9.3 
GHz  amplifier  that  used  a  155  kV/4  A  electron  beam.  The  space-charge  potential  in  this 
experiment  also  exceeded  the  ponderomotive  potential,  and  the  plasma  frequency  (a  0.72 
GHz)  was  comparable  to  the  bandwidth.  In  addition,  the  low  energy  spread  (a  0.3%) 
minimized  the  Debye  length  and  kept  Landau  damping  small,  hence,  this  experiment  was 
also  unambiguously  in  the  Raman  regime. 

It  should  also  be  mentioned  that  the  nonlinear  simulation  codes  are  in  agreement 
with  these  general  conclusions  on  the  applicability  of  the  Raman  interaction  in  these  four 
experiments. 

J.  The  CHI  Wiggler 

It  was  previously  mentioned  that  the  goal  of  the  ubitron  research  program  is  to 
operate  at  high  frequencies  with  relatively  low  voltage  beams,  and  that  one  means  of 
accomplishing  this  is  to  develop  short  period  wigglers.  One  impediment  to  the  development 
of  short  period  wigglers  is  that  the  construction  of  a  wiggler  necessitates  the  juxtaposition 
of  oppositely  directed  magnets.  This  means  that  the  shorter  the  period,  the  more  field 
cancellation  there  will  be  which,  in  turn,  means  that  the  lower  the  maximum  achievable 
field  amplitude.  In  order  to  ease  this  limitation,  a  novel  wiggler  design  has  been  invented 
by  a  team  composed  of  Dr.  R.H.  Jackson  at  NRL,  H.P.  Freund  at  SAIC,  D.E.  Pershing  at 
MRC,  and  J.M.  Taccetti  from  the  University  of  Maryland.  This  wiggler  is  called  the 
Coaxial  Hybrid  Iron  wiggler,  or  CHI  wiggler  for  short. 

The  CHI  wiggler  is  formed  by  the  coaxial  insertion  of  a  central  rod  and  an  outer 
ring  into  a  solenoid.  Both  the  central  rod  an  the  outer  ring  are  composed  of  alternating 
spacers  made  of  ferromagnetic  and  non-ferromagnetic  material  in  such  a  manner  that  the 


ferromagnetic  (non-ferromagnetic)  spacer  on  the  central  rod  corresponds  to  the  non¬ 
ferromagnetic  (ferromagnetic)  spacer  on  the  outer  ring.  Such  a  design  is  relatively 
inexpensive  and  easy  to  manufacture,  and  permits  the  creation  of  a  high  amplitude/short 
period  wiggler  by  the  relatively  simple  expedient  of  using  high  field  solenoids.  The  wiggler 
component  of  the  resulting  field  is  limited  primarily  by  the  saturation  of  the  ferromagnetic 
material  used. 

The  initial  work  on  this  design  has  been  published  in  Nucl.  Instrum.  Meth.  [vol. 
A341,  p.  454  (1994)]  and  Phys.  Plasmas  [vol.  1,  p.  1046  (1994)],  and  are  included  in 
Appendices  XII  and  XIII.  A  good  description  of  the  CHI  wiggler  is  contained  in  these 
papers  along  with  schematic  illustrations  of  the  wiggler  and  perspective  and  contour  plot  of 
the  field  itself.  In  addition,  the  latter  paper  describes  a  nonlinear  simulation  of  the 
interaction  based  upon  the  aforementioned  slow-time-scale  analysis  for  a  coaxial 
waveguide.  The  essential  conclusion  of  this  work  is  that  the  CHI  wiggler  does  indeed  hold 
promise  as  a  design  which  can  achieve  the  necessary  short  periods  and  high  amplitudes  to 
operate  at  high  frequency  with  relatively  low  beam  voltage.  In  view  of  this,  NRL  has 
submitted  a  patent  application  for  the  CHI  wiggler  in  the  names  of  the  co-inventors. 

More  recently,  the  CHI  wiggler  has  been  applied  to  the  design  of  a  G-band  PEL  for 
application  to  the  cyclotron  resonant  heating  of  magnetic  fusion  reactors.  A  paper 
describing  this  work  has  been  submitted  to  Phys.  Rev.  Lett,  and  represents  a  collaboration 
between  Dr.  Freund  at  SAIC,  Dr.  M.E.  Read  at  PSI,  Dr.  R.H  Jackson  at  NRL,  Dr.  D.E. 
Pershing  at  MRC,  and  J.M.  Taccetti  from  the  University  of  Maryland.  This  paper  is 
included  in  Appendix  XIV.  The  results  indicate  that  it  should  be  possible  to  build  a  G-band 
amplifier  using  the  CHI  wiggler  capable  of  producing  3.5  MW  with  no  beam  loss  over  the 
course  of  the  interaction.  Hence,  we  have  concluded  that  this  design  holds  promise  for 
meeting  the  requirements  for  such  a  source  of  RF  power. 

Finally,  Dr.  Freund  is  providing  theory  support  for  the  design  of  a  Ka-band  CHI 
wiggler  ubitron  amplifier  in  Code  6840  at  NRL.  This  experiment  represents  the  Ph.D. 
thesis  work  of  J.M.  Taccetti.  An  initial  paper  describing  the  design  phase  of  this  project  has 
been  submitted  for  publication  in  Nucl.  Instrum.  Meth.,  and  is  included  in  Appendix  XV. 
SAIC  expects  to  continue  providing  theoretical  support  for  this  experiment  under  a  new 
contract. 

III.  THEORETICAL  SUPPORT 

Theoretical  support  has  been  provided  for  three  experimental  projects.  One  has 
already  been  described  in  the  preceding  section  and  deals  with  the  start  of  the  CHI  wiggler 
experiment.  This  was  presented  in  the  last  section  in  the  interests  of  a  more  coherent 
presentation.  The  two  other  projects  involve  a  fundamental  mode  ubitron  and  a  harmonic 
ubitron.  Each  one  will  now  be  discussed  in  turn. 

A.  The  Fundamental  Mode  Ubitron 

The  fundamental  mode  ubitron  experiment  in  Code  6840  at  NRL  employs  a  well- 
known  helical  wiggler/axial  guide  field  configuration  and  an  electron  beam  (230  kV/100  A) 
propagating  through  a  cylindrical  waveguide.  The  experiment  has  a  been  conducted  largely 
by  D.  Pershing  of  MRC  and  R.  Jackson  of  NRL  with  H.  Freund  providing  the  theory 
support.  The  experiment  is  designed  for  long  pulse  operation  (»  1  psec)  with  a  rep  rate  of 
several  Hz.  The  ubitron  was  operated  as  a  Ku-band  amplifier.  This  experiment  has  been 
under  study  for  several  years,  and  the  start  predates  this  contract.  SAIC  has  been  providing 
theoretical  support  for  this  experiment  over  its  complete  lifetime  under  the  aegis  of  several 


consecutive  contracts.  Recently,  the  experiment  has  come  to  fruition  and  recorded  an  output 
of  approximately  4.2  MW  at  16.6  GHz.  Given  the  pulse  time  and  rep  rate,  this  represents 
an  average  power  of  36  W,  which  is  the  record  high  average  power  for  a  ubitron/FEL  to 
date. 


Two  papers  describing  the  experiment  have  been  published/submitted  in  refereed 
journals  during  the  contract:  Nucl.  Instrum.  Meth.  [vol.  A304,  p.  127  (1991)],  and  Nucl. 
Instrum.  Meth.  [submitted  in  1994].  These  papers  are  included  in  Appendices  XVI  and 
XVII. 


The  earlier  paper  recorded  gains  of  the  order  of  16-20  dB  and  the  theory  was  in 
some  agreement  wift  the  results.  However,  there  were  some  unsatisfying  discrepancies.  At 
that  time,  the  self-fields  had  not  been  included  in  the  simulation.  Inclusion  of  these  effects 
resulted  in  much  better  agreement,  as  described  in  the  second  paper  in  Appendix  XVII. 
There  are  still  some  uncertainties;  however,  we  feel  that  they  can  largely  accounted  for 
by  two  effects.  The  first  is  the  uncertainty  in  the  calibrations  for  the  be^  voltage  and  the 
wiggler  and  guide  field  amplitudes.  It  has  been  found  in  both  theory  and  the  experiment 
that  the  output  power  is  extremely  sensitive  to  variations  in  these  parameters,  and  a  few 
percent  change  in  any  of  them  can  result  in  substantial  variations  in  the  power.  Hence,  this 
uncertainty  can  explain  a  large  part  of  the  discrepancies  that  still  remain.  The  second  is  that 
the  effect  of  reflections  in  a  long  pulse  system  like  this  can  also  affect  the  output  power  by 
causing  an  effective  increase  in  die  drive  power.  This  is  important  in  the  current  experiment 
since  there  is  not  enough  drive  power  to  run  the  ubitron  to  saturation.  The  specific  level  of 
these  reflections  is  not  known  with  certainty,  but  only  a  percent  or  less  of  total  reflection 
would  be  required  to  account  for  a  substantial  variation  in  the  output.  Together,  these  two 
uncertainties  can  account  for  a  large  measure  of  any  diserepancies  between  the  theory  and 
the  experiment. 

One  notable  success  in  the  theory  is  the  prediction  of  beam  loss.  There  was 
substantial  beam  loss  observed  in  the  ubitron  which  increased  monotonically  with  output 
power.  After  inclusion  of  the  self-fields  in  the  simulation,  the  theory  has  been  shown  to 
closely  predict  this  scaling  of  beam  loss  with  output  power  [see  Fig.  7  in  Appendix  XVII]. 

B.  The  Harmonic  Ubitron 

The  harmonic  ubitron  experiment  in  Code  6840  at  NRL  was  conducted  largely  by 
H.  Bluem  of  the  University  of  Maryland  as  a  thesis  project.  Also  represented  on  the 
experiment  were  R.  Jackson,  V.  Granatstein,  and  D.  Pershing,  and  H.  Freund  provided 
theory  support.  The  results  of  this  experiment  were  published  in  Phys.  Rev.  Lett.  [vol.  67, 
p.  824  (IS^l)]  and  is  included  in  Appendix  XVIII.  This  experiment  differed  from  the 
fundamental  mode  ubitron  in  that  it  employed  a  planar  wiggler  and  a  rectangular 
waveguide.  Also,  since  it  operated  on  a  harmonic  interaction  in  the  Ku-band,  the  beam 
voltage  was  much  less  than  the  nominal  200  kV  used  in  the  fundamental  mode  ubitron. 

The  experiment  used  a  100  kV/7  A  beam  and  found  gains  of  the  order  of  7  dB  at 
frequencies  in  the  range  of  14-15  GHz.  This  was  a  second  harmonic  interaction  making  use 
of  the  periodic  position  interaction.  This  experiment  marked  the  first  experimental 
demonstration  of  this  interaction  in  a  ubitron,  and  we  note  that  the  nonlinear  theory  was  in 
substantial  agreement  with  the  experimental  observations.  Once  again,  we  attribute  the  fact 
that  the  simulation  was  able  to  treat  this  new  interaction  mechanism  without  modification  to 
the  non-averaged  nature  of  the  electron  dynamics. 


IV.  SUMMARY  AND  DISCUSSION 


The  preceding  contents  of  the  final  report  represent  the  technical  work  performed 
under  this  contract,  and  the  18  Appendices  include  the  refereed  papers  either  published  or 
submitted  for  publication  during  the  contract  term.  However,  this  does  not  include  a  list  of 
invited  and  contributed  papers  presented  at  conferences  (which  may  be  published  in  such 
non-archival  formats  as  conference  proceedings).  In  this  regard,  three  invited  papers  were 
presented  during  the  contract  period,  and  more  than  35  contributed  papers  were  presented 
at  a  variety  of  professional  conferences.  In  addition.  Dr.  Freund,  in  collaboration  with  Dr. 
R.  Parker  of  NRL,  has  written  a  chapter  on  Free-Electron  Lasers  for  inclusion  in  the 
Encyclopedia  of  Science  and  Technology  [Academic  Press,  San  Diego  (1992),  vol.  98,  p. 
523]. 
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Thermal  Effects  on  the  Linear  Gain  in  Free-Electron 

Lasers 


H.  P.  Freund.  R.  C.  Davidson,  and  D.  A.  Kirkpatrick 


/4Afrrac/— The  effect  of  an  axial  energy  spread  on  the  linear¬ 
ized  gain  in  free-electron  lasers  is  considered  for  configurations 
which  employ  both  helical  and  planar  wiggler  fields.  The  anal¬ 
ysis  includes  collective  effects  and  is  valid  for  either  the  Raman 
or  high-gain  Compton  regimes.  A  thermal  function  is  obtained 
which  applies  to  both  the  helical  and  planar  wiggler  configu¬ 
rations  at  the  fundamental,  and  which  is  generalized  to  treat 
the  thermal  effect  on  the  harmonics  for  a  planar  wiggler.  It  is 
assumed  that  the  displacement  of  the  electron  beam  from  the 
axis  of  symmetry  for  a  helical  wiggler,  or  the  plane  of  symme¬ 
try  for  a  planar  wiggler,  is  much  less  than  the  wiggler  period, 
and  an  idealized  one-dimensional  model  is  considered.  The 
electron-beam  model  used  to  describe  the  axial  energy  spread 
is  based  upon  the  assumption  of  a  monoenergetic  beam  which 
exhibits  a  pitch  angle  spread.  This  is  described  in  the  analysis 
by  the  inclusion  of  nonvanishing  components  of  the  canonical 
momenta  in  the  single-particle  trajectories  of  the  electrons,  and 
the  specific  distribution  used  is  that  of  a  Gaussian  spread  in  the 
canonical  momenta.  The  linearized  Vlasov-Maxwell  equations 
are  then  used  to  derive  the  dispersion  equations,  including  col¬ 
lective  Raman  effects,  for  both  the  helical  and  planar  wigglers. 
The  analysis  treats  the  interaction  at  the  fundamental  reso^ 
nance  frequency  in  the  case  of  the  helical  wiggler,  and  a  general 
thermal  function  is  derived  which  describes  the  effect  of  the 
axial  energy  spread.  The  planar  wiggler  configuration  admits 
interactions  at  odd  harmonics  as  well  as  the  fundamental,  and 
a  general  dispersion  equation  is  derived  which  includes  the 
thermal  effect  at  each  harmonic  as  well  as  the  fundamental.  In 
addition,  the  nonvanishing  canonical  momenta  results  in  an  os¬ 
cillation  in  the  axial  velocity  at  the  wiggler  period  which  gives 
rise  to  emission  at  all  harmonics.  This  effect  is  included  in  the 
analysis  for  the  planar  wiggler  configuration. 


I.  Introduction 

An  IMPORTANT  issue  in  the  generation  of  coherent 
radiation  at  shon  wavelengths  from  the  free-electron 
laser  (FEL)  is  the  effect  of  a  beam  thermal  spread  on  the 
interaction.  Indeed,  in  many  cases,  the  thermal  spread 
available  from  various  electron-beam  sources  constitutes 
the  essential  limiting  factor  for  many  FEL  applications. 
In  this  paper,  we  address  the  question  of  the  effect  of  an 
axial  energy  spread  upon  the  linear  gain  of  the  FEL  at 
both  the  fundamental  resonance  frequency  and  at  harmon- 
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ics  of  the  fundamental.  Coherent  harmonic  radiation  is  an 
important  approach  to  the  reduction  in  the  beam  energy 
required  to  achieve  short-wavelength  Operation,  and  has 
been  observed  in  the  laboratory  over  a  wide  spectral  range 
|l]-(5].  The  question  of  the  effect  of  beam  thermal  spread 
upon  the  gain  at  the  harmonics,  therefore,  is  of  particular 
importance. 

Theoretical  analyses  of  harmonic  radiation  in  FELs 
have  dealt  with  both  the  linear  f6]-[9]  and  nonlinear  [  10]- 
(16]  interactions.  Results  of  these  analyses  indicate  that 
substantial  gains  and  efficiencies  are  possible  for  the  har¬ 
monic  interactions,  but  that  the  sensitivity  of  the  interac¬ 
tion  to  the  beam  thermal  spread  increase.s  with  harmonic 
number.  Hence,  the  beam  quality  required  for  coherent 
emission  rises  dramatically  at  the  higher  harmonic  num¬ 
bers.  Analytical  formulations  of  the  interaction  which  in¬ 
clude  thermal  effects  have  considered  both  a  distribution 
in  the  pitch  angle  spread  |8)  and  the  axial  velocity,  typi¬ 
cally  specified  by  a  Gaussian  |9].  [17],  In  the  former  case 
dealing  with  the  pitch-angle  spread,  the  effect  of  three- 
dimensional  wiggler  geometry  has  been  included  via  be¬ 
tatron  oscillations  arising  from  the  wiggler  inhomoge- 
ncity;  however,  the  analysis  is  restricted  to  the  low-gain 
Compton  regime.  The  formulations  in  the  latter  case  de¬ 
scribe  a  beam  with  an  energy  spread  but  a  vanishing  emit- 
tance  (or  pitch-angle  spread),  and  treat  either  harmonic 
emission  from  a  planar  wiggler  configuration  in  the  high- 
gain  Compton  regime  [9]  or  the  fundamental  interaction 
in  a  variety  of  operating  regimes  (17],  In  addition,  non¬ 
linear  analyses  and  simulation  of  both  the  fundamental 
and  harmonic  interactions  for  a  planar  wiggler  configu¬ 
ration  in  the  high-gain  Compton  regime  in  three  dimen¬ 
sions  have  been  presented  [10].  [12],  [14]  which  include 
both  the  effects  of  a  pitch-angle  spread  (for  a  monoener¬ 
getic  beam)  and  the  wiggler  inhomogeneity. 

In  contrast  with  the  preceding  work,  our  purpose  in  this 
paper  is  to  develop  a  unified  formulation  of  thermal  ef¬ 
fects  on  the  linear  gain  in  both  the  high-gain  Compton  and 
collective  Raman  regimes.  We  assume  that  the  beam  is 
monoenergetic  but  characterized  by  a  pitch-angle  spread, 
and  treat  both  the  fundamental  (for  both  helical  and  planar 
wigglers)  and  harmonic  (for  a  planar  wiggler)  interac¬ 
tions.  In  order  to  treat  this  problem  analytically,  we  shall 
impose  an  idealized  one-dimensional  approximation  in 
which  we  neglect  the  wiggler  inhomogeneity,  and  treat 
the  pitch-angle  spread  by  the  inclusion  of  nonvanishing 
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canonical  momenta  in  the  single-panicle  trajectories  As 
such,  we  assume  that  the  electron  displacements  from 
either  the  axis  (helical  wiggler)  or  plane  (planar  wiggler) 
of  symmetry  are  much  smaller  than  a  wiggler  period.  In 
practical  terms,  this  implies  that  the  bulk  transverse  ve¬ 
locity  associated  with  the  pitch-angle  spread  be  much  less 
than  the  wiggler-induced  transverse  oscillation. 

The  effect  of  the  pitch-angle  spread  is  twofold.  In  the 
first  place,  the  resultant  axial  energy  spread  acts  to  de¬ 
grade  the  interaction,  and  a  general  thermal  function 
which  describes  this  effect  for  both  the  helical  and  planar 
wigglers  IS  derived  for  the  interaction  at  the  fundamental 
resonance.  The  effect  of  the  axial  energy  spread  on  the 
odd  harmonics  excited  in  planar  wiggler  configurations  is 
also  descnbed.  and  a  generalized  thermal  function  is  de- 
nved  for  the  linear  gain  at  the  harmonics.  In  the  second 
place,  the  pitch  angle  spread  induces  an  oscillation  in  the 
axial  velocity  which  can  also  act  to  excite  harmonic  ra¬ 
diation,  and  this  is  treated  for  the  case  of  a  planar  wiggler. 

Indeed,  for  many  classes  of  electron  beam,  the  source 
of  the  axial  energy  spread  is  predominantly  the  pitch-an¬ 
gle  spread  rather  than  a  spread  in  the  total  energy.  For 
example,  electron  beams  produced  by  MIG  and  Pierce 
guns  are  accelerated  by  voltages  of  up  to  several  mega- 
electronvolts  and  focused,  prior  to  injection  into  the  in- 
teraction  region,  either  by  shaped  electric  or  magnetic 
fields.  The  coils  and/or  electrodes  which  produce  the  ex¬ 
ternal  fields  in  these  guns  must  be  carefully  designed  in 
order  to  offset  the  effects  of  the  self-electric  and  magnetic 
fields  of  the  beam.  While  the  accelerating  voltage  may 
vary  over  the  duration  of  the  beam  pulse,  the  electrons  are 
instantaneously  characterized  by  a  largely  monoenergetic 
distnbution.  However,  the  focussing  process  itself  gives 
nse  to  a  pitch-angle  spread  due  to  a  variety  of  causes  (such 
as  field  imperfections,  shot  noise,  and  self-field  effects  of 
the  beam).  Similar  effects  are  found  in  a  variety  of  accel¬ 
erating  mechanisms,  and  the  description  of  the  axial  en¬ 
ergy  spread  as  arising  from  a  pitch-angle  distribution 
rather  than  a  spread  in  the  total  energy,  is  appropriate  to 
a  wide  range  of  FEL  designs. 

The  organization  of  the  paper  is  as  follows.  A  summary 
of  the  single-particle  orbits  in  both  helical  and  planar  wig- 
glere  IS  given  in  Section  II.  The  general  formalism  used 
to  derive  the  linear  growth  rates  for  helical  and  planar 
wigglers  is  described  in  Section  III.  Sections  IV  and  V 
include  the  linear  stability  analyses  for  the  helical  and 
p  anar  wigglers,  respectively.  In  the  case  of  helical  wig¬ 
glers,  the  effect  of  an  axial  energy  spread  is  included  only 
upon  the  growth  rate  at  the  fundamental.  In  this  case  a 
general  thermal  function  is  derived  which  describes  the 
axial  thermal  effect  upon  the  instability.  In  the  case  of 
planar  wigglers,  the  analysis  includes  the  effect  of  the  ax¬ 
ial  energy  spread  upon  the  fundamental  and  the  harmon¬ 
ics.  Here  we  observe  that  one  effect  of  the  axial  energy 
spread  derived  by  means  of  a  nonvanishing  canonical  mo¬ 
mentum  IS  to  give  rise  to  growth  at  both  even  and  odd 
harmonics.  A  summary  and  discussion  is  given  in  Section 
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II.  Single-Particle  Orbits 

The  physical  configurations  we  consider  in  this  paper 
are  those  of  a  relativistic  electron  beam  propagating 
through  either  a  helical  or  a  planar  wiggler  within  the  con¬ 
text  of  the  Idealized,  one-dimensional  limit.  As  such  we 
implicitly  assume  that  the  displacements  of  the  electron 
warn  from  the  axis  or  plane  of  symmetry  are  much  smaller 
than  the  wiggler  period  (i.e.,  A:,.r  «  1).  The  helical  wig¬ 
gler  field  IS  assumed  to  be  generated  by  a  bifilar  helical 
current  winding  which  produces  a  field  of  the  form 

cos  k„.z  +  iy  sin  k„.z)  ( 1 ) 

in  the  idealized  limit,  where  denotes  the  wiggler  am¬ 
plitude.  and  k,  is  the  wiggler  wavenumber  (s  2t/X 
where  is  the  wiggler  period).  The  representation  for'a 
planar  wiggler  in  the  idealized  limit  is  given  by 


-  B^.iy  sin  k„.z. 


(2) 


Since  x  and  y  are  ignorable  coordinates  in  the  idealized 
representation  for  the  wiggler  fields,  these  components  of 
the  canonical  momenta  (denoted  by  P,  and  P,)  are  con¬ 
stants  of  the  motion.  In  addition,  the  total  energy  is  also 
a  conserved  quantity.  As  a  result,  the  single-particle  or¬ 
bits  in  a  helical  wiggler  are  given  by 

Px  ~  P,  Pw  cos  k^.z 


and 


P\  -  By  +  Ph  sin  k„z 


~  -  2pJPy  cos  k^  z  +  Py  sin  k^z) 


(3) 

(4) 


(5) 

where  7  *  (1  is  the  relativistic  factor  cor¬ 

responding  to  the  total  electron  energy  and  momentum  p. 
Pm  *  -  »  -Q„./k,y  is  the  wiggler-induced  ve- 

iTCity.  U„  s  \eB,y/ymyC\,  m,.  is  the  electron  mass,  c  is 
the  speed  of  light  in  vacuo,  and  P|  «  p-  -  —  p-  _ 

P;  defines  the  bulk  axial  momentum.  Observe  that  the 
rnagnitude  of  both  the  transverse  and  axial  components  of 
the  velocity  are  constant  in  the  limit  in  which  both  P,  and 
Py  vanish,  and  the  orbit  describes  a  helix  which  is  in  phase 
with  the  wiggler  field  and  characterized  by  an  axial  mo¬ 
mentum  pi  *  (p*  -p^.)’'*. 

The  single-particle  orbits  in  the  idealized  planar  wig¬ 
gler  are  given  by  (3)  for  the  x  component  of  the  momen¬ 
tum 


Py  =  P. 


and 


where 


P^  -  '^Pi  -  !Pm  cos  2k„.z  -  2p„.P,  cos  k„.z 
Pi^p'  -  \pi  -P;-P: 


(6) 


(7) 


(8) 


for  a  planar  wiggler.  Since  the  y  component  of  the  mo¬ 
mentum  is  constant,  the  magnitude  of  the  transverse  wig¬ 
gler-induced  velocity  in  a  planar  wiggler  oscillates  at  the 
wiggler  period.  This  results  in  an  oscillation  in  the  axial 
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momentum  and  velocity  as  well,  which  broadens  the 
wave-panicle  resonance,  and  gives  rise  to  harmonic  in¬ 
teractions.  In  addition,  the  principal  resonance  and  cou¬ 
pling  coefficient  are  ^termined  by  the  bulk  transverse  ve¬ 
locity  V2.  This  reduces  the  effective  wiggler 

field  with  respect  to  the  helical  wiggler. 

The  assumption  of  small  displacements  from  cither  the 
symmetry  axis  (for  a  helical  wiggler)  or  plane  (for  a  planar 
wiggler)  is  equivalent  to  the  condition  that  |tv/i’«|  « 

1  ■  It  is  also  evident  from  (5)  and  (8)  that  the  existence  of 
a  nonvanishing  canonical  momentum  introduces  an  oscil¬ 
lation  into  the  axial  velocity  in  the  case  of  both  helical 
and  planar  wigglers.  which  can  also  give  rise  to  har¬ 
monic  emission  when  where  m  {p-  + 

ym,  is  the  velocity  which  corresponds^o  the  trans¬ 
verse  canonical  momenta.  In  most  PEL  experiments, 
however,  ly  «  and  the  effect  of  a  nonvanishing 
canonical  momentum  is  largely  on  the  broadening  of  the 
wave-particle  resonance  and  the  consequent  degradation 
of  the  interaction  strength.  It  should  be  remarked  that  this 
inequality  is  identical  to  that  required  in  order  to  neglect 
the  effect  of  betatron  oscillations  and  wiggler  inhomogen- 
ieties.  Hence,  in  the  remainder  of  this  paper  we  will  dis¬ 
cuss  the  effect  of  the  axial  momentum  spread  due  to  a 
nonvanishing  canonical  momentum  on  the  gain  at  the  fun¬ 
damental  in  both  helical  and  planar  wiggler  FEL’s  and 
on  the  gain  in  planar  wiggler  FEL’s  at  harmonics  of  the 
fundamental. 


III.  General  Formulation 

In  this  section,  we  derive  the  general  formalism  for  ob¬ 
taining  the  linearized  dispersion  equation  for  the  FEL  in 
the  idealized  one-dimensional  representation  within  the 
context  of  a  linearized  Vlasov-Maxwell  formalism.  The 
Vlasov  equation  in  the  combined  wiggler  and  electromag¬ 
netic  fields  is 

d  /  I 

-  +  r  ■  V  -  ?  \6E(z,  0  +  -  V 


X  Ifi,(z)  +  6B(z,  r)] )  •  V, 


Mz,  p,t)=0  (9) 


where /*(z,  p,  t)  is  the  distribution  function  of  the  electron 
beam,  SE{z,  t)  and  6B(z,  t)  denote  the  fluctuating  electric 
and  magnetic  fields  of  the  wave,  and 


This  is  satisfied  for  any  equilibrium  distribution  which  is 
a  function  of  the  constants  of  the  motion.  As  discussed  in 
Section  II,  these  constants  arc  the  total  energy  (or  mo¬ 
mentum)  as  well  as  the  canonical  momenta  for  both  hel¬ 
ical  and  planar  wigglers  in  the  one-dimensional  represen- 
^tion:  hence,  we  may  express  the  equilibrium  distribution 
in  the  form  F/,(z,  p)  =  /^(F^.  F,.,  p).  Correct  to  first  order 
in  the  fluctuation  fields,  the  perturbed  distribution  satis¬ 
fies 


6Mz.  p.  t) 


=  e  (sEiz, 


t)  +  -  V  X  dB( 


■-  «)  •  V,F.. 


(12) 


The  perturbed  Vlasov  equation  may  be  solved  by  the 
method  of  characteristics  in  which  we  integrate 


^fb(z,  p,  r(z)) 


-  r' 

^  Jo  V:(z') 


SE(z,  Tiz')) 


1 

+  -  V(z')  X  SB(Z.  Tiz')) 


(13) 


over  the  unperturbed  trajectories  under  the  assumption  that 
the  perturbations  are  negligibly  small  at  time  r  =  0.  Ob¬ 
serve  that  we  treat  the  case  of  spatial  growth  and  have 
adopted  Lagrangian  coordinates  in  which  v(z)  denotes  the 
unperturbed  velocity  of  an  electron  as  a  function  of  the 
axial  position,  and 


r(z)  »  ro  + 


(14) 


represents  the  time  it  takes  an  electron  to  reach  a  partic¬ 
ular  axial  position  after  crossing  the  z  =  0  plane  at  lime 
fo- 

The  solution  to  the  perturbed  Vlasov  equation  is  solved 
in  conjunction  with  Maxwell’s  equations.  We  choose  to 
deal  with  the  scalar  6<piz,  t)  and  vector  potentials  8Aj^(;. 
0  in  the  Coulomb  gauge.  Note  that  since  we  treat  a  one¬ 
dimensional  model,  the  scalar  and  vector  potentials  de¬ 
scribe  plane  waves.  Hence,  the  vector  potential  represents 
a  purely  transverse  electromagnetic  wave.  In  terms  of  this 
representation.  Maxwell’s  equations  are 


V.  m 


-4- 


(lOj 


^Px  ''  dPy 

The  Vlasov  equation  is  linearized  by  expanding  the  dis 
tnbution  in  powers  of  the  fluctuating  fields.  To  this  eni 
we  wnte/*(z,  p,  t)  =  F*(z,  p)  +  6Mz,  p,  t)  where  F,  am 
ofb  are  the  equilibrium  and  perturbed  components  of  th( 
distnbution,  and  it  is  assumed  that  the  perturbed  distri 
bution  IS  of  the  order  of  the  fluctuating  fields  and  \6fi, 

«  lFi|.  The  equilibrium  distribution  must  satisfy  th< 
lowest  order  Vlasov  equation 


a 


V  -  -  p  X  Bjiz) 


Fb(z,p)  =  0.  (II) 


and 


.11.) 

dry 


5Aj_ 


(15) 


(16) 


Observe  that  the  scalar  potential  is  described  in  terms  of 
the  z  component  of  Ampere’s  Law  rather  than  with  Pois¬ 
son  s  equation.  The  perturbed  source  current  is  given  in 
terms  of  the  perturbed  distribution  function  as  follows: 


^Jiz,  /) 


-P^fbiz,  p,  t). 


(17) 
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The  dispereion  equation  governing  the  growth  and/or 
damping  of  the  electromagnetic  field  is  obtained  by  the 
sirnultaneous  solution  of  (13).  (15),  and  (16). 

Since  the  FEL  operates  by  means  of  an  axial  bunching 
melanism  It  is  the  axial  velocity  spread  which  is  most 
im^rtant.  As  a  consequence,  in  the  treatment  of  thermal 
effects  on  the  linear  stability  properties  we  shall  impose 

‘he  electron  beam  is  monoenergetic 
but  exhibits  a  pitch-angle  spread.  The  effect  of  the  pitch- 
angle  spread  IS  to  include  velocity  spreads  in  both  the  ax¬ 
ial  and  transverse  directions,  and  may  be  described  by  a 
distnbution  function  of  the  form  [18]  ^ 

hiP,,  Py,  p)  =  ntGjP,,  P^)  ^6(p-  po)  (18) 

where  /i*  denotes  the  bulk  ambient  density,  and  G,  (P 
v)  represents  the  transverse  distribution.  For  conve- 

to'Jfot  distribution 

takes  the  form  of  a  Gaussian 

{P„  Py)  =  exp  i-P\  /AP2)  (19) 

‘hennal 

spread^  An  alternate  distribution  which  includes  the  ef¬ 
fects  of  both  emittance  and  Betatron  oscillations  has  also 
been  developed  [19]. 

IV.  Helical  Wiggler  Configurations 

the  as¬ 
sumption  of  plane-wave  solutions,  the  vector  and  scalar 

^^ntials  for  a  wave  with  angular  frequency  «  are  of  the 

Mi (2,  r)  =  j&4i(2)  exp  i-iut)  -f-  c.c.  (20) 
and 

V(z.  t)  =  j5^2)  exp  (-lojr)  -t-  c.c.  (21) 
After  transformation  to  the  basis 

■  I  a,  ±  iiy)  (22) 

description  of  left-  and  right- 
electromagnetic  waves,  the  Lr- 
turbed  distnbution  function  can  be  written  as 

^fb(z,  p,  t(z))  m  S/i,(z,  p)  exp  (—iur(z))  -F  c.c.  (23) 
where 


21S3 


and 

D, 


-f' 

P  Jo 


exp  {iwTjz,  z')) 
v^z') 


+  i^[p.(z')  &4,(z’)  +  p^(z’)  6A.(z')} 


(26) 

where  P±  ■  Px  +  p,,  r(z,  z')  »  t(z)  -  r(z'),  and 

»  ;(5Ay  T  iSAy)  (27) 

denotes  the  amplitudes  of  the  circularly  polarized  electro¬ 
magnetic  waves. 

The  source  current 

SJ(z,  t)  =  I6j^.{z)f^  +  6j_(z)i-  +  67.(2)#.] 

exp  (—/air)  +  c.c.  (28) 

fonows™'"*^*  distribution  as 

(29) 

‘couples  the  space-charge  and 
circulariy  polarized  modes;  hence,  we  neglect 
fte  left-hand  circular  polarization  state.  Therefore,  the  or¬ 
bit  integrals  can  be  written  as 


and 


D±  -  SA^(0)  exp  (iuTiz,  0))  -  &4^(z) 

n  _  ‘/'"fC  f' 

'  ~  ~  Jp  dz'  exp  [iwT(2,  2')] 


(30) 


[ 


(31) 


P^Pty  Pyt  P).  (24) 

The  orbit  integrals  in  (24)  are  defined  as 

«  f  dz'  A  ,  ,  a  \  - 

Jo*  t'^z')  -  ^:(^)^)i'<±(z') 

(25) 


Ugrangian  time  coordinate  which  appears  in  the  or- 

iec.S3H«."rro2  - 

•  (sin  i^z  -  sin  i^z') 

PwPy  I 

^  ~  <32) 

of  Ihelou.^'™®  P-  In  the  evaluation 

rrih^r-  7  ‘he  perturbed  dis¬ 

tnbution  function  and  integrate  by  parts  iV/*,  and  P 
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Hence 


and 


,  d  .  d  \  d 

FbiPxn  Py,  P) 


7(«  -  kV^)  dp 


—  p) 


(33) 


and 


Pb(Px,  Py,  p) 


(34) 


where  we  observe  that  from  the  single-paiticle  trajectories 


and 


{ip,*‘ap)''‘-  ft- 


(36) 


The  orbit  integrals  may  be  evaluated  using  the  single¬ 
particle  trajectories.  We  retein  only  the  lowest  order  con¬ 
tributions  due  to  /*j,  and  Py  in  the  steady-state  trajectories; 
hence,  these  contributions  appear  principally  in  the  reso¬ 
nance  condition.  We  consider  the  high-gain  regime  in 
which 


and 


&4+(2)  =  fi/i+(0)  exp  (-ik^.z) 
BHz)  =  fi^(0)  exp  (-ikz). 


(37) 

Under  these  conditions,  the  axial  orbit  integral  can  be  ap¬ 
proximated  as 


P 


exp  (ik^z') 


u 


(38) 


«  -  (t  -F  ikJF| 

where  K|  ■  /*i/7o'”r  is  fh*  axial  velocity  corresponding 
to  the  generalized  steady-state  trajectory.  In  addition,  we 
retain  only  the  term  which  varies  as  exp  (iit+z)  in  D+. 
Hence,  the  source  currents  can  be  written  as 

«4(2)  ^  64Az)  [dP,dPyi^\-^(l  +^] 

l»I,C  J  L<ypi  \  2  / 

_§lj^rn£^±] 

2  u-kVi  dpi 

-  ^  Pw^z)  exp  (-ik^z)  J  d!P,  4p 


7(w  -  *K|)  dp 


Pl^Px.  Py,  p). 


(39) 


•  Fb(P„  Py,  P)  (40) 

7o  ■  (1  +  Po/m^c^)'/^  vtm  and 

“  Vw/ v\.  Note  that  ij|  and  now  denote  the  axial  and 
transverse  velocities  for  the  steady-state  trajectory  corre¬ 
sponding  to  7o. 

The  derivatives  of  the  distribution  with  respect  to  p 
which  appear  in  the  above  expressions  for  the  source  cur¬ 
rents  may  be  integrated  by  parts  and  the  results  substituted 
into  Maxwell’s  equations  to  give 


To  \  (fa)  -  kVif  * 


=  <»>t  ckjck  -  fa>/3|) 


27o  c  (fa)  -  kvi) 


f  «^0) 


a4*(0) 


(41) 


and 


(fa)  -  kVfif - ^  7(f)  5^0) 

7o7I 


“  "^^0  (42) 

where  we  identify  k  ~  k^.  +  k^  from  the  wavenumber 
matching  condition,  B,  m  v,/c,  y\  m  (1  -  v\/c^)~\ 
®**d  7(f)  defines  the  thermal  Unction  which  arises  from 
the  Gaussian  distribution  in  the  canonical  momenta.  This 
thermal  function  is  defined  as 


nf)  ■  ftl  -  fcxp(f)£,(f)] 
for  the  argument 


f 


7o^, 

AP 


where 


Jf  t 


(43) 


(44) 


(45) 


denotes  the  exponential  integral  function  defined  over  the 
domain  |arg  fl  <  ». 

The  dispersion  equation  which  results  from  this  for¬ 
mulation  is 
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0.012 


'  16.00 


^>Po 

fnH  .h.  "Wgn'tude  of  the  maximum  growth  rate  (solid  line) 

o.m!  =TK‘"i 


rh  T  'v/f-  In  order  to  ver- 

ty  that  this  d«persion  equation  reproduces  that  found  in 
the  Idealized  beam  limit,  we  observe  that  lim,».n  Irt  = 
®.  Expanding  the  exponential  integral  function  in  the 
asymptotic  limit,  therefore,  we  find  that  lim^^^oTTf)  = 

1  and  that  the  ideal  beam  dispersion  equation  is  re- 

t  whenever  Im 

h#»  !•«  1  f  ^  *’</*'«*  where  the  wavenumber  is  to 
evalua  ed  at  the  peak  growth  rate  in  the  ideal  beam 

iTt  A  /  basis  of  the  perturbed  trajectories,  it  is  clear 
poiLn,  when*  '  i"" 


V2fli 

in  the  high-gain  Compton  regime,  and 


pi 


r 


pi 


jS.  _ 

2711^11 


(47) 


(48) 


in  the  collective  Raman  regime. 

The  effect  of  the  thermal  spread  on  the  linear  growth 
rate  is  threefold.  In  the  first  place,  the  wider  range  of  axial 
velocities  introduced  thereby  results  in  a  broader  reso- 

creases'Tn  1^  frequency  band  in¬ 

creases.  In  the  second  place,  the  fact  that  the  bulk  axial 

velocity  dec^ses  means  that  the  center  frequency  of  the 

gam  band  also  decreases.  In  the  third  place,  the  peak 

growth  rate  decreases  with  increasing  AP.  Each  of  these 

properties  IS  Illustrated  in  Fig.  1  in  which  we  solve  (46) 

of  ThT?m^  *be  magnitude 

of  the  grew^  rate  as  a  function  of  the  frequency  for 

that  the  growth  rate  peaks  for  |Im  .  o.OI  1  in  the 

^  decreases  by  over 

1UU%  as  the  thermal  spread  increases  to  AF/po  =  5% 

The  detailed  variation  in  the  peak  growth  rate  and  the 
frequency  corresponding  to  peak  growth  as  a  function  of 
IS  Illustrated  in  Fig.  2.  As  shown  in  the  figure,  the 
^ak  growth  rate  remains  relatively  constant  for  AP/p. 

<  2%  and  decreases  rapidly  thereafter.  As  a  conse- 
become  dominant  for  AP/po  > 
3%.  We  expect  that  for  thermal  effects  to  be  important 


exam’Se  Th  \  for  this 

example.  This  yields  an  estimate  of  AP/p.  «  37% 

InHnn  f*  "^“*°"^ble  agreement  with  the  numerical  so¬ 
lution  for  the  growth  rate  shown  in  the  figure.  The  fre- 

m  '^bich  peak  growth  is  found  drops  approxi¬ 
mately  2%  over  this  range.  ^ 

V.  Planar  Wiocler  Configurations 
In  this  case,  the  interaction  occurs  principally  for  plane 
aves  polarized  in  the  direction  of  the  wiggler-induced 
oscillation  and  the  vector  and  scalar  potentials  for  a  wave 
with  angular  frequency  w  are  of  the  form 

6A(z,  t)  -  exp  (-tut)  +  c.c.  (49) 

and 

Mz.  t)  =  5  5(P(z)  exp  (-iut)  +  c.c.  (50) 

The  analysis  is  similar  to  that  described  for  the  helical 
wiggler  configuration.  As  in  the  case  of  the  helical  wig- 
gler  analysis,  the  perturbed  distribution  function  takes  the 

lOrm 


^fh(z,  P)  =  ~ 
2c 


l^b(P,,  Py,  P)  (51) 


Where  the  orbit  integrals  are  defined  as 

Z)  »  f  (-if^rjz,  z'))  /.  Q\ 

'  Jo  ^  -  ^z(z')  5i(z') 

(52) 


and 


D. 


-  f  dz'  ^')) 

P  Jo  *■  v,(z') 


^(^')  +  'wpxfe')  S/i(z') 


(53) 


A  =  -5i4(z)  6/1(0)  exp  (iuT(z,  0)). 


(54) 


ittt  iul  kNAL  QbANTOM  electronics.  VOL  21.  NO  i:.  DECEMBER  IWl 


The  source  current 

6J{z.  t)  =  l6J,(z)ij,  +  Sj.{z)e.]  exp  (-/wr)  +  c.c.  (55) 

is  determined  by  integration  over  the  perturbed  distribu¬ 
tion 


dJ(z) 


dP^dP.dp^bf, 

■y 


(56) 


Substitution  of  the  perturbed  distribution  yields,  after  in¬ 
tegration  by  parts  over 


=  ~  \dP,dP,dp^\—l^D\  -^D  — 

mJ  ■  y[dP,\p,^^J  pf^dpj 


FhiPx^  Py,  P) 


(57) 


and 


"  y  L^Px  Sp 


•  Fh(Px,  Py,  P). 


(58) 


The  orbit  integrals  Dj  and  D.  which  appear  in  the  source 
currents  represent  an  integration  over  the  unperturbed 
electron  trajectories  in  the  planar  wiggler.  The  character¬ 
istic  trajectories  in  a  planar  wiggler  differ  from  those  in  a 
helical  wiggler  in  that  the  magnitudes  of  the  axial  and 
transverse  velocity  components  are  not  constant  but, 
rather,  oscillate  at  harmonics  of  the  wiggler  period.  This, 
in  turn,  introduces  harmonic  components  into  the  dynam¬ 
ics  of  the  interaction.  In  particular,  we  observe  that  in  a 
planar  wiggler  the  Lagrangian  time  variable  characteristic 
of  the  electron  trajectories  is  of  the  approximate  form 


Hz)  =  ^0  +  ^ 


p  ^  ^  ^  Sin  fC^fZ 


the  analysis  to  the  resonance  associated  with  the  Doppler 
upshift  in  frequency  then  the  source  currents  can  be  ex¬ 
pressed  in  the  form 


•  lj^/’.</P.c,(/>„p,)y=(/,, 
.  ^  ~  ^  1 


~  ^Ii  +  /  +  2in  +  I 
2  * 

*’*»■  “P  »L-, :)/.«>!) 

^11  dFxdP,Gx(Px,  Py)Jj(b,) 


(62) 


*’i.  {  —  U  — 

\  C 


and 


X  W  dP.dPyCAPx,  Py)Jj{b,) 


u 


(a  - 


vi  1 

where  it  is  assumed  that  both  v^.  <  K,  and  /*,</»„.  Ob¬ 
serve  that  existence  of  a  nonvanishing  canonical  momen¬ 
tum  introduces  an  oscillation  at  the  wiggler  period  into 
the  trajectory. 

We  express  the  vector  and  scalar  potentials  by  appli¬ 
cation  of  Floquet  s  theorem  for  periodic  systems  in  the 
foim 


6/i(z)  -  ^  SA„  exp  (ik„z)  (60) 

and 


^z)  -  ^  exp  (ik„z)  (61) 

where  k„  =  k  +  nk^.  Since  the  gain  is  exponential  in  this 
regime,  we  may  neglect  the  initial  value  contributions  to 
the  orbit  integrals.  In  the  analysis  of  the  thermal  regime 
the  dominant  contribution  of  the  axial  thermal  spread  oc¬ 
curs  within  the  resonance  condition.  Hence,  if  we  restrict 


ul  U  y  . 

"iiiToC  '  “P 

[/it(^2)  ~  /w  +  lf^z)] 

X  l\dP,dP,GAP,,P,)j}ib,) 

(W  -  + 

where  F,  and  t;|  are  the  bulk  axial  velocities  with  and 
without  the  pitch  angle  spread,  resp^ively,  and  J,  de¬ 
notes  the  regular  Bessel  function  of  the  first  kind.  In  ad¬ 
dition 


<D  Vy  Px 

F,  />, 


*2 


u  v\, 
KVtW\ 


(64) 

(65) 

(66) 
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and  wa  have  made  use  of  d.e  Bessel  funclion  reialions 
2n 

W  /..\  9  .  . 

(67) 
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Jnix)  ■  +  J„_  |(x) 

00 

exp(i7.sin0)=  2  m  txp  (ind). 


equation  which  results  is  expressed  as  a  straightforward 

dficany"^‘'°"  beam  Lit;  sp^ 


(68) 

The  integrals  over  the  canonical  momenta  in  (62)  and  (63) 

tTon  and ''  transverse  distribution  funl 

ion,  and  we  find  that  in  the  limit  in  which  «  p, 


^ 
7o, 


II 


dP,  dPyGj_(P^,  P )  T,(0 

(w  -  kVtf  (a,  -  kv^)^ 


where 


(69) 


7’/(r) 


i^r-i. 


/  2 

u  _  7oiw,  /W 


*exp(-2)-:'^ 

(z  +  D 


and  we  write  that 


h  -  JL.  1/2 

~  rTT - 2  ^  cos^. 

XwPi  i'll  Pf 


7  (70) 

(71) 

(72) 


If  we  now  select  a  specific  harmonic  (i.e.,  for  fixed  / 
m),  then  the  coupled  mode  equations  may  be  written 


Oil 


d,)>  -  ^  r, (!•.., .1.) 


4c^  7o  ^"**^^2)7'/(i;+/+2«) 

•  ^  .  (76) 

•^is  dispersion  equation  which  includes  the  effect  of  an 

tde/eloZfl  t1  for  a  helical  wig- 

thar  n  »h  t^tfforances  are  as  stated  previously  in 

squari  ^r^rw  loot-mean- 

oscillation  in  the  axial  velocity 
introduces  modifications  in  and  and  3^ 

termonic  amplification  is  found  in  the  one-dimensional 
formulation.  The  effect  of  the  pitch-angle  sprlTd  oTthi 
axial  velocity  is  the  source  of  the  /th  harmonic  contribu 

Uon’^  In  oide  raodifying  the  thermal  func¬ 

tion  7).  In  orfer  to  descnbc  this  effect  in  more  detail  we 
assume  that  6,  «  i  which  is  valid  as  long  as  />  <<  p 
As  a  result,  we  expand  8  ««  «  />« . 


"  '  '  "(/.')' fey  (y^y  (— )  2' cos'' 0. 


\Kibi)  -  y„^,(6j)] 


(73) 


(77) 


and 


-ch\_,  -'^(l  _  ii  V 

'  yo[ 


i^n  +  l  +  ^mC 
~  *«X/X2*P|) 


,2  7/(i;+,+2„)j 
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The  dispersion  equation  is  found  by  requiring  that  the  de 
emiinant  of  the  coefficients  vanishes^  Theraforl!  fof  a 
peci  c  choice  of  harmonic  interaction,  the  dispersion 
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As  a  consequence 
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We  observe  that  for  /  =  0  the  planar  wiggler  thermal  func¬ 
tion  reduces  to  that  found  for  the  helical  wiggler  (43), 
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7’o(f)  s  ftl  -  fexp(f)£|(n].  (82) 

This  will  reproduce  a  thermal  response  for  the  interaction 
at  the  fundamental  which  is  similar  to  that  found  for  the 
helical  geometry 

The  general  dispersion  equation  (76)  has  been  solved 
numerically  for  a  case  which  illustrates  the  relative  growth 
of  the  fundamental  and  the  third  harmonic.  In  general, 
strong  harmonic  amplification  requires  a  relatively  lar^e 
oscillation  in  the  axial  velocity;  hence,  the  growth  rate  at 
the  harmonics  increases  rapidly  with  Indeed,  the 

growth  rate  at  the  harmonics  as  predicted  by  (76)  can  be 
larger  than  that  at  the  fundamental  when  exceeds 

unity.  However,  this  is  an  unjustifiable  conclusion  based 
upon  the  present  type  of  formulation.  It  is  important  to 
bear  in  mind  that  the  analysis  cannot  be  applied  for  arbi¬ 
trarily  large  values  of  this  parameter  because  1)  the  ideal¬ 
ized  one-dimensional  model  breaks  down  when  the  dis¬ 
placement  of  the  electrons  from  the  plane  of  symmetry 
^omes  large,  and  2)  the  Lagrangian  time  coordinate  (14) 
has  been  integrated  in  (59)  under  the  assumption  that  v^. 
«  V,.  Therefore,  the  analysis  of  cases  in  which 
IS  greater  than  unity  requires  a  fully  three-dimensional 
analysis.  We  restrict  the  numerical  analysis  herein  to  the 
case  for  which  Q^./ck^.  =  l .  This  is  a  physically  interest¬ 
ing  case  which  is  at  the  fringe  of  the  range  of  validity  of 
the  formulation,  and  will  serve  to  clearly  illustrate  the  re¬ 
lationship  of  the  harmonics  to  the  fundamental.  In  addi¬ 
tion,  we  shall  assume  that  >o  =  2.957  and  ut/ck^.  =  0. 1 
as  well.  It  should  also  be  remarked  that  in  order" for  the 
thermal  effects  to  result  in  substantial  growth  at  the  even 
harmonics,  AP /po  must  be  of  the  order  of  unity  as  well. 
Since  this  is  unreasonably  high  for  any  well-designed  ex¬ 
periment,  we  shall  ignore  this  effect  henceforth,  and  con¬ 
centrate  on  the  emission  at  the  odd  harmonics. 

The  magnitude  of  the  growth  rate  is  plotted  as  a  func¬ 
tion  of  frequency  in  Fig.  3  for  the  fundamental  and  the 
third  harmonic.  The  fundamental  exhibits  a  peak  growth 
rate  of  |Im  k\/k^  *  0.065  at  a  normalized  frequency  of 
aj/c*H  *  1.55.  In  contrast,  the  magnitude  of  the  growth 
rate  at  the  third  harmonic  is  |Im  k\/k^.  *  0.012  at  a  fre¬ 
quency  of  w/ck,.  *  4.80.  Observe  that  both  the  magni¬ 
tude  and  bandwidth  of  the  harmonic  is  reduced  relative  to 
the  fundamental. 

The  effect  of  the  thermal  spread  on  the  fundamental  and 
the  third  harmonic  is  shown  in  Fig.  4.  Here  we  plot  the 
normalized  growth  rate  (defined  as  the  ratio  of  the  maxi- 


Fig.  3.  Graph  of  the  growth  rate  versus  frequency  for  the  fundamental  and 
third  harmonic  interactions. 


0.05  0.15  0.25  0J5 

Fig.  4.  Variation  of  the  normalized  growth  rates  at  the  fundamental  and 
third  harmonic  with  the  axial  momentum  spread. 


mum  grtfwth  rate  for  a  specific  value  of  AP/po  to  the 
maximum  growth  rate  for  AP/po  *  0)  as  a  function  of 
AP/po  for  the  fundamental  and  third  harmonic.  Observe 
that  thermal  effects  are  expected  to  become  important  on 
the  fiindamentol  when  Av,/v,  •  |Im  k\/{k^.  +  Re  it)  * 
0.025,  which  corresronds  to  AP/p^  •  22%  (recall  that 
At'ii/t’i  »  AP  /2po).  This  is  in  substantial  agreement 
with  the  results  shown  in  the  figure.  For  the  case  of  the 
harmonics,  thermal  effects  are  expected  to  become  im¬ 
portant  at  a  much  reduced  thermal  spread  [7],  [10];  spe¬ 
cifically.  when  At',/ri|i  •  |Im*|/[(l  +  2m) k^  +  Re  it]. 
For  the  third  harmonic  in  the  present  example  A  * 
|Im  i|/(3i„  -F  Re  ^)  »  0.0015.  This  corresponds  to 
A£/Fo  *  5.5%,  which  is  also  in  good  agreement  with 
the  calculation. 


VI.  Summary  and  Discussion 
In  this  paper,  we  have  developed  a  self-consistent  for¬ 
mulation  of  the  linear  gain  in  both  helical  and  planar  wig¬ 
gler  confi^rations  in  the  presence  of  an  axial  energy 
spread  derived  from  a  beam  pitch-angle  spread.  Such  a 
beam  may  be  thought  of  as  monoenergetic  but  with  a  non¬ 
vanishing  emittance.  The  analysis  included  collective  Ra¬ 
man  effects  for  both  the  helical  and  planar  wiggler  sys¬ 
tems,  and  described  the  gain  at  harmonics  in  the  case  of 
a  planar  wiggler.  General  dispersion  equations  were  de- 
riv^,  and  solved  numerically,  for  each  wiggler  configu¬ 
ration  which  included  a  general  thermal  function  which 
described  the  effect  of  the  pitch-angle  spread. 


FREUND  «  at  :  THERMAL  EFFECTS  ON  THE  LINEAR  GAIN  IN  FEL  s 

The  conclusions  from  the  analysis  are  consistent  with 
those  found  previously  on  the  basis  of  an  analytic  model 
of  thermal  effects  due  to  an  energy  spread  (7J  and  a  non- 
inear  simulation  using  the  pitch-angle  spread  model  [13], 
[14],  Specifically,  that  the  gain  at  the  harmonics  is  more 
sensitive  to  the  effects  of  a  thermal  spread  than  is  the  fun¬ 
damental  In  particular,  the  thermal  effect  becomes  im¬ 
portant  when  A  / 1;,  .  |Im^j/[(l  -I-  +  Re  it] 

In  addition  It  is  clear  that  the  thermal  effect  itself  can  give 
nse  to  amplification  at  the  even  as  well  as  odd  harmonics 

whirr^Mi  a  large  energy  spread 

which  will  result  in  relatively  low  growth  rates,  and  is  not 
iiKely  to  be  of  practical  use. 
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The  Relationship  Between  Optical  Guiding  and  the 
Relative  Phase  in  Fnee-Electron  Lasers 
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Aii/rarf— The  relationship  between  the  relative  phase  and 
optical  guiding  in  the  free-electron  laser  is  studied.  The  relative 
phase  in  this  case  is  defined  as  the  shift  in  the  wavenumber  from 
the  vacuum  value  integrated  over  the  interaction  length.  In 
terms  of  the  optical  guiding  of  the  signal  in  free-electron  lasers, 
the  relative  phase  must  be  positive  in  order  for  refractive  guid¬ 
ing  of  the  signal  to  occur.  The  relative  phase  is  studied  from 
the  standpoint  of  the  linear  stability  analysis  in  both  the  high- 
and  low-gain  regimes,  and  the  qualitative  implications  in  each 
of  these  regimes  of  the  relative  phase  on  the  refractive  guiding 
of  the  signal  are  identical.  Specifically,  the  relative  phase  is 
found  to  be  negative  at  the  low-frequency  end  of  the  gain  band. 
The  relative  phase  increases  with  increasing  frequency  over  this 
bands  until  it  turns  positive  at  a  frequency  approximately  10% 
below  the  frequency  of  peak  gain.  Thus  optical  guiding  is  in¬ 
dicated  over  a  large  portion,  but  not  all,  of  the  gain  band.  A 
quantitative  measure  of  the  optical  guiding  of  the  signal  is  ob¬ 
tained  by  an  analytic  formulation  of  the  guiding  of  the  signal. 
This  formulation  is  based  upon  a  separable  beam  approxima¬ 
tion  in  which  the  evolution  of  the  signal  is  determined  by  a 
Green’s  function  analysis.  The  specific  example  of  interest  in¬ 
volves  the  low-gain  regime  prior  to  saturation.  In  this  case,  it 
is  shown  that  the  analytic  result  is  in  substantial  agreement  with 
the  calculation  of  the  relative  phase. 


I.  Introduction 

OPTICAL  guiding  dunng  the  course  of  the  interaction 
in  free-electron  lasers  refers  to  the  self-focusing  of 
the  electromagnetic  wave  by  the  electron  beam  ll]-I12). 
Optical  guiding  of  the  signal  occurs  by  two  related  mech¬ 
anisms  referred  to  as  gain  and  refractive  guiding.  Gain 
guiding  describes  the  preferential  amplification  of  radia¬ 
tion  in  the  region  occupied  by  the  electron  beam.  There¬ 
fore,  an  optical  ray  will  undergo  amplification  as  long  as 
it  is  coincident  with  the  beam.  If  it  propagates  out  of  the 
beam,  then  the  interaction  will  cease.  Refractive  guiding 
describes  the  focusing  (or  defocusing)  of  the  radiation  by 
means  of  the  shift  in  the  refractive  index  due  to  the  di¬ 
electric  response  of  the  electron  beam.  In  particular,  if  the 
wavenumber  is  shifted  upward  due  to  the  interaction  with 
respect  to  the  vacuum  state,  then  the  phase  velocity  of  the 
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wave  decreases  and  the  beam  acts  as  an  optical  guide.  It 
should  be  remarked,  however,  that  gain  and  refractive 
guiding  are  intimately  linked  and  are  not  independent  pro¬ 
cesses. 

The  process  of  refractive  guiding  is  related  to  variation 
in  the  relative  phase,  since  this  quantity  measures  the  shift 
in  the  wavenumber  due  to  the  dielectric  effect  of  the  beam. 
As  shown  in  the  nonlinear  simulations  of  both  the  helical 
and  planar  wiggler  configurations  the  relative  phase  de¬ 
creases  with  axial  position  at  the  low-frequency  portion 
of  the  gain  spectrum  I13J-I15].  This  decrease  occurs  be¬ 
cause  the  dielectric  shift  induced  by  the  beam  reduces  the 
wavenumber  below  that  of  the  vacuum  state,  and  corre¬ 
sponds  to  a  defocusing  of  the  signal.  As  the  frequency 
increases,  however,  the  downshift  in  the  wavenumber  de¬ 
creases  until  a  critical  frequency  is  reached  at  which  the 
relative  phase  remains  approximately  constant.  This  cor¬ 
responds  to  a  wavenumber  which  is  comparable  to  the 
vacuum  state,  and  for  which  there  is  no  refraction  of  the 
signal.  The  frequency  at  which  this  is  found  is,  typically, 
below  the  frequency  of  peak  growth  rate.  For  frequencies 
higher  than  the  critical  point,  the  relative  phase  increases 
with  axial  position,  corresponding  to  the  guiding  of  the 
signal. 

The  organization  of  the  paper  is  as  follows.  The  behav¬ 
ior  of  the  relative  phase  as  determined  from  a  linear  the¬ 
ory  of  the  interaction  mechanism  is  described  in  Section 
II.  The  configuration  we  employ  is  that  of  a  planar  wig¬ 
gler  model  in  the  idealized  one-dimensional  limit.  In  this 
regard  the  shift  in  the  wavenumber  in  the  high-gain  re¬ 
gime  is  calculated  by  the  numerical  solution  of  the  dis¬ 
persion  equation.  This  formulation  is  capable  of  treating 
both  the  collective  Raman  and  the  high-gain  Compton  re¬ 
gimes.  In  the  low-gain  regime,  the  relative  phase  is  cal¬ 
culated  on  the  basis  of  the  evolution  of  the  untrapped  elec¬ 
tron  trajectories  in  the  ponderomotive  potential.  It  should 
be  noted  that  the  results  of  each  of  these  treatments  are  in 
qualitative  agreement  with  the  description  of  either  guid¬ 
ing  or  defocusing  described  above.  The  evolution  of  the 
wavefront  is  determined  analytically  in  Section  III  on  the 
basis  of  a  separable  beam  model  (8]-[ll].  In  this  case, 
we  assume  that  the  electron  trajectories  are  given  in  the 
idealized  one-dimensional  limit.  This  is  valid  as  long  as 
the  electron  displacement  from  the  symmetry  plane  is  less 
than  the  wiggler  period.  In  addition,  it  is  assumed  that  the 
cross-sectional  profile  of  the  beam  is  cylindrically  sym¬ 
metric  and  determined  by  a  Gaussian  decrease  in  the  den- 
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sity .  The  radiation  field  is  modeled  by  the  injection  of  an 
optical  Gaussian  mode  whose  subsequent  evolution  can 
be  calculated  by  means  of  a  Green’s  function.  The  inte¬ 
gration  of  the  kernel  is  accomplished  for  parameters  con¬ 
sistent  with  the  low-gain  regime,  and  the  results  are  shown 
to  be  in  substantial  agreement  with  the  behavior  of  the 
relative  phase.  A  summary  and  discussion  is  given  in  Sec¬ 
tion  IV. 


II.  Optical  Guiding  and  the  Relative  Phase 

The  physical  basis  of  the  optical  guiding  mechanism 
can  be  best  understood  in  terms  of  the  behavior  of  the 
relative  phase,  which  is  defined  as  the  integrated  differ¬ 
ence  between  the  wavenumber  in  the  interaction  region 
and  the  free-space  wavenumber.  This  can  be  understood 
most  clearly  on  the  basis  of  the  idealized  one -dimensional 
analysis.  We  first  consider  the  high-gain  regime.  Under 
the  assumption  that  \vjv,  |  «  1.  the  dispersion  equa¬ 
tions  for  both  the  helical  and  planar  wiggler  geometries 
can  be  expressed  as 

-  (k  + 

.  «| 

V  To/  C  To 

where  u  and  k  are  the  angular  frequency  and  wavenumber 
of  the  electromagnetic  wave,  yo  denotes  the  relativistic 
factor  corresponding  to  the  bulk  energy  of  the  beam,  v, 

?!  -^1“/?  of  the  beam  y,  *  (1  - 

^t/c  )  ,  is  the  beam  plasma  frequency,  and 

helical  wiggler 

(2) 

planar  wiggler 


a. 

v>/2ck„ 


denotes  the  bulk  wiggler-induced  transverse  velocity  cor¬ 
responding  to  Q,,  ■  eB^/yom,c  fora  wiggler  amplitude 
and  wavenumber  In  order  to  illustrate  the  refractive 
shift  in  the  wavenumber,  we  transform  the  wavenumber 
in  (1)  to  5k  -  k  -  u/c,  which  measures  the  shift  from 
the  vacuum  wavenumber.  Note  that  the  bulk  axial  veloc¬ 
ity  IS  given  by  v,/c  =  1  -  -  vi/c^  Under  the 

assumptions  that  |5k|  «  ko  -  and 

"*/To  «  «.  the  dispersion  equation  can  be  written  in 
the  form  of  a  cubic  equation 


Fig.  1.  Cnph  showing  the  growth  rate  (dashed  line)  and  the  shift  in  the 
wavenumber  (solid  line)  as  functions  of  frequency. 

peak  growth  rate  for  this  choice  of  parameters  is  (d/ck„. 

*  wavenumber  is  shifted  down¬ 

ward  from  0)/ c  in  the  absence  of  the  wiggler  (i  e  5k  < 
0)  for  frequencies  below  «/ck,  s  21.5.  which  is’below 
the  frequency  of  peak  growth.  In  contrast,  for  frequencies 
above  this  cntical  value,  including  at  peak  growth,  the 
wavenumber  is  shifted  upward  from  the  vacuum  wave- 
number.  Hence,  the  qualitative  behavior  for  the  wave- 
number  in  the  idealized  one-dimensional  analysis  is  the 
same  as  that  from  the  three-dimensional  nonlinear  for¬ 
mulation.  The  conclusion  to  be  drawn  from  these  results 
IS  that  the  refractive  effect  of  the  wave-particle  interaction 
in  the  wiggler  can  either  guide  or  defocus  the  electromag¬ 
netic  wave  depending  upon  the  interaction  frequency. 

In  order  to  understand  the  process  of  optical  guiding  in 
me  low-gam  regime,  we  consider  an  analysis  of  the  evo¬ 
lution  of  the  relative  phase  in  an  idealized  one-dimen- 
sional  model  in  which  the  vector  potential  of  the  optical 
signal  is  represented  in  the  form 

M(z,  r)  =  6A{z)ij  cos  {u{z/c  -  r)  +  Ai^(z))  (4) 

where  Ait>  denotes  the  relative  phase,  and  both  A<l>  and  the 
amplitude  SA  are  assumed  to  be  real.  The  wiggler  field  is 
assumed  to  be  given  by  the  idealized  one-dimensional 
representation  in  which  5.  =  sin  k,.z.  Substitution 
or  mis  form  for  me  vector  potential  into  Maxwell’s  equa¬ 
tions  yields  an  equation  of  me  form 

d 


Sk(z)  5/f(z)  cos  [u{z/c  -  t)]  +  ^  5/4(z) 

dz 

•  sin  [u{z/c  -  t)]s—  ij 
u 


i&k-ko) 


— 


—  2Aci»  6kvi 

-  “fc  \ 

ToT?/ 


-  2cSo  - 


(3) 


where  Aw  -  (1  -  vt/c)u  -  k„i;,. 

The  solution  to  (3)  for  the  real  (solid  line)  and  imagi¬ 
nary  (dashed  line)  parts  of  5k  as  functions  of  frequency  is 
shown  in  Fig.  1  for  yo  =  3.5,  vjc  =  0.05,  and 
‘^s/To  ck^  -  0.1.  The  frequency  corresponding  to  the 


(5) 

where  57,  denotes  me  source  current,  5k  m  d[6<l>]/dz  de- 
notes  me  perturbed  wavenumber,  and  it  is  assumed  mat 
|5k|  «  u/ c.  Note  mat  second-order  derivatives  of  me 
amplitude  and  phase  have  been  neglected  in  (5).  Multi¬ 
plication  by  cos  [u(z/c  -  /)]  and  subsequent  averaging 
of  me  resulting  equation  over  a  wave  period  yields 
2  [•*»/" 

~  W  Jo  ~  -  (6) 

Under  me  assumption  mat  u,  »  p„.  cos  k„.z.  therefore,  the 
perturbed  wavenumber  becomes 


2wc  c  5o 


(7) 


where  ^  denotes  the  ponderomotive  phase,  is  the  beam 
plasma  frequency.  Sa  ■  e6A/m,c^  is  the  normalized  am¬ 
plitude.  and  the  average  is  taken  over  the  initial  phase. 
Observe  that  the  corresponding  equation  for  the  small-sig¬ 
nal  gain  is  obtained  by  multiplication  by  sin  [u(z/c  — 
t)]. 

The  phase  average  may  be  determined  by  solution  of 
the  pendulum  equation  in  the  untrapped  limit.  The  evo¬ 
lution  of  the  ponderomotive  phase  in  the  combined  elec¬ 
tromagnetic  and  magnetostatic  fields  is  governed  by  the 
nonlinear  pendulum  equation 


where 


sin 


t'l  27o7il3i' 


(8) 


(9) 


In  the  linear  regime,  the  solutions  describe  untrapped  tra¬ 
jectories  which  may  be  determined  by  a  perturbative  so¬ 
lution  to  (8).  In  this  case  we  expand  =  V-o  +  AJkz  -f 
byp,  where  is  the  initial  phase 


(10) 


describes  the  mismatch  parameter,  and  it  is  assumed  that 
\byl//yl>  I  «  1 .  To  lowest  order  in  the  perturbation,  there¬ 
fore,  the  pendulum  equation  can  be  expressed  in  the  form 


ibi  Si  sin  (^0  +  AJkz) . 


dz 


(11) 


Subject  to  the  initial  conditions  that  8^  (z  =  0)  =  0  and 
dbypiz  -Q)/dz  =  0,  this  equation  has  the  solution 

~  *'^'0  +  ^  cos  ^oj- 


(12) 


As  a  consequence 


<cos  s  [1  -  cos  Afe  -  Mz  sin  Akz]  (13) 


and 


<sin  \ff)  s  [sin  Afa  -  Aitz  cos  Ate],  (14) 

Hence,  the  perturbed  wavenumber  is  given  by 

s  _ — _ —  . 

8707!*'!  v\  cAk^ 


•  [1  -  cos  Akz  -  Akz  sin  Aikz] .  (15) 

The  relative  phase  is  found  by  integration  of  (15)  over 
axial  position;  hence,  the  relative  phase  at  the  end  of  the 
wiggler  (i.e.,  z  =  Z-)  is  given  by 


u/ck 


Fig.  2.  The  relative  phase  as  a  function  of  frequency  within  the  gain  band 
as  calculated  from  the  idealized  one-dimensional  model  of  the  low-gain 
regime. 


a^(L)  s 


ujU?  vj  4 
167o7it>|  2v]  Ak^L} 


1  +  cos  AkL  - 


2 

AkL 


sin  AkL 


(16) 


The  relative  phase  has  been  evaluated  for  a  choice  of 
parameters  in  which  70  =  10,  v^/c  =  0.05,  ujy'o'^ck^ 
=  0.1,  and  a  wiggler  with  L  =  I0\»,  in  length,  and  the 
results  are  illustrated  in  Fig.  2.  The  gain  band  for  this 
choice  of  parameters  ranges  over  u/ck„  •  180-200,  and 
a  peak  gain  of  approximately  20%  is  found  at  u/ck^  • 
192.  As  shown  in  the  figure,  the  relative  phase  is  positive 
at  the  high-frequency  portion  of  the  gain  band  which  in¬ 
cludes  the  frequency  of  peak  gain. 


m.  The  Separable  Beam  Limit 

The  fundamentals  of  the  optical  guiding  process  can 
best  be  understood  in  terms  of  a  separable  beam  approx¬ 
imation  [8]-(ll]  in  which  the  wiggler-driven  source  cur¬ 
rent  is  decomposed  into  a  product  of  functions  depending 
upon  radius  and  axial  position.  Hence,  the  electron  beam 
is  assumed  to  be  cylindrically  symmetric.  The  electron 
trajectories  are  treated  in  the  context  of  an  idealized  one¬ 
dimensional  approximation  of  the  planar  wiggler  geome¬ 
try.  This  model  has  the  considerable  advantage  of  allow¬ 
ing  an  analytic  solution  for  the  radiation  spot  size,  and  is 
generally  valid  as  long  as  the  beam  radius  is  much  less 
than  cither  the  spot  size  of  the  radiation  and  the  wiggler 
period. 

The  idealized  planar  wiggler  geometry  implies  that  the 
interaction  will  be  with  a  cylindrically  symmetric  plane 
polarized  wave  in  which  the  vector  potential  of  the  elec¬ 
tromagnetic  field  is  expressed  in  the  form 

6A(r,  z,  r)  =  j  W(r,  z)f,  exp  I/«(z/c  -  r)]  -1-  c.c.  (17) 


for  an  angular  frequency  u  and  wavenumber  u  /c.  Sub¬ 
stitution  of  this  form  of  the  vector  potential  into  Max¬ 
well’s  equations  yidds  a  dynamical  equation  of  the  form 


/Id 


St 


=  iJAr,  z)  exp  [-iw(z/c  -  /)]  (18) 
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where  the  source  current  is  defined  as 

^Jxir,  Z)  =  -e«A(r)r.o  j  dt^ 


'0  -  r{z,  /o)] 


(19) 

detrty''‘r  Tn,"!h  “f  >'■'  ‘•mWdm  beam 

y*  U.  o)  IS  the  Lagrangian  time  coordinate  which 

descnbes  the  time  at  which  an  election  which  emerge 
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s?b|ecuo'S?^  right-hand  side  of  (23)  vanishes 
suoject  to  the  requirements  that 

Mr  =  ».  cl  =  C(r  =  «.  j  -  j.)  =  0  (24) 

and 


i  "'i 


-  (Hr.  z  -  c'l  =  0.  (25) 

•r»  00 

The  second  integral  on  the  right-hand  side  yields  the  ho- 

fno^cnfioiic  -t _  w.  . 


c.de„mesthe^„itia,ax,a,sra^  :t;erntS,t°rrS:;rofmr't‘^'‘’“- 

-„rrm?otnTSo; 


=  0:0  ^  (exp  (-/^)> 


6o(r,  Z)  =  &2,(r,  + 

c‘  '  Vft  U 


(20) 


[dc'C(r.c'- 


Z)  (exp  (-i^lxiz')))  (26) 

where  m  v^^/c,  ul(r)  *  4re-„jr)  /m  .i  .  r  /  and  6a,(r,  z)  denotes  the  ho- 

+  k  )z  -  wt  denotes  the  ponderomotive  phate  sT  m  solution  which  describes  the  evolution  of  the 

/am  .2  .u- .^  .  »»  e  pnase.  6a  *  ''ector  potential  in  the  absence  of  the  beam. 

•r!h!  'ow-gain  regime.  In  order  to  de- 


+  k  f  A  V  V'  *  (OJ 

J  t  T'®*  ponderomotive  phase,  ha  s 

,  the  orbits  are  given  in  the  idealized  aonroxi  u/  - . “■"• 

mation  subject  to  the  requirement  that  |r,  //.,  I  «^f  sciib!  low-gain  regime.  In  order  to  de- 

he  average  ,a  over  the  initial  phase.  The  dynamical  eot^  'b^  focusing  or  defoensing  of  the  mdiation  doe  to 

lion  IS  Mlved  for  an  electron  beam  with  a  Gaussian  den.  ^  '"“"ction.  we  define  an  overoge  held  in  the  form 
sity  profile 


nA(r)  =  riM)  exp  (-r'/rl) 


(21) 


(&2(r.  2)>,  »  4  £  4/rr  exp  (~r^/rl)  ha(r,  z).  (27) 


here  ««,  denotes  the  maximum  density  on-axis  and  n  is  \'^®‘ghted  average  over  the  cross  section  of  the 

the  Gaussian  beam  radius.  electron  beam  which  is  a  measure  of  the  Sve  fiSS 

The  solution  of  the  dynamical  equation  is  may  be  writ-  ®*P*"®"‘^ed  by  the  electrons.  In  the  low-gain  regime  the 
eiiual”™'  «>»fi.s  the  Sim'!!:!?:;”  “  <>f  ^c 


mn  m  mmns  of  a  Omen’s  fctwtl  which  Ss*^ 


L  0  0  _.  w  3\ 

r  dr dr  ^  ‘  cTz)  ~ 


=  -exp(-r-7rj)6(;  -  z'). 

Equations  (20)  and  (22)  can  be  combined  to  yield 


(22) 


fionrwf.i.-  -  umrdppco  regime.  Utiliza- 

tJ'*  V'”®® in  ‘he  definition  of 
m  (9),  therefore,  gives  a  phase  average  which  varies  as 

<cxp(±.tKc))>H^(,  -e,p(i,,4t,, 

±  lAfe  exp  (±iMz)]  (28) 
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where 


&J(r.  z)  h(z  -  c' ) 


c.w-  ^=®  ..  -  -  c)  (exp  (~iiP(z))) 


<Mr.^)>,ii  J^!^, 
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Mr.  z)  -  G(r,  z'  -  z) 


rion  is  ^  substitution  that  the  Green’s  fiinc- 

G(r,  z  -  z’)  +2/(z-z>)/^)) 

2/  1  -H  2Hz  -  z')/z, 

■  H{z  -  z')  ^30) 

where  H{z)  denotes  the  Heaviside  function,  and  v  s 

wr;/c.  As  a  consequence,  the  average  field  can  be  ex 
pressed  as 


^''r  ~  T  Mr.  z) 

oz 


<Sa{r,  z))r  = 


(M(r.  Z)>g 
S{Z) 


)• 
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(31) 


where 

So  m  1  +  f^) 

Vt'i/  167o7lrjr‘M- 

^  0  ^  -  exp  i-i^) 

-  »[1  +  M(Zb  +  /:)]  exp  (-iAkz) 
exp  iiAikz,,x)) 


•  (i^ikZkX)) 
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(32) 


2/^1  1^1*’ =  exp 

■  f&J*<exp  (-/^t)>  -  &,<expOV))! 

(38) 

Observe  that  we  have  omitted  the  terms  in  6fl*r’  6a  - 
^V- 6a*  since  they  will  vanish  upon  integration  over  ra¬ 
dius.  Integration  of  (38)  over  both  axial  position  and  ra¬ 
dius,  therefore  yields 


If  the  homogeneous  solution  is  given  in  terms  of  a  Gauss- 

lan  beam  ^^'ch  is  focused  down  to  the  minimum  spot  size 
at  2  =  u.  then  [16] 

6..r.  !!P  ^  2/./Z0)] 

I  +  2iz/zo 

where  6flo  is  real  and  denotes  the  initial  amplitude  of  the 
field,  ro  denotes  the  Gaussian  radius  of  the  beam,  and  zo 
*  u^ro/c  denotes  the  Rayleigh  length.  As  a  consequence 


*  +  9  4  ^  +  G(z) 


ro 


Zo 


where 


<6a*(r,  2)>,  - - ^ 


G(z)  £  - 


ulokz^ 
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(34) 


Ifryoyit'l  r|  dd 


sin  6 
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(39) 


(40) 


ro  Zo 

An  effeaive/oowmg/ac/or  may  be  defined  in  terms  of 
this  average  field  in  the  form 


JF(2)  .  _ ^))rl 


is  the  expression  for  the  power  gain  in  the  idealized  one- 
dimensional  formulation  of  the  fundamental  interaction  in 
the  low-gam  regime,  k  m  u/c,  and  6  m  Akz/2.  Com¬ 
bining  (33)-(35)  and  (39),  we  find  that  the  focusine-factor 
ovw  the  total  length  of  the  system  L  may  be  approximated 


Jo 


drr|6a(r. 


(35) 


^(L)  £ 


Since  the  homogeneous  solution  for  the  vector  potential 
desenbes  the  propagation  of  the  signal  in  the  absence  of 
the  beam,  the  focusing  factor  measures  the  evolution  of 
the  radiation  spot  size  relative  to  the  diffraction  of  the 
Gaussian  beam  in  free  space. 

The  denominator  can  be  determined  by  energy  conser- 

I? 

“  7^  —  exp  (-rV ri)  <exp  (-iV-))  (36) 


1,  .rl 

1' ^  "  I! 

(41) 


•  ®*”?*^*  ^at  in  the  limit  in  which  the  interaction  van- 
*i  V'.fr  **  ■bsence  of  cither  the  beam  or  the  wig- 
glcr  field)  the  gam  also  vanishes  and  the  focusing  factor 
desenbes  the  free-space  diffraction  of  the  optical  beam 


1  +  -U  4  ^ 
rl 


(42) 


Hence,  the  effect  of  the  interaction  upon  the  diffraction  of 
the  optiMl  beam  can  be  effectively  measured  by  a  nor¬ 
malized  focusing  factor  defined  as 


and 


HL) 


(43) 


(jd  %) 

“  TT  ^20  ^  «P  (-^V '■*)  So  <exp  (i^)) .  (37) 

Subtracting  the  second  equation  from  the  first,  we  find 
tfiat 


Hence,  when  ffJL)  >  1  the  diffraction  of  the  signal  is 
slower  thim  m  the  fiee-space  limit,  and  the  signal  is  ef¬ 
fective  guided.  Conversely,  when  (F„(L)  <  1,  the  diffrac- 
Uon  IS  more  rapid  than  in  free  space.  It  is  important  to 
rcmaA  at  this  point  that  the  focussing  factor  as  detcr- 
^  the  sparable  beam  analysis  implicitiy  includes 
the  effects  of  both  gain  and  refractive  guiding. 

The  specific  example  under  consideration  is  that  of  a 
system  for  which  v^/c  «  0.05,  u>^/y'o^ck^  =  0.1,  and 
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Fig.  3.  Illusiration  of  the  normilized  focussing  factor  for  representative 
parametets  in  the  low-gain  regime. 


7o  =  10.  Further,  it  is  assumed  that  there  are  10  wiggler 
periods  within  the  interaction  length  (i.e.,  L/X„.  =  10), 
kw>'b  —  0.1,  and  that  the  optical  beam  radius  is  focused 
down  to  the  beam  radius  upon  the  entry  to  the  wiggler 
(i.e.,  r*  =  tq).  Observe  that  this  choice  of  parameters 
corresponds  to  that  used  in  the  calculation  of  the  relative 
phase  in  the  idealized  one-dimensional  regime  shown  in 
Fig.  2.  The  peak  gain  in  the  idealized  one-dimensional 
limit  for  this  choice  of  parameters  over  length  L  is  of  the 
order  of  20%  and  occurs  for  w/ck,.  •  191.7.  The  focus- 
ing-factor  atz  =  L  associated  with  this  choice  of  param¬ 
eters  is  shown  in  Fig.  3  for  frequencies  within  the  gain 
band.  It  is  evident  that  the  indicated  diffraction  of  the  ra¬ 
diation  found  on  the  basis  of  the  calculation  of  the  relative 
phase  and  the  separable  beam  limits  is  qualitatively  sim¬ 
ilar.  That  is,  that  the  diffraction  is  slower  than  the  free- 
space  value  for  the  low-frequency  portion  of  the  gain 
The  separable  beam  model  can  also  be  used  to  analyze 
optical  guiding  in  the  high-gain  regime  [9],  [1 1 J.  The  dis¬ 
persion  relation  is  obtained  from  (26)  and  the  one-dimen¬ 
sional  equation  of  motion  by  looking  for  solutions  which 
grow  exponentially  in  axial  position.  Rather  than  repeat 
the  derivation  here,  we  merely  quote  the  result.  First,  we 
note  that  in  the  Compton  regime  ( 1 )  can  be  rewritten  as 


[w  -  (k  -F  k,.)r,]^ 


vj  ul  ^  uK/c 
7o 


(44) 


Inclusion  of  the  effects  of  diffraction  modifies  this  result, 
and  we  find  that 


[w  -  (k  -F  *,.)i;,J^ 


=.2r4~  —  E 

c  7o  c 


(45) 


where  E(v)  is  defined  as 


E{v) 


—  r 

4xi  Jo  1  -F  tt  ■ 


(46) 


Obse^e  that  (45)  reduces  to  (44)  in  the  limit  in  which 
“  u^/c'JI  «  1  where  diffraction  is  unimportant. 
Solutions  for  growth  rates  and  filling  factors  in  the  high- 
gain  limit  obtained  from  (45)  can  be  found  in  [11]. 


IV.  Summary  and  Discussion 

A  great  deal  of  work  has  been  devoted  to  the  question 
of  optical  guiding  in  free-electron  lasers  [1]-[12].  The 
principal  thrust  of  the  present  work  has  been  to  clarify  the 
connection  between  the  relative  phase,  which  measures 
the  shift  in  the  wavenumber  induced  by  the  free-electron 
laser  interaction,  and  the  optical  guiding  of  the  signal.  In 
this  regard,  we  have  evaluated  the  relative  phase  within 
the  context  of  a  linear  theory  of  the  interaction  in  both  the 
high-  and  low-gain  regimes.  The  qualitative  conclusions 
drawn  from  this  analysis  indicate  that  optical,  or  at  least 
the  refractive,  guiding  of  the  signal  does  not  occur  over 
the  entire  gain  band.  In  particular,  we  find  that  the  relative 
phase  is  negative  indicating  that  a  defocusing  of  the  signal 
should  occur  at  the  low-frequency  portion  of  the  gain 
band.  As  the  frequency  increases,  the  relative  phase  also 
increases,  however,  until  a  critical  frequency  is  reached 
at  which  the  relative  phase  vanishes.  This  point  typically 
is  found  to  occur  at  a  frequency  approximately  10%  be¬ 
low  the  frequency  of  maximum  growth  rate.  For  still 
higher  frequencies,  the  relative  phase  is  positive  and  some 
guiding  of  the  signal  should  occur. 

The  qualitative  estimates  of  refractive  guiding  based 
upon  the  relative  phase  ate  compared  with  a  more  quan¬ 
titative  analysis  of  the  diffraction  of  an  optical  Gaussian 
mode  by  means  of  a  Green’s  function  solution  of  Max¬ 
well’s  equations  in  the  low-gain  regime  under  the  as¬ 
sumption  of  a  separable  beam  approximation.  In  this  case, 
a  focusing  factor  was  derived  which  measures  the  diffrac¬ 
tion  of  the  signal  due  to  the  interaction  relative  to  the  dif¬ 
fraction  in  free  space.  It  is  important  to  note  here  that  this 
Green’s  function  approach  implicitly  includes  both  gain 
and  refractive  guiding.  The  results  of  this  analysis  are  in 
substential  agreement  with  the  qualitative  conclusions 
based  upon  the  behavior  of  the  relative  phase,  and  indi¬ 
cate  that  a  small  degree  of  guiding  is  possible  even  in  the 
low-gain  regime. 
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^  A  sclf^onsistent  analysis  of  wiggler-field  errors  in  free-electron  lasers  is  described  using  the  three- 

dimensional  simulation  code  wigglin.  A  random  variation  is  chosen  for  the  pole-to-pole  wiggler  ampli¬ 
tude,  and  a  continuous  map  is  used  between  the  pole  faces.  On  average,  increases  in  the  rool-mean- 
square  value  of  the  field  causes  a  decrease  in  the  interaction  efficiency;  however,  this  is  relatively  benign 
for  the  specific  case  studied,  and  particular  error  distributions  can  result  in  efficiency  enhancements. 

^  PACS  numberis):  41  .fiO.Cr,  05.40.  j,  52.65.  -I-  z,  52.25.Sw 
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Free-electron  lasers  (FEL’s)  have  operated  over  wave¬ 
lengths  from  microwaves  [1,2]  to  the  infrared  [3,4]  and 
visible  spectra  [5].  The  FEL  operates  by  the  coherent  ax¬ 
ial  bunching  of  electrons  in  the  ponderomotive  wave 
formed  by  the  beating  of  the  wiggler  and  radiation  fields. 
The  interaction  is  extremely  sensitive  to  the  axial  energy 
spread  of  the  electron  beam,  and  an  energy  spread  of  1% 
or  less  [6]  is  sufficient  to  cause  substantial  reductions  in 
the  efficiency  due  to  the  detuning  of  the  wave-particle  res¬ 
onance. 

A  related  effect  is  caused  by  random  wiggler-field  er¬ 
rors.  Wigglers  can  easily  exhibit  a  random  rms  fluctua¬ 
tion  of  0.5%  from  pole  to  pole  [7].  This  yields  a  velocity 
fluctuation  which  causes  a  phase  jitter  that  also  detunes 
the  wave-particle  resonance.  The  purpose  of  this  paper  is 
to  explore  the  effects  of  wiggler  errors  on  FEL  perfor¬ 
mance,  and  to  compare  the  effects  of  wiggler  errors  with 
those  of  an  axial  energy  spread.  To  this  end,  a  self- 
consistent  treatment  of  random  wiggler  errors  has  been 
incorporated  into  the  three-dimensional  nonlinear  simu¬ 
lation  code  WIGGLIN  [8]. 

The  effects  of  random  wiggler  errors  have  been  studied 
using  a  random-walk  model  for  the  electron  trajectories, 
and  their  effects  upon  both  spontaneous  emission  [9]  and 
the  linear  gain  [10,11].  Nonlinear  modeling  of  wiggler 
field  errors  has  been  based  [11-14]  upon  the  inclusion  of 
an  analytic  model  of  the  random  walk  in  a  wiggler-period 
averaged  formalism  of  the  electron  trajectories.  In  con¬ 
trast,  no  average  over  a  wiggler  period  is  performed  in 
WIGGLIN,  and  no  explicit  assumption  of  the  random  walk 
is  included. 

Consideration  of  the  effects  of  wiggler  errors  shows 
that  any  perturbation  induced  in  one  of  the  pole  pieces 
will  induce  a  series  of  correlated  changes  in  the  field  over 
several  adjacent  wiggler  periods.  This  efiect  has  been 


measured  in  the  laboratory  on  a  prototype  planar  wiggler 
design  [15].  Here,  an  error  was  introduced  by  reducing 
the  gap  spacing  between  one  set  of  pole  pieces.  An  axial 
scan  of  the  on-axis  field  showed  that  the  error  propagated 
through  ±1  wiggler  period  (±2  pole  pieces  for  this 
design)  with  an  increase  in  amplitude  at  the  adjacent 
poles  of  »55%  and  at  the  next  poles  of  =  10%.  The  am¬ 
plitude  and  extent  of  these  correlations  are  dependent 
upon  the  detailed  design  of  any  given  wiggler,  and  can  be 
substantial.  Thus  the  question  of  the  nature  of  “random” 
errors  in  wiggler  magnets  requires  further  study.  As  a 
first  step,  a  continuous  mapping  of  random  field  errors 
from  pole  to  pole  has  been  included.  The  effects  of  corre¬ 
lated  errors  will  be  dealt  with  in  later  studies  for  specific 
wiggler  designs. 

The  WIGGLIN  formulation  [8]  includes  the  simultane¬ 
ous  integration  of  a  slow-time-scale  formulation  of 
Maxwell’s  equations  for  an  ensemble  of  TE  and  TM 
modes  of  a  rectangular  waveguide  (-o/2<x<fl/2, 
~b/2<y  <b/2),  as  well  as  the  complete  Lorentz  force 
equations  for  an  ensemble  of  electrons.  We  emphasize 
that  no  average  of  the  orbits  equations  is  imposed.  The 
wiggler  model  includes  an  adiabatic  entry  taper  which  de¬ 
scribes  the  injection  of  the  beam  into  the  wiggler,  as  well 
as  a  model  for  the  description  of  the  wiggler-field  errors. 
As  a  result,  the  initial  conditions  on  the  electron  beam 
are  specified  at  the  entrance  to  the  wiggler,  and  the  subse¬ 
quent  evolution  of  the  electromagnetic  field  and  the  elec¬ 
tron  beam  are  integrated  in  a  self-consistent  manner. 
Thermal  effects  arc  included  under  the  assumption  that 
the  electron  beam  is  initially  monoenergetic  but  with  a 
pitch  angle  spread  to  describe  the  axial  energy  spread. 

The  configuration  employed  is  that  of  a  planar  wiggler 
with  parabolic  pole  faces  for  enhanced  focusing  [1],  and 
can  be  represented  as 


B„,(x)=[B^(z)+AiI„(2)] 
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where  denotes  the  wiggler  wave  number  for  a  wiggler 
period  B^Az)  and  A^„,(z)  denote  the  systematic  (i.e., 
nonrandom)  and  random  variations  in  the  amplitude,  re¬ 
spectively.  The  systematic  variation  in  the  wiggler  ampli¬ 
tude  is  assumed  to  be 


Bjz)= 


k.„z 

BujSin^ 

4A^ 

.  0<z<N,k, 


<2) 


which  describes  the  adiabatic  entry  taper  over  N  wiggler 
periods. 

The  random  component  of  the  amplitude  is  chosen  at 
regular  intervals  using  a  random  number  generator,  and  a 
continuous  map  is  used  between  these  points.  Since  a 
particular  wiggler  may  have  several  sets  of  pole  faces  per 
wiggler  period,  the  interval  is  chosen  to  be  A2  =  A.^,/Af  , 
where  is  the  number  of  pole  faces  per  wiggler  period.' 
Hence  a  random  sequence  of  amplitudes  |  AB,  j  is  gen¬ 
erated,  where  AB„=ABJnAzl  The  only  restriction  is 
that  AB^  -0  over  the  entry  taper  region  [i.e.,  AB„  =0  for 
*0  ensure  a  positive  amplitude.  The 
variation  in  Afi„(z)  between  these  points  is  given  by 


AB^. (nA2+8z)=AB„+(AB„^,-AB„  )sin^ 


ir  bz 
2  Az 


(3) 

where  0  <  6z  <  Az.  In  the  rest  of  this  paper  it  shall  be  as¬ 
sumed,  for  simplicity,  that  N^  =  l.  Note  that  it  is  possible 
to  model  the  effects  of  pole-to-pole  variations  in  specific 
wiggler  magnets  with  this  formulation. 

The  configuration  under  study  is  one  in  which  a  3.5- 
MeV,  850-A  electron  beam  with  an  initial  radius  of  l.O 
cm  propagates  through  a  rectangular  waveguide  [a  =9. 8 
cm,  b=2.9  cm]  in  the  presence  of  a  wiggler  with 
B^.-3J2  kG,  A.„=9.8  cm,  and  N^  =  5.  Hence  the 
wiggler  parameter  [=eB^/m,c^k^]=3.404.  This 
corresponds  to  an  experiment  at  Lawrence  Livermore 
National  Laboratory  [1 6],  and  comparisons  between 
WIGGLIN  and  the  experiment  show  good  agreement  [8], 
WIGGLIN  has  also  been  validated  by  comparison  with  a 
fundamental  and  second-harmonic  free-electron  laser 
(FED  experiment  [1 7, 1 8].  Resonant  interaction  occurs 
with  the  TEqi,  TE21,  and  TMj,  modes  at  frequencies  of 
30-40  GHz,  and  the  efficiency  decreases  with  increasing 
frequency  across  this  band.  For  an  ideal  beam  and 
wiggler  [i.e.,  Ay^—O  and  AR„,=0]  the  efficiency  falls  off 
from  a  maximum  1;=  12.38%  at  30  GHz  to  a  minimum 
ofjj  3.58%  at  40  GHz.  A  frequency  of  34.6  GHz 
(17-8.57%)  is  selected  for  the  comparison. 

The  effect  of  the  axial  energy  spread  is  illustrated  in 
Fig.  1  in  which  the  extraction  efficiency  is  plotted  as  a 
function  of  Ay,/yo  (for  AB^=0).  Note  that  the  initial 
drive  powers  in  the  modes  were  chosen  to  be  50  kW  in 
the  TEo,  mode,  500  W  in  the  TEj,  mode,  and  100  W  in 
the  TM21  mode,  and  that  the  saturation  length  varies 
with  Ay,.  As  shown,  the  efficiency  decreases  gradually 
with  the  axial  energy  spread  (due  to  the  relatively  high 


FIG.  1.  Vanation  in  the  saturation  efficiency  as  a  function  of 
the  initial  axial  energy  spread. 


aj  for  Ay,/yo<3%,  at  which  point  the  efficiency  has 
fallen  to  5.45%. 

Random  wiggler  fluctuations  can  take  many  different 
forms  for  a  fixed  rms  value.  It  is  most  natural  to  consider 
a  random  fluctuation  which  is  relatively  uniform  over  the 
interaction  region  (i.e.,  (AR„>=0);  however,  other 
configurations  are  possible.  For  example,  fluctuations 
where  the  wiggler  field  is  always  greater  (or  less)  than  the 
systematic  value  for  are  possible,  as  is  one  in  which 
IS  very  large  over  a  small  range  and  zero  elsewhere. 
These  are  only  limited  examples,  and  a  thorough  analysis 
necessitates  a  large  number  of  simulation  runs  with 
different  random  wiggler  fluctuations  to  obtain  adequate 
statistics.  Typical  runs  for  wiGGLiN  on  a  CRAY-2 
supercomputer  are  « 14  s  for  Ay,  =0.  Hence  it  is  possi- 
ble  to  make  a  sufficient  number  of  runs  (i.e.,  if  the  mean 
efficiency  has  converged  to  within  1%)  to  obtain  good 
statistics.  ® 

The  effect  of  random  wiggler  errors  is  shown  in  Fig  2 
where  the  efficiency  is  plotted  versus  the  rms  wiggler  er¬ 
ror  (for  Ay,  —  0).  The  dots  represent  the  average 
efficiency  over  the  ensemble  of  random  fluctuations,  and 
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FIG.  2.  Variation  of  the  saturation  efficiency  as  a  function  of 
the  rms  magnitude  of  the  wiggler-field  error. 


FIG.  3.  The  wiggler  field  as  represented  by  as  a  function 
of  axial  position  for  (A5„. /fi„,  )n„=3%  and  a  saturation 
efficiency  of  7j=  10.27%. 


the  error  bars  denote  the  standard  deviation.  As  shown, 
the  average  efficiency  is  relatively  insensitive  to  wiggler 
errors  for  (A£„,  /£„  <  5%,  although  the  standard  de¬ 

viation  increases  with  the  rms  error.  For  this  example, 
the  effect  of  a  given  {AB^.  /£„,  is  much  more  benign 
than  for  a  comparable  Ay,  /yq. 

Particle  loss  was  not  found  to  be  a  problem  for  the 
range  of  (AB^  /B^  )nns  shown  in  Fig.  2.  As  a  result,  we 
conclude  that  the  random-walk  model  is  not  appropriate 
for  the  treatment  of  wiggler  errors.  An  explanation  for 
this  is  that,  although  the  wiggler  amplitude  may  vary  in  a 
random  manner  from  pole  to  pole,  the  field  varies  in  a 
continuous  fashion.  As  a  result,  regardless  of  the  detailed 
model  of  the  wiggler,  electrons  do  not  experience  sudden 
random  impulses  but,  rather,  follow  meandering  field 
lines  through  the  wiggler. 

Observe  that  the  efficiency  increases  relative  to  the 
ideal  wiggler  case  for  some  particular  wiggler  error  distri¬ 
butions.  In  order  to  understand  this,  recall  that  the 
efficiency  varies  across  the  frequency  band.  This  tuning 
can  also  be  accomplished  by  variations  in  the  wiggler 


magnitude,  and  an  increase  (decrease)  in  the  mean  B^  can 
be  expected  to  result  in  an  increase  (decrease)  in  the 
efficiency  as  long  as  the  chosen  frequency  remains  in  the 
resonant  bandwidth  of  the  interaction.  Another  way  in 
which  the  form  of  the  error  distribution  can  affect  the 
efficiency  is  if  the  field  exhibits  a  bulk  taper  either  upward 
or  downward  over  the  interaction  region.  A  downward 
(upward'  taper  can  be  expected  to  increase  (decrease)  the 
efficiency.  In  order  to  illustrate  this,  consider  the  case  for 
which  (AB„ Wiggler  error  distributions 
which  give  rise  to  7?=  10.27%  and  5.92%  (compared  to 
7j  =  8.57%  for  an  idea!  wiggler),  respectively,  are  shown 
in  Figs.  3  and  4.  The  average  a^.  for  each  of  these  cases  is 
close  to  the  systematic  value  of  3.404;  however,  the  field 
exhibits  a  downward  taper  in  Fig.  3  and  an  upward  taper 
in  Fig.  4. 

In  general,  the  statistical  distribution  of  the  efficiency 
differs  from  the  norma)  distribution,  and  the  standard  de¬ 
viation  must  be  used  with  some  caution.  For  example,  35 
runs  were  generally  required  to  obtain  adequate  statistics, 
and  the  probability  histogram  is  shown  in  Fig.  5  for 
(A5„, )^^  =  3%.  Here,  the  skewness  =:-0.41  and 
the  kurtosis  =0.92,  indicating  a  distribution  skewed 
below  the  mean  and  more  peaked  than  the  normal  distri¬ 
bution. 

In  summary,  a  self-consistent  analysis  of  the  effect  of 
random  wiggler  errors  on  the  saturation  efficiency  of  the 
FEL  has  been  presented  in  which  no  a  priori  assumption 
of  a  random  walk  of  the  electron  orbits  has  been  imposed. 
For  the  specific  parameters  under  study,  the  results  indi¬ 
cate  that  the  effects  of  random  wiggler  errors  are  relative¬ 
ly  benign,  and  particle  loss  was  not  found  to  be  a  prob¬ 
lem.  Indeed,  some  error  configurations  chosen  at  random 
were  found  to  result  in  efficiency  enhancements  due  to 
effective  increases.  It  is  important  to  note  here  that  ex¬ 
perimental  quantification  of  these  issues  is  difficult  to  ob¬ 
tain.  While  measurements  for  ( Afi„, /S„,  are  possible 
to  achieve  with  some  accuracy,  there  is  always  a  greater 
uncertainty  as  to  beam  quality.  Hence  it  is  difficult  to 
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FIG.  4.  The  wiggler  field  as  represented  by  as  a  function  FIG.  5.  Probability  histogram  of  the  number  of  simulation 
of  the  axial  position  for  {AB^./BJ^-i%  and  a  saturation  runs  vs  the  saturation  efficiency  for  (A2»„./B„.)n,„= 3%.  Theto- 
efficicncy  of  7;-5.92%.  tal  number  of  simulation  runs  in  this  sample  is  35. 
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determine  the  relative  importance  of  wiggicr  errors  in  the 
laboratory.  The  results  of  the  present  work,  however, 
suggest  that  wiggler  errors  may  not  constitute  a  serious 
issue  for  FEL  design. 
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A  fcIf-ooDtisteDt  3-D  analysis  of  wiukr  imperfections  in  FELa  is  described  usint  the  WIGGLIN  simulation  code.  WIGGLIN 
treau  the  electron  dynamio  nsini  the  3-D  Lorentz  force  equations,  and  does  not  rely  on  a  wiuler-averafed  formalism,  in  the 
planar  wiuler  model  used,  both  the  diverpence  and  the  axial  component  of  the  curl  vanish  identically  ndiile  the  transverse 
mmpooenu  of  the  curl  are  anaU.  In  desmbing  wiggler  imperfections,  a  random  variatioo  is  chosen  for  the  pole-to-pole  variations 
in  the  amplitude  and  a  continuous  map  is  used  between  the  pole  faces.  The  average  efficieticy,  u  well  as  the  sundard  deviation 
about  the  avera^  efficiency,  is  determined  by  using  an  ensemble  of  different  randomly  chosen  wiggler  variations  with  a  fixed  rms 
value.  The  specific  parameters  chosen  correspond  to  the  35-GHz  ELF  experiment  conducted  at  Lawrence  Livermore  National 
Laboratory,  however,  the  fundamental  phytks  is  relevant  to  a  wide  range  of  FEL  experimenu.  On  average,  inaeases  in  the  fleld 
imperfections  cause  a  decreaK  in  the  efficiency:  however,  this  is  relatively  benign  and  is  ceruinly  a  much  less  severe  constraint 
than  that  imposed  by  clectioo  beam  quality  considerations.  In  addition,  particuUr  error  distributiotu  can  result  in  efficiency 
enhancements. 


L  iBtrodactiM 

The  free-electron  laser  (FEL)  operates  by  the  co¬ 
herent  axial  bunchini  of  electrons  in  the  ponderomo- 
tive  wave  formed  by  the  beating  of  the  wiggler  and 
radiation  fields.  The  interictioo  is  extremely  sensitive 
to  the  axial  energy  spread  of  the  electron  bei^  and  an 
energy  spread  of  a  percent  or  leas  is  often  sufficient  to 
cause  substantial  reductioos  in  the  efficiency  due  to 
the  detuning  of  the  wave-partide  resonance.  A  related 
effect  is  caused  by  random  wiggler  field  imperfections. 
Wigglers  can  easily  exhibit  a  random  rms  fluctuation  of 
0J%  from  pole  to  pole  [1].  This  yields  a  velocity 
fluctuation  which  causes  a  phase  jitter  that  also  de¬ 
tunes  the  wave-partkle  resonance.  The  purpose  of  this 
paper  is  to  esqilore  the  effects  of  wiggler  errors  on  FEL 
performance,  and  to  compare  the  effects  of  wiggler 
errors  with  those  of  an  axial  energy  spread.  To  this 
end,  a  self-consistent  treatment  Of  random  wiggler 
errors  has  been  incorporated  into  the  3-D  nonlinear 
simulatkm  code  WIGGLIN  [23]. 

The  effects  of  random  wiggler  imperfections  have 
been  studied  using  a  random  walk  model  for  the  elec¬ 
tron  trajectories,  and  their  effects  upon  both  sponta¬ 
neous  emission  [9]  and  the  linear  gain  [44],  Nonlinear 
modeling  of  wiggler  field  inqxrfectkms  has  been  based 
[5-9]  upon  the  inclusion  of  an  analytic  model  of  the 
random  walk  in  a  wiggler^reriod  averaged  formalism  of 
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the  electron  trajectories.  In  contrast,  no  average  over  a 
wiggler  period  is  performed  in  WIGGLIN,  and  no 
explicit  assumption  of  the  random  walk  is  included. 

Consideration  of  the  effects  of  wiggler  errors  shows 
that  any  perturbatioo  induced  in  one  of  the  pole  pieces 
will  induce  a  series  of  correlated  changes  in  the  field 
over  several  atfiacent  wiggler  periods.  Thb  effect  has 
been  measured  in  the  laboratory  on  a  prototype  REEL 
planar  wiggler  design  [lOJ.  Here,  an  error  was  intro¬ 
duced  by  reducing  the  gap  spacing  between  one  set  of 
pole  pieces.  An  axial  scan  of  the  cn-axis  field  showed 
that  the  error  propagated  through  ±  1  wiggler  period 
pole  pieces  for  this  design)  with  an  increase  in 
amplitude  at  the  adjacent  poles  of  •  55%  and  at  the 
next  poles  of  » 10%.  The  amplitude  and  extent  of 
these  correlations  are  dependent  upon  the  detailed 
design  of  any  given  wiggler,  and  can  be  substantial. 
Thus,  the  question  of  the  nature  of  “random"  imper¬ 
fections  in  wiggler  magnets  requires  further  study.  The 
effects  of  correlated  hnperfections  will  be  dealt  with  in 
later  studies  for  specific  wiggler  designs. 


2.  The  BMtbcmatical  formulation 

The  WIGGLIN  formulation  [24]  includes  the  si¬ 
multaneous  integration  of  a  skw-time-scale  formula¬ 
tion  of  MaxweD’s  equations  for  an  ensemble  of  TE  and 
TM  modes  of  a  rectangular  waveguide  [—a/2  s 
•/2.  -b/2  sys 6/21  as  well  as  the  complete  Lorentz 
force  equations  for  an  ensemble  of  electrons.  The 
wiggler  model  indudes  an  adiabatic  entry  uper  which 
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describes  the  iiuection  of  the  bean  into  the  wispier,  as 
well  as  a  model  for  the  description  of  the  wjggler  6eld 
imperfections.  As  a  result,  the  initial  conditions  on  the 
electron  beam  are  specified  at  the  entrance  to  the 
wiggler,  and  the  subsequent  evolution  of  the  electro- 
magneUc  field  and  the  electron  beam  are  integrated  in 
a  self-consistent  manner.  Thermal  effects  are  included 
under  the  assumption  that  the  electron  beam  is  initially 
monoenergetic  but  with  a  pitch  angle  spread  to  de¬ 
scribe  the  axial  energy  spread. 

The  effect  of  wiggler  imperfections  using  the  WIG- 
GLIN  formulation  has  been  studied  in  an  earlier  work 
using  a  wiggler  model  for  a  planar  wiggler  based  upon 
parabolic  pole  f^s  which  is  both  divergence-  and 
curl-free  for  the  case  of  a  uniform  wiggler.  However, 
the  divergence  and  curl  for  this  model  were  nonvanish-’ 
ing  for  the  case  of  a  nonuniform  wiggler.  Thus,  random 
imperfections  on  a  short  length  scale  can  result  in 
significant  deviations  fiom  the  self-consistent  wiggler 
model  even  for  relatively  small  wiggler  fluctuations.  In 
order  to  remedy  this  deficiency,  we  reconsider  the 
effects  of  random  wiggler  imperfections  in  this 
using  an  improved  planar  wiggler  model  in  which  fl2] 


x[smh*,y— 

B  /  J  L  cos  d  1 
xjcoshk.y - 


®w.i(-c)“ffw(i)cos  k^z  sinh  k^y 


t.y)/  i  dM  dM 

*rr*r5?)d7f<''- 


where  BJz)  denotes  the  axial  variation  in  the  wiggler 
amplitude.  nk,y)mk,y  cosh  *.y-sinh  *,y,  and 
X(x) m  1  (x/a,)  /2.  Here  o,  and  m  ate  arbitrary 
and  are  used  to  denote  the  wiggler  gradient  in  the 
x-direction. 

The  wiggler  amplitude  is  decomposed  into  system¬ 
atic  and  random  components  as  follows 


where 


describes  the  systematic  component.  The  random  com¬ 
ponent  of  the  amplitude,  BBJzX  is  chosen  at  regular 
intervals  using  a  random  number  generator,  and  a 
continuous  map  is  used  between  these  points.  The 
^tematic  variation  in  the  wiggler  ampUtude  given  in 
Eq.  (5)  deciles  an  adiabatic  entry  taper  over  N 
wiggler  periods,  and  allows  us  to  self-consistently  de* 
scribe  the  iiqection  of  the  beam  into  the  wiggler.  In  the 
description  of  the  random  variation,  we  note  that  a 
particular  wiggler  may  have  several  sets  of  pole 
per  wiggler  period,  each  of  which  may  vary  in  a  ran- 
^m  fashion.  Hence,  the  interval  between  the  random 
fluctuations  in  the  amplitude  is  chosen  to  be 
km/Np,  where  ATp  is  the  number  of  pole  faces  per 
«^er  period.  A  random  sequence  of  ampiiniA^ 
(Aff,)  is  then  generated,  where  Aff,  m  ^BJLnL,).  The 
only  restriction  is  that  we  require  Aff^^O  mtt  the 
entry  taper  re^onfLe.,  AJ,  >0  for  O^n  ic  1  -fiV  ] 
to  ensure  a  positive  amplitude.  TTie  variation  in  AB  (Ir) 
between  these  poinu  is  given  by  * 

Aff,(nAr  +  8z)  -  Aff.  +  -  ABJ 

.  .  \ 


^re  O^hr^Ar.  Note  that  it  is  also  possible  to 
model  the  effeett  of  the  measured  pole-to-pole  varia- 
tioM  in  specific  wiggler  magnets  with  this  formulation. 

Both  the  divergence  and  the  r<omponent  of  the 
curl  vanish  identically  for  arbitraiy  choices  of  B  (z) 
for  this  model  of  the  field,  in  addition,  the  transverse 
components  of  the  curl  are  given  by 

- - *,Aff„  (7) 

subject  to  the  assumptions  that  <  1.  «  /y„  <  i 
«d  k.ff,  <  1  where  de^iS  tli’ 

wiggler  parameter,  and  is  the  beam  radius.  Hence, 
these  contributions  remain  small  as  long  as  the  rms 
level  of  the  wiggler  imperfections  are  small. 

3.  Numerical  analysis 

The  configuration  under  study  is  one  in  which  a  3  J 
MeV/850  A  electron  beam  with  an  initial  radius  of  1.0 
cm  propagates  through  a  recungular  waveguide  (e  - 
9.8  cm,  A  “  2.9  cm)  in  the  presence  of  a  wiggler  with 
-  3.72  kG,  A,  -  9.8  cm.  and  s,  jhi, 
sponds  to  an  experiment  at  LLNL  (131  which  mea- 
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sured  an  output  power  of  approximately  180  MW  over 
a  saturation  length  of  U  m. 

Gxnparisons  between  WIGGLIN  in  the  absence  of 
wiggler  imperfections  and  the  experiment  show  good 
agreement.  Resonant  interaction  occurs  with  the  TEg,, 
HE21  and  TM21  modes  at  frequencies  of  30-40  GHz, 
and  the  efficiency  decreases  with  increasing  frequency 
across  this  band.  For  an  ideal  beam  and  wiggler  (i.e., 
Ly,  -  0  and  AR.  -  0]  the  efficiency  fails  off  from  a 
ni»rimum  t)  *  12.4%  at  30  GHz  to  a  minimum  of 
1}  «  3.6%  at  40  GHz.  A  frequency  of  34.6  GHz  •> 
6.9%)  is  selected  for  the  comparison. 

In  Fig.  1  we  |Mot  the  evolution  of  the  total  power  in 
all  the  modes  and  the  power  in  the  TEg,  mode  at  34.6 
GHz  for  the  choice  of  Ay,/yg  >  1.5%.  Note  that  the 
axial  energy  spread  is  known  to  be  less  than  2% 
through  electron  spectrometer  measurements  of  the 
beam.  The  initial  drive  powers  in  the  modes  were 
chosen  to  be  50  kW  in  the  TEgi  mode,  500  W  in  the 
TE21  mode,  and  100  W  in  the  TM21  mode.  Observe 
that  although  the  TEgi  mode  is  overwhelmingly  domi¬ 
nant  at  the  start  of  the  interaction,  it  accounts  for  only 
about  60%  of  the  signal  at  saturation.  This  it  due  to 
the  fact  that  the  TE21  mode  had  the  higher  growth 
rate.  The  oscillation  in  the  power  oocun  at  a  period  of 
A,/2  and  it  due  to  the  effect  of  the  lower  beat  wave 
between  the  wiggler  and  the  radiatioa  field  {2,3]. 
Agreement  between  the  simulation  and  the  experimen¬ 
tal  measurement  is  good.  The  peak  saturated  power 
found  in  simulation  is  approximately  190  MW,  which 
falls  to  approximately  180  MW  when  averaged  over  the 
lower  beat  wave,  which  is  in  good  agreement  with  the 
measurements.  In  addition,  the  saturation  length  is 
found  to  be  approximately  1.45  m  which  is  also  close  to 
the  experimental  value.  Finally,  we  note  that  WIG- 
GUN  has  also  been  validated  by  comparison  with  a 


Axial  Distance  (cm) 

Fig.  1.  Evolutioa  of  the  power  versus  axial  disunce  in  the 
absence  of  wiggler  imperfectiom. 
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the  initial  axial  energy  spread. 


fundamental  and  second  harmonic  FEL  experiment 

m 

The  effea  of  the  axial  energy  spread  is  illustrated  in 
Fig.  2  in  which  the  extraction  efficiency  is  plotted  as  a 
function  of  hy^/yg  (for  AR.-O).  Observe  that  the 
saturation  length  varies  with  Ay,  and  that  this  figure 
representt  the  efficiencies  at  saturation.  As  shown,  the 
efficiency  decreases  gradually  with  the  axial  energy 
spread  due  to  the  extremely  high  value  of  the  wiggler 
parameter  (a,  •  3.4)  for  this  experiment.  Note  that  the 
decline  in  the  efficiency  srith  the  axial  energy  spread 
was  found  to  be  more  rapid  with  the  parabolic  pole 
face  wiggler  mode  {231  than  with  the  present  model, 
although  good  agreement  with  the  experiment  is  also 
found  for  the  parabolic  pole  face  model  with  Ay,/yg 
-  13%.  This  is  due  to  the  fact  that  the  gradient  in  the 
wiggler  in  the  direction  of  the  bulk  wiggler-induced 
transverse  motion  is  higher  for  the  parabolic  pole  face 
model. 

Random  wiggler  fluctuatioos  can  uke  many  differ¬ 
ent  forms  for  a  fixed  rms  value.  It  is  most  natural  to 
consider  a  random  fluctuation  which  b  relatively  uni¬ 
form  over  the  interaction  region  [i.e.  (AR.)  ->  0];  how¬ 
ever,  other  configurations  are  possible.  For  example, 
fluctuations  where  the  wiggler  field  is  always  greater 
(or  less)  than  the  systematic  value  for  are  possible, 
as  is  one  in  which  AR,  is  very  large  over  a  small  range 
and  zero  elsewhere.  These  are  only  limited  examples, 
and  a  thorough  analysis  necessitates  a  large  number  of 
simulation  runs  with  different  random  wiggler  fluctua¬ 
tions  to  obtain  adequate  statistics.  The.effect  of  ran¬ 
dom  wiggler  errors  b  shown  in  Fig.  3  where  the  effi¬ 
ciency  b  plotted  versus  the  rms  wiggler  error  (for 
Ay,  -  0)  for  -  2.  The  dott  represent  the  average 
efficiency  over  the  eiisembk  of  random  fluctuations, 
and  the  error  bats  denote  the  standard  deviation.  A 
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Fig.  4.  Variation  of  the  tatunlion  efficiency  as  a  function  of 
the  number  of  pole  facet  per  wiggler  period. 


total  of  35  ruiu  (for  35  different  random  distributions 
in  the  wiggler  fluctuation  distributions)  was  found  to 
give  convergence  to  within  •  1%.  As  shown,  the  aver¬ 
age  efficiency  is  reladveiy  insensitive  to  wiggler  errors 
for  i  4%,  although  the  standard  devia¬ 

tion  inaeases  with  the  rms  error.  For  this  example,  the 
effect  of  a  given  is  much  more  benign 

than  for  a  comparable  Ay^/y^.  Partide  lost  was  not 
found  to  be  a  problem  for  the  range  of 
shown  in  Pig.  3. 

The  effect  of  variations  in  the  number  of  pole  faces 
per  wiggler  period  is  shown  in  Fig.  4  for 
*  2%.  Note  that  the  choice  of  Afp  «  1  is  primarily  of 
mathematical  interest  only  as  most  actual  wiggler  de¬ 
signs  have  more  than  one  pole  face  per  wiggler  period. 
As  is  evident  in  (he  figure,  the  efficiency  is  relativeiy 
insensitive  to  the  number  of  pole  faces  per  wiggler 
period,  although  a  very  weak  relative  minimum  is  found 
for  Afp  *  2.  It  should  be  noted  that  this  relative  mini¬ 
mum  was  found  to  be  more  pronounced  in  Ref.  {llj  in 
which  a  parabolic  pole  face  model  was  used  for  the 
wiggler  field.  Although  the  general  conclusion  that  the 
effect  of  the  wiggler  field  imperfections  b  much  weaker 
than  a  corresponding  axial  energy  spread  is  found  for 
both  wiggler  models,  we  attribute  the  greater  variatioo 
in  the  efficiency  with  N,  for  the  parabolic  pole  face 
wiggler  model  to  be  due  to  the  fact  that  this  model  was 
neither  curl-  nor  divergence-free  under  variations  in 
the  amplitude. 

Note  that  the  efficiency  increases  relative  to  the 
ideal  wiggler  case  for  some  particular  wiggler  fluctua¬ 
tion  distributions.  Variations  in  the  efficiency  can  oc¬ 
cur  due  to  a  reluning  in  the  average  wiggler  magnitude, 
and  an  increase  (decrease)  in  (Aff.)  can  be  expected 
to  result  in  an  increase  (decrease)  in  the  efficiency. 
Another  way  in  which  the  form  of  the  error  distribu¬ 


tion  can  affect  the  efficiency  is  if  the  field  exhibitt  a 
bulk  taper  either  upwards  or  downwards  over  the  inter- 
aetkm  region.  A  downward  (upward)  taper  can  be 
ejqirected  to  increase  (decrease)  the  effidency.  In  order 
to  illustrate  this,  consider  the  case  for  which  j 
(Aff«/ff,),a, ->  4%  and  Afp-1.  The  wiggler  fluctua- 
tioo  distribution  which  gives  rise  to  -9.13%  (com¬ 
pared  to  a  mean  f  •  62%)  is  shown  in  Fig.  5.  The 
average  a,  for  this  case  is  dose  to  the  systematic  value 
of  3.4;  however,  the  field  exhibits  a  bulk  downward 
taper  which  acts  to  enhance  the  efficiency.  In  addition, 
the  minimum  effidency  case  was  found  to  exhibit  a 
bulk  upward  taper  in  the  wiggler  field. 

In  general,  the  statistical  distribution  of  the  effi¬ 
dency  differs  fioro  the  normal  distribution,  and  the 
standard  deviation  must  be  used  with  some  caution. 
The  probability  histogram  showing  the  breakdown  in 


Fig.  5.  Plol  of  the  fluctuaiimit  in  the  wiggler  parameter  which 
give  rite  10  an  incrcated  efficiency. 
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R|.  6.  Probability  histocram  of  the  number  of  umulatioa  runs 
aenus  the  saturation  efficiency  for  and 

•  1  The  total  number  of  simulation  runs  in  this  umple  is 
35. 


important  to  note  here  that  experimental  quantifica¬ 
tion  of  these  issues  is  difficult  to  obtain.  While  mea¬ 
surements  for  arc  possible  to  achieve 

with  some  accuracy,  there  is  always  a  greater  uncer¬ 
tainty  as  to  beam  quality.  Hence,  it  is  difficult  to 
determine  the  relative  importance  of  wiggler  errors  in 
the  laboratory.  The  resulu  of  the  present  work,  how¬ 
ever,  suggest  that  while  wiggler  imperfections  may  pro¬ 
vide  a  more  severe  constraint  for  short  wavelength 
FELs  than  the  present  case  studied,  wiggler  imperfec¬ 
tions  constitute  a  less  serious  issue  for  FEL  design 
than  does  the  problem  of  beam  quality. 
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the  35  runs  used  to  obtain  the  bulk  efficiency  to  within 
approximately  1%  is  shown  in  Fig.  6  for 
•■2%  and  Here,  the  skewness  •  -0.87  and 

I  the  kurtosis  «0.74  indicating  a  distribution  skewed 
I  below  the  mean  and  more  peaked  than  the  normal 
'  dBtributkm.  In  general,  we  find  that  the  probability 
hittograms  are  skewed  below  the  mean.  However,  the 
distribution  is  not  always  more  peaked  than  the  normal 
,  dhtribution,  and  the  kurtosis  can  be  either  positive  or 
negative  depending  upon  both  and  N^. 

Hence,  the  actual  sUtistics  of  the  wiggler  imperfections 
must  be  studied  on  a  case-by-case  basis. 

j  4  Summary  and  disesssios 

In  summary,  a  self-consistent  analysis  of  the  effect 
of  random  wiggler  imperfections  on  the  saturation  effi¬ 
ciency  of  the  FEL  has  been  presented  in  which  no  a 
priori  assumption  of  a  random  walk  of  the  electron 
j  orbits  has  been  imposed.  For  the  specific  parameters 
under  study,  the  results  indicate  that  the  effects  of 
random  wiggler  errors  are  relatively  benign,  and  parti- 
I  ^  loss  was  not  found  to  be  a  problem.  Indeed,  some 
imperfection  configurations  chosen  at  random  were 
*0  result  in  efficiency  enhancements  due  to 
effective  increases.  Hence,  we  conclude  that  wiggler 
i^^rfectkms  are  not  a  major  factor  below  a  certain 
level  (depending  upon  the  specific  parameters),  it  is 
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Free  electron  laser  amplifiers  are  tunable  sources  under  development  as  high  power,  high  frequency  radiation  sources  for 
magnetic  fusion  applications.  High  efficiencies  can  be  achieved  by  varying  the  wiggler  field  strength  and/or  the  wiggler  period.  In 
addition  to  the  requirement  of  high  efficiency,  the  free  electron  laser  must  be  tunable  for  electron  cyclotron  heating  and  current 
drive  applications  in  magnetic  fusion  devices.  Although  the  tunability  of  free  electron  lasers  is  well  established,  the  tunability  of  a 
Upered  free  electron  laser  amplifier  has  not  been  studied.  In  this  paper  we  present  an  investigation  of  the  tunability  of  a  tapered 
wiggler  free  electron  laser  amplifier  operating  in  the  neighborhood  of  94  GHz.  The  configuration  of  the  free  electron  laser  is  one  in 
which  a  sheet  electron  beam  propagates  through  a  rectangular  waveguide  in  the  presence  of  a  planar  wiggler  field  with  tapered 
period.  We  found  that  the  tapered  free  electron  laser  amplifier  is  tunable  over  a  reasonably  wide  range  of  frequencies  by  small 
adjustments  in  the  energy  and  current  of  the  electron  beam. 


1.  Introduction 

A  prime  characteristic  of  free  electron  lasers  (FELs) 
is  their  ability  to  be  tuned  over  a  broad  frequency 
range  by  simply  changing  the  beam  voltage.  A  number 
of  schemes  have  been  suggested  to  achieve  high  elec* 
tronic  eRiciencies.  One  of  the  most  promising  schemes 
involves  tapering  of  the  wiggler  amplitude  and/or  the 
wiggler  period  [1],  Designs  of  tapered  wiggler  FELs 
have  been  optimized  for  maximum  efficiency  at  a  par¬ 
ticular  frequency  of  operation.  Therefore,  wide  tunabil¬ 
ity  of  a  tapered  wiggler  FEL  is  not  obvious. 

The  purpose  of  this  paper  is  to  address  the  question 
of  the  tunability  of  a  tapered  wiggler  amplifier.  In 
particular,  we  are  interested  in  how  the  efficiency 
varies  with  the  frequency  of  the  drive  signal  in  a 
tapered  wiggler  FEL  amplifier  optimized  to  operate  at 
a  specific  frequency.  In  addition,  we  address  the  re¬ 
lated  question  of  the  required  tuning  of  the  beam 
voltage  and/or  current  to  maintain  a  relatively  con¬ 
stant  efficiency  over  a  broad  range  of  frequencies. 
These  issues  have  not  been  adequately  addressed  in 
the  literature,  and  are  of  interest  in  applications  of 
high  power  FELs  to  electron  cyclotron  resonance  heat- 
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ing  and  current  drive  for  thermonuclear  fusion  applica 
tions. 


2.  Design  of  a  tapered  FEL  amplifier 


The  specific  parameters  used  herein  correspond  to 
the  University  of  Maryland  short  period,  sheet  beam 
FEL  experiment  [2-9].  In  this  experiment,  an  electron 
beam  O.i  cm  thick  and  2.0  cm  wide,  having  a  current  of 
about  10  A  and  a  voluge  of  about  500  kV,  is  ipjected 
into  a  rectangular  waveguide  (4.0  cm-032  cm)  placed 
inside  a  magnetic  wiggler.  The  amplitude  of  the  mag¬ 
netic  wiggler  field  is  *  5.1  kC  and  the  period  A,  * 
0.96  cm.  The  corresponding  normalized  wiggler  param¬ 
eter  fl.  -  qB,/mc^A,  (where  q  and  m  are  the  elec¬ 
tron  charge  and  mass,  respectively,  c  is  the  speed  of 
light,  and  A,  »  2ir/A,  is  the  wiggler  wavenumber)  is 
less  than  unity. 

The  enhancement  of  the  efficiency  in  a  tapered 
wiggler  FEL  is  accomplished  by  reducing  the  resonant 
energy  for  the  interaction  as  the  electron  beam  loses 
energy  to  the  wave.  The  resonance  for  a  wave  with 
frequency  w  and  wavenumber  k,  in  a  planar  wiggler  in 
which  a,,  «  1  is  given  approximately  by 


y. 


l+ai/2 

1-A.V(*. +  *.)'’ 


(1) 


where  y,  denotes  the  relativistic  dilation  factor,  and 
the  wavenumbers  in  the  waveguide  are  related  via 
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to^/c^  ■  +  #c^  for  8  cutoff  wavenumber  $c^.  In 

order  to  maintain  the  resonance  as  the  beam  loses 
energy,  at  fixed  wavelength  A  -  2v/k,  the  wiggier 
taper  must  vary  with  the  energy  loss  as 


y. 


Afi 


(2) 


where  we  have  assumed  that  »  k^.  k„  for  simplic¬ 
ity.  It  is  evident,  therefore,  that  high  efficiencies  can 
only  be  achieved  in  systems  in  which  ■«  1  by  taper¬ 
ing  of  the  period.  It  is  this  scheme  which  we  shall 
investigate  in  this  paper. 

Specifically,  we  assume  that  starting  at  some  dis¬ 
tance  Zq  the  rate  of  change  of  the  wiggier  wave  num¬ 
ber  is  constant,  namely 


if  ZKZq, 

\k,(0)+b(z-2o)  if  2>2o, 


(3) 


where  I;«(0)  is  the  wiggier  wave  number  in  the  unta¬ 
pered  region,  and  Zg  is  the  axial  distance  at  which  the 
tapering  starts.  As  described  in  ref.  [7],  with  a  short- 
period  wiggier  the  wiggier  strength  depends  on  the 
wiggier  period  via  the  following  relation: 


iI,(z)-B,(0) 


cosh[A:,(0)«/2] 
cosh[A:,(z)V2]  ’ 


(4) 


where  S  is  the  gap  spacing  (we  assume  that  the  gap 
spacing  is  equal  to  the  waveguide  thickness).  We  solve 
the  FEL  equations  for  different  values  of  the  parame¬ 
ters  Zg  and  b.  The  optimum  tapering  parameters  yield 
maximum  efficiency.  The  FEL  amplifier  equations  con¬ 
sist  of  the  wave  equation  and  the  particle  motion 
equations.  In  this  paper,  we  limited  ourselves  mainly  to 
the  one-dimensional  model.  In  the  Appendix,  we  pre¬ 
sent  the  final  form  of  the  equations  we  used  in  our 
analysis. 

We  introduced  into  the  ID  particle  motion  model  a 
spread  in  the  particle  injection  angle.  This  mimics  the 
effects  of  the  radial  variation  of  the  wiggier  field  for 
the  beam  with  finite  size.  In  this  case,  the  particles  are 
injected  with  non-zero  perpendicular  momentum, 

where  0  is  the  injection  angle  and  p  is  the 
total  initial  particle  momentum.  This  will  introduce 
spread  in  the  axial  velocity  according  to 


(5) 


We  assume  tlwt  the  distribution  for  6  has  the  Gaussian 
form,  f(d)“0~^  exp(~0/0)^,  where  $  is  the  charac¬ 
teristic  spread  in  the  injection  angle.  We  estimated 
that  for  the  parameters  of  the  Maryland  FEL  experi¬ 
ment  the  ID  model  with  0  *  2*-4'  would  mimic  well 
the  interaction  process.  The  angular  spread  has  been 
estimated  on  the  basis  of  the  betatron  motion  due  to 


the  transverse  wiggier  inhomogeneity  and  the  finite 
size  of  the  beam.  To  confirm  this  result,  we  also 
employed  the  3D  FEL  simulation  code  WIGGLIN 
[8,9]  under  the  assumption  of  the  injection  of  a  finite 
size  beam  with  a  zero  initial  axial  energy  spread.  WIG¬ 
GLIN  includes  three-dimensional  wiggier  effects  in  a 
self-consistent  manner,  and  the  finite  size  beam  as¬ 
sumption  introduces  the  transverse  particle  motion  due 
only  to  wiggier  inhomogeneities.  The  results  of  the 
WIGGLIN  simulation  indicate  a  saturated  power  RF 
of  approximately  245  kW  for  a  uniform  wiggier.  The 
ID  simulation  indicates  a  saturated  (x>wer  which  de¬ 
creases  from  290  kW  to  163  kW  as  0  increases  from  2° 
to  4*.  Hence,  the  ID  simulation  is  in  substantial  agree¬ 
ment  with  the  3D  simulation  code  WIGGLIN  for  the 
presumed  angular  beam  spread  corresponding  to  the 
betatron  motion  of  the  beam. 

In  the  ID  simulations  we  assumed  that  1  kW  of 
power  in  the  TEg,  mode  is  injected  into  the  rectangu¬ 
lar  waveguide.  The  tapering  parameters  were  opti¬ 
mized  to  yield  maximum  FEL  efficiency  for  an  injected 
signal  at  94  GHz.  We  found  that  for  a  200  cm  long 
wiggier  the  maximum  efficiency  is  achieved  at  beam 
voltage  y  -  476.8  kV  and  tapering  parameters  Zg  -  74.5 
cm  and  b  -  0.021  cm“^.  The  beam  current  was  fixed  at 
10  A.  The  results  of  the  simulation  indicate  an  opti¬ 
mum  output  power  of  about  540  kW  for  an  interaction 
efficiency  of  11.3%.  We  now  turn  to  the  question  of 
the  tunability  of  this  design. 
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Fig.  1.  Output  power  versus  frequency  for  a  tapered  short 
period  wiggier  sheet  beam  in  the  University  of  Maryland  FEL 
amplifier.  The  tapering  parameters  are  optimum  for  opera¬ 
tion  at  94  GHz.  The  total  length  of  the  wiggier  is  200  cm.  The 
wiggier  strength  in  the  untapered  section  is  5. 1  kG  and  the 
wiggier  period  is  0.96  cm.  The  length  of  the  untapered  section 
is  74.5  cm.  The  injected  power  is  1  kW.  The  circle  symbols 
correspond  to  simulations  with  a  beam  current  of  10  A.  The 
diamond  symbols  correspond  to  simulations  in  which  the 
efficiency  was  optimized  with  respect  to  beam  current  in 
addition  to  the  beam  voltage.  The  first  two  diamonds  corre¬ 
spond  to  a  beam  current  of  12  A  and  the  remaining  diamonds 
correspond  to  a  beam  current  of  13  A. 
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Fig.  2.  The  optimum  beam  voltage  corresponding  to  the  data 
shown  in  Fig.  1. 


3.  Tunability  of  a  tapered  FEL  amplifier 

For  the  tunability  studies  we  fixed  the  aforemen¬ 
tioned  tapering  parameters  in  the  case  of  94  GHz 
injection  frequency.  We  also  fixed  the  beam  current, 
the  length  of  the  wiggler,  and  the  injected  power.  The 
simulations  were  then  performed  for  a  given  wiggler 
design  with  an  injected  signal  at  different  frequencies 
and  optimized  for  beam  energy.  Fig.  1  shows  the  out¬ 
put  power  versus  frequency  and  Fig.  2  gives  the  corre¬ 
sponding  beam  voltage  versus  frequency  tuning  curve. 

Fig.  1  shows  the  variation  in  the  output  power 
versus  frequency  for  two  cases.  The  circles  correspond 
to  the  output  power  at  fixed  current  and  optimum 
beam  voltage,  while  the  diamonds  show  the  output 
power  subject  to  both  voltage  and  current  optimiza¬ 
tion.  It  is  evident  from  the  figure  that  the  variation  in 
power  over  the  frequency  band  is  relatively  mild  at 
fixed  current.  The  variation  in  beam  voltage  with  fre¬ 
quency  used  to  generate  Fig.  1  is  shown  in  the  circles 
in  Fig.  2.  However,  when  the  current  optimization  is 
performed  as  well,  then  the  output  power  variation 
across  this  frequency  band  is  negligible.  The  specific 
currents  used  in  this  case  are:  at  85  and  90  GHz  the 
current  was  12  A,  and  at  94-105  GHz  the  current  was 
13  A.  Observe  that  the  corresponding  voltage  tuning 
for  the  currents  is  shown  by  the  diamonds  in  Fig.  2. 


4.  Summary 


tion  in  the  output  power.  This  is  particularly  important 
for  applications  in  which  the  radiation  source  is  re¬ 
quired  to  operate  at  high  efficiency.  For  example,  the 
tunability  requirement  for  some  fusion  applications  is 
on  the  order  of  5%  for  a  source  with  multi-megawatt 
output  power  at  frequencies  around  150  GHz.  This  can 
be  met  by  using  a  tapered  FEL  amplifier. 

It  should  be  noted  that  there  are  discrepancies 
between  the  ID  analysis  and  the  3D  WIGGLIN  simu¬ 
lation  of  the  tapered  wiggler  configuration.  In  this 
regard,  we  observe  that  there  is  an  optimum  slope  for 
the  taper  in  any  nonuniform  wiggler  configuration, 
since  at  extremely  high  degrees  of  taper  the  beam 
cannot  remain  in  the  bucket.  The  discrepancy  at  this 
time  seems  to  lie  in  the  fact  that  the  3D  model  predicts 
an  optimum  taper  which  is  much  less  than  that  seen  in 
the  ID  model  although  both  models  are  consistent 
with  the  simplified  bucket  efficiency  predicted  from 
Eq.  (2).  This  issue  is  currently  under  study  and  will  be 
discussed  at  length  in  a  future  publication.  The  prelim¬ 
inary  results  seem  to  indicate  that  the  3D  model  pre¬ 
dicts  a  transverse  spreading  of  the  beam  at  high  power 
level  which  results  in  enhanced  detrapping  of  the  beam. 
This  enhanced  detrapping  then  acts  to  limit  the  ex¬ 
tracted  power  and  forces  a  reduction  in  the  optimum 
slope  of  the  taper. 


Appendix 


!n  this  appendix,  we  present  the  FEL  amplifier 
equations  in  ID  approximation  which  we  used  to  per¬ 
form  our  analysis.  The  equations  for  particle  phase 
tk  (A:,  +  k^)z  -  wt  and  energy  yme^  are 


dz'’^„(z)(  p,  y 


(A.la) 


and 


— 

dz 


MOC(z) 

‘rr(OMO 


2  Im(«.  e‘*). 


(A.lb) 


where  a,  is  the  normalized  signal  field 

amplitude  (A,  signal  field  vector  potential).  The  cou¬ 
pling  coefficient  has  the  form 


C(z)-H^(«(0)-A(«(0)].  (A.2) 

where 


The  results  of  our  study  clearly  illustrate  that  ta¬ 
pered  FEL  amplifiers  are  tunable  sources  for  all  prac¬ 
tical  purposes.  We  performed  simulations  to  determine 
the  tunability  characteristics  of  a  tapered  FEL  ampli¬ 
fier.  In  the  computation,  we  used  the  parameters  of 
the  University  of  Maryland  short  period  wiggler  FEL 
experiment.  We  found  that  in  this  FEL  a  tunability  of 
about  25%  can  be  achieved  without  significant  reduc- 


“^^^“4(l-h0.54(z)) 

and  Jo.  Ji  are  ordinary  Bessel  functions.  The  wave 
equation  is 


df.  I  ga.(OC(z) 

dz  “  k,iio)Sy,(z)p„{z) 


(A.3) 
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where  ”  1.7  X 10'*  (A),  I  is  the  beam  cur¬ 

rent,  S  is  the  waveguide  area,  the  brackets  ( *  •  •  > 
represent  an  average  over  initial  particle  phases,  and  g 
is  a  normalized  factor  for  transverse  average  of  the 
radiation  profile 


1 

SJ  al 


dx 


1 » 


where  a,  is  the  peak  signal  amplitude  at  x  -  0.  Note 
that  the  ratio  gSf,/S  serves  as  the  beam  filling  factor, 
where  ^o'  **** 

rectangular  waveguide  g  =  2. 

Eqs.  (A.1)-(A.3)  are  the  model  equations  which 
have  been  used  in  our  analysis. 
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A  three-dimensional  nonlinear  formulation  of  a  slow-wave  ubiirnn  i.—  •  j  ^ 

ensemble  at  the  nonnel  modes  of  die  vecuum  weveguide  In  this'cese  the  did^fKTwf  *  multimode 

r4“en^  roii“r,i^:  "SS’iTeSt'  ?F’^  ^  - 

jbo^  „.elenb,b.  e,  m,.,i.el,  kn.  bemn  enedbes.  end  ..meboel  msulu  mV  ST-Je.reo'Z^liri 


Ubitrons  and  free  electron  lasers  have  been  con¬ 
structed  with  a  wide  range  of  waveguide  and  optical 
geometries  [1  -8],  In  the  bulk  of  these  cases,  the  electron 
beam  interacts  with  a  supraluminous  wave  in  which  the 
resonant  wavelength  scales  inversely  as  the  square  of 
the  beam  energy.  In  many  cases,  however,  this  imposes 
too  high  a  requirement  on  the  electron  beam  energy, 
and  methods  for  reducing  the  beam  energy  requirement 
have  been  eagerly  sought.  One  technique  is  to  pursue 
the  interaction  at  harmonics  of  the  resonant  frequency. 
Unfortunately,  the  harmonic  interaction  poses  difficul¬ 
ties  in  that  (1)  some  method  of  suppressing  the  funda¬ 
mental  interaction  must  be  found,  (2)  there  is  some 
penalty  to  be  paid  in  terms  of  reductions  in  both  the 
gain  and  efficiency  at  the  harmonics,  and  (3)  the  re¬ 
quirements  of  high  beam  quality  become  progressively 
more  severe  as  the  harmonic  number  increases.  In  this 
article,  therefore,  an  alternative  method  of  reducing  the 
beam  energy  requirement  is  studied;  specifically,  the  use 
of  a  dielectric  liner  to  slow  the  phase  velocity  of  the 
wave.  The  interaction  that  results  can  be  either  with  a 
supraluminous  or  a  subluminous  wave,  but  in  either 
case  the  beam  energy  required  for  interaction  at  a  given 
frequency  is  reduced. 

The  configuration  employed  is  that  of  a  single¬ 
frequency  amplifier  in  which  a  relativistic  electron  beam 
propagates  through  a  dielectric-lined  rectangular  wave- 
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guide  in  the  presence  of  a  planar  wiggler  field.  The 
waveguide  is  characterized  as  shown  in  fig.  1  in  which 
the  dimensions  of  the  outer  walls  are  at  jc  —  0.  a  and 
y“  ±ib.  The  dielectric  is  aligned  parallel  to  the  long 
(i.e.,  X)  axis  of  the  waveguide  with  a  thickness  d  and  an 
inner  surface  at  -  ±d,  where  d-  -  d.  The  wiggler 
field  model  is  chosen  to  describe  the  effect  of  parabolic 
pole  faces  for  enhanced  focussing  [1,9J,  i.e., 

®w“®w(i)[co$(A;,,r)[e^  sinh(l:,^x/)^)  sinh(A:.ji/V^ ) 

+#,  cosh(*.x/»^)  COS 

-)/2  $in(Ar.r)  cosh{k,,x/^) 

Xsinh(A:.>-/v/2)),  (jj 

where  A:,  {■2it/A..  where  A,,  denotes  the  wiggler 
period)  is  the  wiggler  wavenumber,  and  describes 

the  amplitude.  The  wiggler  amplitude  is  allowed  to  vary 
slowly  in  z  as  follows: 


Uw[l+e.A:*(r-Zo)]. 


0<z<)V,A.. 

^  2  <  Zq, 

^>^0. 


(2) 

in  order  to  describe  (1)  the  injection  of  the  beam 
through  an  adiabatic  entiy  uper  over  wiggler  peri¬ 
ods,  and  (2)  the  efficiency  enhancement  by  means  of  a 
tapered  wiggler  amplitude  (in  which  describes  the 
slope  of  the  taper).  This  wiggler  model  is  both  curl-  and 
divergence-free  for  a  uniform  wiggler  amplitude,  and  we 
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Fig.  1.  Schematic  illustration  of  the  configuration  of  the  dielectric-lined  waveguide. 


implicitly  assume  that  the  gradients  imposed  by  the 
amplitude  tapering  are  small  (i.e.,  »  1  and  <«  ■«:  1). 

Observe  that  the  orientation  of  this  wiggler  model  im¬ 
plies  that  the  direction  of  the  transverse  wiggler-induced 
oscillations  are  aligned  parallel  to  the  dielectric  liner. 
This  was  chosen,  along  with  the  enhanced  focussing 
provided  by  the  parabolic  pole  faces,  in  order  to  mini¬ 
mize  loss  of  the  beam  to  the  dielectric. 

The  electromagnetic  field  is  represented  by  means  of 
an  expansion  in  terms  of  the  vacuum  modes  (i.e.,  in  the 
absence  of  the  electron  beam)  of  the  waveguide.  The 
standard  TE  and  TM  modes  of  a  rectangular  waveguide 
do  not  exist  in  the  presence  of  the  dielectric  Uner 
Instead,  there  are  normal  modes  which  arc  either  trans¬ 
verse  electric  (LSE)  or  transverse  magnetic  (LSM)  with 
resprot  to  the  >--axis  in  the  present  configuration  flOJ. 
We  focus  on  the  LSE  modes  since  only  this  polarization 
presents  an  electric  field  component  which  is  aligned 
with  the  bulk  wiggler-induced  transverse  velocity.  The 
electnc  and  magnetic  fields  of  these  modes  can  be 
represented  in  the  form 


6£(ar.  /)  -  -  f  cos(/irV«) 

t.n  I 

/it  ,  1 

sin(/iTx/a)  cos  a  I, 


sin  a 


(3) 


and 


6«(x.  /) 


I  -rj-  ij,  sin( Imx/a ) 

t.n  L  “«/* 

Xcos(/-irVfl)  sin  a- 

^  In 

cos(/iTx/a)  cos  aj. 


where  we  assume  that  the  amplitude  hA,,  and  tl 
wavenumber  k,„  are  slowly-varying  functions  of  z,  an 
ulc  phase  is  given  by 

(5 

There  are  even  and  odd  modes  which  arc  differentiate 
by  the  dispersion  equations  and  the  transverse  mod 
patterns  Z^{y).  For  the  even  modes,  the  dispersioi 
equation  is 

tan  -  K,;  cot  k;„A  , 
where 


TT 


2_2 


r"  a 

in  ihc  dielectric,  and 
—  -k*  +  —  -t.  2 


in  the  vacuum.  The  transverse  variation  for  these  modes 
is  given  by 

{sin  */,(:/>-.)■).  d<y<  \h, 

K,'  cos 

- : - j  cos  K,,  V.  -d<v<  d, 

sin  Kj„{\b  + y).  -\b<y<-d. 
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J,  /’’’M 

d<  y  <  ib. 

-d<y  <  d. 

-  \b  <y  <  -d. 

For  the  odd  modes,  we  have  the  dispersion  equation 
•‘in  CO'  •‘md  -  -  •‘1  cot  «;,d ,  (10) 

and  the  transverse  mode  structure 

{sinic;,(if>-y),  d<y<\b. 

•‘in  ^•‘in^ 

-sin  it,',(45+y),  -{b<y<-d. 

(11) 

The  dynamical  equations  which  govern  the  evolution 
of  the  slowly  varying  amplitude  and  wavenumber  are 
obtained  by  substitution  of  the  representation  of  the 
electric  field,  eq.  (3),  into  Maxwell's  equations 

0-r(r-8£(jr,r)) 

4ir  3  , 

(12) 

where  the  source  current  is  given  by 
U(x.  ,) 

=  -c'»b///<l/’otio^*(i»o)/  f  ^Xodyoo^ 

(^0-  yo) d'o  ««('o)c(2:  -o-  Jb-  'o-  Po) 

x5[4r^  -x^(r;  acp,  y^.  p^)] 

^['-t(z;  jcq,  yp,  ip,  pp)] 

lu,(z;  jTo,  >0- 'o- £o)l  ’  '  ^ 

where  is  the  initial  axial  velocity,  Pq  is  the  initial 
momentum,  is  the  cross-sectional  area  of  the  wave¬ 
guide,  r-  L/v^o  (where  L  is  the  length  of  the  system), 
and  o„,  o^,  and  Fy,  describe  the  distribution  of  the 
initial  conditions  of  the  beam. 

Substitution  of  the  field  representation  into 
Maxwell's  equation  yields 

^  [I  “]  )' 


l\  I  Ivx  \  ■  I 

X  cos  -  sin  a - sin  — 

V  a  I  ak,„  \  a 


after  averaging  over  a  wave  period  and  neglecting  sec¬ 
ond-order  derivatives  of  the  amplitude  and  phase,  where 
6a,„  =  f u\,^  4-ne'ny,/mc.  ny,  denotes  the 
ambient  beam  density.  C,  *  ^  when  I  *=  0  and  unity 
otherwise. 


F  „  < 

®  2 
COS^  K, 


for  the  even  modes,  and 


A  I,  sin2x;,d\ 
K,„dV  2k, ^d  ~2i^]' 


for  the  odd  modes.  The  averaging  operator  in  eqs.  (14) 
and  (15)  is  defined  over  the  initial  conditions  of  the 
beam,  and  includes  the  effect  of  an  initial  momentum 
spread  by  means  of'  the  distribution  function 

fhi Po)~i^  cxp[  -  ( p,o  - po)^/Ap^] 

>^Hpl-pio-Pro)H{p.o)-  (18) 

where  p^  and  Ap,  describe  the  initial  bulk  momentum 
and  momentum  spread,  H{x)is  the  Heaviside  function, 
and  the  normalization  constant  is 

^“(’'j[^‘’«lp,oexp[-(p,o-po)VApi*])  .  (19) 

Observe  that  this  distribution  describes  a  beam  which  is 
monoenergetic  but  with  a  pitch-angle  spread  which  is 
equivalent  to  an  axial  energy  spread  of 

v/l  +  2(yo*  -  l)Ap,/Po 

where  %  *  (1  As  a  result,  the  averaging 

operator  takes  the  form 


><«p[  -(  Ao  -Po)VAp/]  d^o  «ii(i^o) 
xJJ  dxod>-o®i(jco- ibK  ')•  (21) 
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Fig.  2.  Graph  of  the  ^oluuon  of  the  power  in  the  LSE„.  mode 
«s  a  function  of  axial  distance. 

the  must  specify 

the  orbit  equations  for  the  electron  ensemble.  Sinope 

d^th  an  amplifier  model,  we  integrate  the  complete 
three-dimensional  Lorenu  force  equations  in  r  No 

pe'rfoSieS  "  « 

•Hie  numerical  example  we  consider  deals  with  a 
ajeguide  with  dimensions  n  -  9.8  cm.  b  -  2.9  cm  and 
0.5  cm,  and  the  dielectric  constant  is  t  -  4.2  which 
wrrwponds  to  boron  nitride.  The  wiggler  field  has  a 

r  kr’  ""  value 

wr«Uer  “i  «ve 

wiggler  pen^s  in  length.  We  assume  an  ideal  (ie 

1  35"h?ev“^‘^  *"  ®""8y  of 

cm.  This  example  corresponds  to  a  resonance  at  a 
frequency  of  5.1  GHa  in  the  LSEo,  mode  which  is  sull 
in  ^e  supraluminous  range,  but  has  a  phase  velodtv 

in?h^  L9F  T"  u  »  50  kW  signal 

power  S' r  ’  ^obsequenUy  grows  to  a  ^ 
^wer  level  of  approximately  324  MW  for  a  satura^ 

^ciency  of  24.15%.  The  oscillaUon  seen  in  the  po^^ 

e^rort'l  “>  the 

o  f  “P°"  interaction  in 

^nar  wggler  configurations  [llj.  No  attempt  has  yet 
been  made  to  opumize  these  parameters  ^ 

cod'e^^'^’J*  fonnulation  and  simulation 

^e  has  been  developed  which  is  capable  of  treating 
the  interacuon  between  a  relativistic  electron  beam  and 
a  plM„  wiggler  field  in  the  presence  of  a  dielectric-lined 
rectangular  waveguide.  Note  that  a  dielectric  liner  is 


only  one  way  of  slowing  the  wave,  and  that  alternative 
techniques  include  a  variety  of  slow-wave  structures 
including  gratings  and  rippled  wall  geometries.  An  ex- 
^ple  showing  high  gain  and  efficiency  ,s  given  for  the 
of  the  resonant  interaction  of  the  LSEo,  mode  in 
^supraluminous  regime.  Although  this  does  not  rep- 

^minous  wave),  there  is  still  a  substantial  advantage  to 

reUuvely  lower  voltages  than  would  be  possible  in  the 

«tend  fes  analysis  to  the  subluminous  regime  Finally 
« sh^id  .uso  b.  u..,  .fci. 

““  inwacUon  (or 

subluminous  waves  as  well  by  the  simple  expedient  of 
letting  the  wiggler  field  amplitude  vanish 
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High  efficiency  operation  of  Cherenkov  masers 

H.P.  Freund  '  and  A.K.  Ganguly 
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A  nonliney  simulation  of  the  Cherenkov  maser  amplifier  is  presented  for  a  configuration  in  which  an  electron  beam  propagates 
through  a  dielectnc-lined  cylindrical  wraveguide.  The  parameters  used  correspond  to  an  expenment  at  General  Dynamics  which 
measur^  a  total  efficiency  of  11.5*  at  8.6  GHz  The  simulation  is  in  agreement  with  this  but  indicates  that  the  system  was  too  short 
to  rMch  Mturation  and  that  an  efficiency  of  30*  would  have  been  possible  for  a  longer  system,  and  the  performance  is 
Significantly  degraded  by  thermal  spreads  up  to  205f. 


not 


The  Cherenkov  ma<>er  has  been  demonstrated  over  a  broad  spectral  range  and  operates  by  means  of  an 
interaction  between  an  energetic  electron  beam  and  a  subluminous  electromagnetic  wave.  Cherenkov 
masers  have  been  operated  at  100  kW  power  levels  at  1  mm  wavelengths  (1-3],  at  200  MW  power  levels  at 
8  cm  wavelengths  (4]  as  well  as  wavelengths  as  short  as  in  the  far-infrared  at  100  pm  [5],  In  the  present 
work,  we  describe  a  comparison  between  a  nonlinear  formulation  of  the  Cherenkov  maser  ampliFier  [6]  and 
an  experiment  conducted  at  General  Dynamics  [7].  This  experiment  achieved  a  total  output  power  of  280 
MW  at  a  frequency  of  8.6  GHz.  The  nonlinear  theory  is  in  substantial  agreement  with  the  experimental 
measurements  for  the  quoted  beam  and  waveguide  parameters,  but  indicates  that  the  experiment  was  too 
short  to  reach  saturation  and  that  a  total  output  power  in  the  neighborhood  of  800  MW  could  have  been 
achieved  with  a  longer  system.  The  response  of  the  system  to  the  beam  thermal  spread  is  also  remarkable 
in  that  the  gain  and  saturation  efficiency  are  not  substantially  degraded  by  energy  spreads  as  high  as  20%. 

The  configuration  employed  in  the  analysis  is  that  of  an  electron  beam  propagating  through  a 
cylindncal,  dielectric-lined  waveguide.  We  use  and  to  denote  the  inner  radii  of  the  waveguide  and 
dielectnc  liner  (with  a  dielectric  constant  of  «)  respectively.  The  boundary  conditions  imposed  on  the 
electromagnetic  field  are  satisfied  by  expanding  the  field  in  terms  of  the  normal  modes  of  the  cold 
waveguide.  The  beam  interacts  with  the  parallel  component  of  the  electric  field  and  couples  primarily  with 
the  TM  modes.  We  make  the  further  assumption  of  azimuthal  symmetry,  and  represent  the  field  as  an 
expansion  of  the  TMo„  modes  of  the  vacuum  waveguide  (8)  for  which 


8£(jc,  /)  =  -  £  76^ 


On 


sin  a„  +  Y-Zfi„{r)e,  cos  a„ 


(1) 


8«(x.  /)  = 


X 


I*n 


„(/■);«  sin  a„. 


(2) 


where  measures  the  amplitude  and  has  the  dimensions  of  a  vector  potential,  u  and  k  denote  the 
frequency  and  wavenumber,  and  " 


is  the  phase  of  the  TMo„  mode.  Both  the  amplitude  and  the  wavenumber  are  assumed  to  be  slowly  varying 
functions  of  z  in  the  sense  that  both  vary  slowly  with  respect  to  the  wavelengths  of  interest.  The  radial 
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dependence  of  these  eigenmodes  is  given  by  (/-O.  1) 


2/„(r)  = 
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(4) 


where  /,  and  y„  represent  the  regular  Bessel  and  t 

function  of  the  first  kind,  and  ””  functions,  /„  denotes  the  modified  Bessel 


Bo.h  ..  and  am  anaJogues  o(  dm  ouioft  *a«„umbara  and  am  dadnad  by 


(5) 


—  »  i.2  _  2 

^2  ^n  1 

in  the  vacuum,  and 


w 


(6) 


_ r2  ,  a2 

^2  ^/i  1 

(V 

in  the  dielectric.  It  should  be  remarked  that  fha.  r-h^  e  ,  • 

which,  under  the  present  assumptions,  is  the  initial  (Sedition  f"  vacuum  value 

equation  [1-5]  for  this  configurLn  is  wavenumber.  TTie  vacuum  dispersion 

w  and  It 

been  denved  b^ pSlT^dt^XlS 

beam  is  described  by  >  I  J  ne  dispersion  of  each  mode  m  the  presence  of  the  electron 


(9) 


(10) 


^2  IfTT  +  r)-i^  cos  O  *"  /  r  \  •  \ 

\  '  "  ■'IPxI  "~/tJ^o^*"'')s*no„K 

aiju 

~  ^  ^^o(>c„r)  cos  a„j. 

Where  .  4.n  e  Vm.  is  the  square  of  the  beam  plasma  frequency.  .  cK„/.gC.  and 


2  -,.2 


^eu  I 

Ra  c2|j/2A)(»C«/?d)fl(K„/{d)| 


(11) 
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The  neglect  of  beam  space-charge  modes  from  the  formulation  is  valid  as  long  as  (1)  •«  «,  and  (2)  the 

exponentiation  time  is  much  less  than  the  period  of  the  beam-plasma  wave. 

The  averaging  operator  is  defined  over  the  initial  conditions  of  the  beam,  and  includes  the  effect  of  an 
initial  momentum  spread  by  means  of  the  distribution  function 

Foi  Po)=A  exp[  -( p,o  -Po)VAp;]  S{  pI- p\o- p}o)H{  p,o).  (12) 

where  p^  and  \p.  describe  the  initial  bulk  momentum  and  momentum  spread,  H{x)  is  the  Heaviside 
function,  and  the  normalization  constant  is 


^  ^  ~  }  •  (13) 

Observe  that  this  distribution  describes  a  beam  which  is  monoenergetic  but  with  a  pitch-angle  spread 
which  is  equivalent  to  an  axial  energy  spread  of 


(14) 


where  =  (1  +  pl/m\c^)^^^.  As  a  result,  the  averaging  operator  takes  the  form 

xjf^  di;-oO||('f'o)j^*'‘d'b'bOx('b)(  •••  ).  (15) 

where  is  the  initial  phase,  ^  *  tan-'(p,o/p,o),  Pso  *  t’-oA.  and  o,|(,^o)  and  o^(ro)  describe 

the  initial  beam  distribution  in  phase  and  cross  section. 

In  order  to  complete  the  formulation,  the  electron  orbit  equations  must  also  be  specified.  Since  we  are 
interested  in  amplifier  configurations,  we  integrate  the  complete  Lorentz  force  equations  in  z  using  an 
axial  guide  magnetic  field  to  provide  for  the  confinement  of  the  beam,  and  the  electromagnetic  field  given 
in  eqs.  (1)  and  (2). 

This  formulation  is  compared  with  an  amplifier  experiment  at  General  Dynamics  (7]  which  employed 
an  intense  relativistic  electron  beam  (788  keV  and  3.1  kA)  produced  by  a  cold  “knife-edge”  cathode  which 
resulted  in  an  annular  beam  with  a  mean  radius  of  approximately  1.15  cm  and  a  thickness  of  2  mm.  After 
correction  for  the  space-charge  depression,  the  beam  energy  is  of  the  order  of  736  keV.  No  diagnostic 
measurement  of  the  beam  quality  (ie..  thermal  energy  spread)  was  made.  The  dielectric-liner  was  Stycast 
(€  =  10)  with  a  radius  /I,  =  1.74  cm  and  =  1.47  cm.  The  dielectric  had  a  3.3  cm  taper  at  both  ends  to 
suppress  oscillation,  and  a  uniform  central  region  which  was  23.9  cm  in  length.  Beam  transport  was 
accomplished  with  a  15  kG  solenoid.  The  amplifier  was  driven  by  a  100  kW  input  signal  which  was 
tunable  over  the  band  from  8.4-9.6  GHz.  At  these  frequencies  only  the  TMq,  mode  can  interact  with  the 
beam.  A  total  gain  of  34.5  dB  (1.44  dB/cm  over  the  uniform  dielectric)  was  observed  at  a  power  level  of 
approximately  280  MW  (for  an  efficiency  of  11.5%),  with  an  uncertainty  of  approximately  3  dB. 

The  simulation  is  in  reasonable  agreement  with  the  observations,  and  shows  that  the  power  has  not 
saturated  over  the  23.9  cm  length  of  the  uniform  dielectric.  As  a  result,  the  power  predicted  in  simulation 
shows  a  substantial  sensitivity  to  the  specific  choice  of  any  parameter  which  modifies  the  linear  gain.  In 
particular,  the  simulation  exhibits  a  large  sensitivity  to  the  thickness  of  the  dielectric.  For  example  a 
power  level  of  approximately  60  MW  over  the  23.9  cm  length  is  predicted  in  simulation  for  =  1.47  cm 
However,  there  is  an  uncertainty  in  the  dielectric  thickness  of  the  order  of  ±0.005  cm  due  to  the 
fabrication  process  (9J.  If  we  choose  /f^  -  1.475  cm  corresponding  to  a  thinner  dielectric,  then  the  power 
found  in  simulation  over  this  length  rises  to  approximately  131  MW.  which  is  within  the  experimental 


H.P.  FreunJ,  A.K.  Gan/tu/y  /  ChrrenkiH'  masm 


61 


TM^,  Mode  (R  =  1.74  cm:  R^  =  1.473  cm;  e  =  lOl 

10’  . .  , 

•  :.o 


t 

o 

0. 


10' 


10 


10'  : 


/  «8.6GH7 


1.6 

A 

to 

1.2  S' 


■o’ 


B„  =  IS  kG 
.  736  keV 
I^»3.1  kA 

'®5«n<Rj<  1.2Scm 
Ay^.O 


0.8 

0.4 

0.0 


a 

se 


"  3  10  15  20  25  30 

Axial  Distance  (cm) 

uncertainty.  This  parametric  sensitivity  is  largely  confined  tn  1 

substantially  altered  by  variations  in  R,  over  t Js  rancid  we  fSh  ?tK  "  ** 

approximately  600  to  620  MW  as  the  inner  radius  of  ^e  dielectnV  1  ^  c 

the  larger  figure  for  /?,  is  i„  better  agreement  wkh  fh!  X  "  cm.  Since 

ex^nmental  uncertainty,  we  shall  use  this\alue  hencefwth  in^hl  n 
^e  gam  band  found  in  simulation  covers  the  range  of  7  8  8  8  r 
an  Ideal  beam  (i.e.,  Ay,  =  0)  increases  from  16  4%  at  7  8  GHz'to  efficiency  at  saturation  for 

of  the  evolution  of  the  power  and  gain  versus'axial  distant  approximately  30.3%  at  8.8  GHz.  A  graph 
The  power  saturates  at  620  MW  after  a  length  of  approxima/elv  2r'^  “i  ^  *  ^^Itiency  of  8.6  GHz. 

average  gain  over  is  in  the  neighborhood  of  1  d-l’TdnIvm  of  31.6%.  and  the 

with  the  observations.  ^  are  in  reasonable  agreement 

This  high  tolerance  for  the  energy  spread  is  dbe  to  the  hifh  ‘’J'  energy  spreads  as  high  as  20-25%. 
^eriment.  Since  this  mechanism  reli^  on  the  Cherenkot  ^na.T  intense  beam 

become  important  when  »  Im  k  /Re  k  Fn  ^  c  “  '^*"eh  «  -  ki„  *  0.  thermal  effects 

»nr,s„„uo„. 


TM^  ^  Mode  (R^  =  1.74  cm;  R^  =  1.475  cm;  e  =  10) 

35  - - - 


Fig.  2.  Graph  of  U,e  v«iation  of  the  sa.ur.Uon  efficiency  vs  axial  energy  spread. 
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elytron  beams,  the  Cherenkov  maser  is  an  attractive  competitor  for  gyrotrons.  free  electron  lasers,  and 
relativistic  klystrons  for  a  wide  variety  of  applications.  In  particular,  the  potentiality  of  producing 
single-mode  powers  in  excess  of  700  MW  at  frequencies  in  the  neighborhood  of  9  GHz  compares  favorably 
wah  recent  results  obtained  with  relativistic  klystrons  [10.1  Ij:  however,  unlike  the  relativistic  klystron,  the 
Cherenkov  maser  is  easily  scalable  to  higher  frequencies.  We  anticipate  that  the  level  of  performance 
demonstrate  herein  at  8.6  GHz  can  be  achieved  at  frequencies  as  high  as  35  GHz  as  well.  It  should  be 
remajed  that  Cherenkov  masers  based  upon  dielectric  liners  can  exhibit  both  dielectric  and  mechanical 
breakdown  e  high  power  levels,  and  that  these  effects  may  have  operated  to  limit  the  power  and/or  pulse 
length  in  the  experiment  at  General  Dynamics  [9].  However,  this  configuration  represents  only  one 
approach  to  the  mteraction,  and  other  slow  wave  structures  may  be  used  to  overcome  these  difficulties.  In 
general,  this  deince  Wls  into  the  category  of  relativistic  intense-beam  traveling  wave  tubes  (TWTs)  and 
similar  levels  of  performance  have  been  obtained  using  a  rippled  wall  slow-wave  structure  in  both 
backward  wave  osallators  [12]  and  TWT  amplifiers  [13]. 
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The  nonlinear  analysis  of  selMieid  effects  in  free>electron  lasers 
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A  model  of  the  self-fields  associated  with  the  charge  density  and  current  of  the  electron  beam  is 
incorporated  into  three-dimensional  nonlinear  formulations  of  the  interaction  in  free-electron 
lasers  for  both  planar  and  helical  wiggler  configurations.  The  model  assumes  the  existence  of  a 
cylmdrically  symmetric  electron  beam  with  a  flat-top  density  profile  and  a  uniform  axial 
velocity,  ud  the  self-electric  and  self-magnetic  fields  are  determined  from  Poisson’s  equation 
and  Ampere  s  law.  Diamagnetic  and  paramagnetic  effects  due  the  electron  beam  interaction  with 
the  wiggler  field  are  neglected;  hence,  the  model  breaks  down  when  the  wiggler-induced 
transverse  displacement  is  comparable  to  the  beam  radius.  The  nonlinear  formulations  are  based 
upon  Ae  ARACHNE  and  wigglin  codes,  which  represent  slow-time-scale  formulations  for  the 
evolution  of  the  amplitudes  and  phases  of  a  multimode  superposition  of  vacuum  waveguide 
modes.  The  electron  dynamics  in  these  codes  are  treated  by  meamit  of  the  complete 
three-dimensional  Lorentz  force  equations,  and  the  represenUtions  for  the  self-fields  are 
incorporated  directly  into  this  formulation.  The  results  of  ^e  simulations  are  compared  directly 
with  an  experiment  at  Lawrence  Livermore  National  Laboratory  based  upon  a  pt*n«r  wiggler 
and  experiments  at  the  Massachusetts  Institute  of  Technology  and  the  Naval  Research 
Uboratory,  which  employed  helical  wigglers.  These  experiments  employed  intense  electron 
beams  with  current  densities  of  200-1200  A/cm*  and  comparable  space-charge  depressions  of 
^yieif/yo=0-53%-0.78%  across  the  beam.  The  simulations  are  in  reasonable  agreement  with  the 
experiments,  and  indicate  that  the  self-fields  tend  to  (1)  reduce  saturation  ^fficiennes  and  (2) 
enhance  beam  spreading  depending  upon  the  magnitude  of  external  beam  focusing. 


I.  INTRODUCTION 

Free-electron  laser  (FEL)  experiments  that  operate  in 
the  millimeter  and  submillimeter  wave  bands  generally  use 
intense-beam  acceleraton  such  as  modulators,'  pulse-line 
accelerators,*"^  and  induction  linacs.*'*  These  intense-beam 
experiments  have  often  operated  in  the  collective  Raman 
regime  in  which  the  space-charge  potential  from  the  elec¬ 
trostatic  beam^lasma  waves  is  dominant  over  the  ponder- 
omotive  potential  due  to  the  beating  of  the  wiggler  and 
radiation  fields.  However,  the  direct  current  (dc)  self¬ 
electric  and  self-magnetic  fields  due  to  the  charge  and  cur¬ 
rent  densities  of  the  beam  are  typically  aMiuped  to  be  neg¬ 
ligible  in  most  theoretical  treatments  of  these  experiments. 
In  this  paper,  we  describe  a  nonlinear  treatment  of  the  FEL 
interaction,  which  includes  a  model  of  the  dc  self-fields  of 
the  beam  in  the  formulation. 

The  dc  self-fields  have  been  treated  in  one-dimensional 
analyses  of  FEL’s  in  both  linear  theory*  '®  and  by  means  of 
a  nonlinear  particle-in-ceU  simulation.'®  Our  goal  in  the 
present  work  is  to  develop  a  nonlinear  model  of  dc  self¬ 
fields  in  FEL’s  in  three  dimensions.  Of  course,  the  most 
general  treatment  of  dc  self-fields  arises  in  the  context  of  a 
fully  three-dimensicmal  particle-in-cell  simulation  of  the 
FEL.  In  many  cases,  however,  this  poses  an  insurmount¬ 
able  compuUtional  obstacle.  Instead,  we  have  constructed 
a  model  of  the  dc  self-fields,  which  is  incorporated  into 
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slow-time-scale  simulation  codes  for  both  helical  and  pla¬ 
nar  wiggler  geometries."-'*  These  slow-time-scale  formu- 
lations  require  considerably  less  computer  time  than  a  cor¬ 
responding  particle-in-cell  simulation,  yet  are  capable  of 
accurate  point-by-point  descriptions  of  FEL  experiments. 
These  nonlinear  formulations,  including  the  dc  self-fields, 
are  compared  with  intense-beam  experiments  using  g  pig. 
nar  wiggler  at  the  Lawrence  Livermore  National 
Laboratory,'  and  helical  wigglers  at  the  Massachusetts  In¬ 
stitute  of  Technology'  and  the  Naval  Research 
Laboratory.' 

The  organization  of  the  paper  is  as  follows.  A  descrip¬ 
tion  of  the  self-field  model  and  the  slow-time-scale  formu¬ 
lation  is  given  in  Sec.  II.  Section  III  is  devoted  to  the 
numerical  analysis  of  the  experiments  at  LLNL,  MIT,  and 
NRL.  Results  indicate  that  the  dc  self-field  effects  in  these 
experiments  provide  for  a  reduction  in  the  interaction  ef¬ 
ficiency  relative  to  that  computed  without  the  self-fields  as 
well  as  enhanced  beam  spreading.  However,  the  overall 
results  are  within  the  experimental  uncertainties  in  the 
measurements  of  the  output  power.  A  summary  and  dis¬ 
cussion  is  given  in  Sec.  IV. 


IL  THE  MATHEMATICAL  FORMULATION 

An  electrm  beam  in  a  physically  realizable  FEL  is 
bom  and  accelerated  and/or  transported  for  some  rfUtnnrf 
before  it  enters  the  wiggler.  Various  focusing  schymes  are 
often  employed  to  transport  the  beam  to  the  wiggler,  which 
can  rely  upon  extenul  magnetic  (typically  either  solenoids 
or  magnetic  quadrupoles)  or  electric  fields.  In  uridition. 
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many  expenmente  employ  some  form  of  beam  scraping 
^metimes  referred  to  as  emittance  selection)  to  ensure  a 
beam  with  a  smaU  axial  velocity  spread.^*  Hence,  the  elec¬ 
tron  beam,  and  the  self-fields,  can  exhibit  a  complex  struc¬ 
ture  at  the  entrance  to  the  wiggler,  and  a  complete  treat- 
^t  of  the  imtial  condiUons  and  self-fields  in  the  electron 
beam  m  a  TOL  would  require  a  full-scale  particle-in-ceU 
simulation  for  each  specific  configuration,  including  the 
accelerator  and  beam  transport  system  as  well  as  the  FEL 
Such  an  end-uxnd  simulation  is  beyond  the  scope  of  this 
paiw.  Instead,  we  develop  a  model  of  the  self-fields  in  an 
FEL  based  upon  the  simplest  treatment  of  the  self-fields  in 
M  electron  beam  derived  from  an  idealized  model  of  a 
b^  with  uniform,  azimuthally  symmetric  profiles  in  both 
the  density  and  velocity.  This  describes  the  case  of  the 
injection  of  a  uniform  parallel-propagating  beam. 

In  such  a  case,  the  beam  density  is  given  by  nAr) 
for  and  zero  otherwise,  where  denotes  the  beam 
nuiius;  then  the  self-electric  field.  is  determined  by 


proximation  for  the  self-magnetic  field.  In  this  case  the 
self-magnetic  field  is  determined  by  Amp^’s  law. 


*  5  , 


4ire 


(6) 


hence. 


(7) 


(1) 


which  has  the  solution 

F(i)_  2  - 

E  (2) 

whw  eand  m,  ait  the  electronic  charge  and  mass,  and 
is  the  square  of  the  beam-plasma  fr«- 
quen^.  Energy  conservation  for  this  configuration  is  given 
by  the  sum  of  the  kinetic  and  potential  (due  to  the  self- 
electric  field)  energies.  Within  the  beam,  the  Lorentz  force 
equations  yield 


(3) 


where  r  is  the  relativistic  factor.  This  results  in  a  space- 
c^ge  depression  in  the  kinetic  energy  across  the 
which  may  be  expressed  as 


oi 

r(r)=ro+^  (i^-Rl) 


where  c  is  the  speed  of  light  in  vacuo  and  /?  sv/c 

The  n^car  formulation  for  the  analyLs  of  self-field 
effects  m  FEL’s  described  in  this  paper  is  based  upon  a 
generation  of  the  thro-dimensional  nonlinear  simula- 
Uon  o^es  arachne"  »  and  wigglin'^"  for  FEL  ampli- 
fiers.  These  codes  represent  slow-time-scale  formulations, 
where  the  electromagnetic  field  is  expanded  in  a  superpo- 
'‘“trie  (TE)  and  transverse  mag- 
neUc  (TM)  modes  of  either  a  cylindrical  or  rectangulv 
waveguide,  and  the  space-charge  field  describing  the  bLn- 
pluma  modes  is  expanded  in  a  superposition  of  the  Gould- 
Tnvelpiece  modes  of  the  beam.  Note  that  the  space-charge 
field  associated  with  the  Gould-Trivelpiece  mode  is  d5- 
tmet  from  the  self^ectric  field.  Slow-time-scale  equations 
evdution  of  the  amplitude  and  phase  of  each 
TE,  TM  and  Gould-Trivelpiece  mode  due  to  the  interac¬ 
tion  wth  the  beam  and  wiggler/axial  guide  field.  These 
^uations  are  integrated  simultaneously  with  the  three- 
dim^iond  Lorentz  force  equations  in  the  complete  en- 
^ble  of  electromagne^.  electrostatic,  and  magnetostatic 
fiel^.  We  emphasize  that  no  averaging  procedure  is  im- 
posed  on  the  orbit  equatkms. 

There  are  two  major  distinctions  between  arachne 
and  wiGGLiN.  The  fim  is  that  arachne  deals  with  a  he- 
h^  wiggler/axial  guide  field  and  a  cylindrical  waveguide, 
while  WIGGLIN  deds  with  a  planar  wiggler  and  a  r^ 
gular  waveguide.  Hence,  the  external  fields  used  in 
arachne  are  given  by 


(4) 

Ito  Eq.  (4),  yg  denotes  the  kinetic  energy  at  the  edge  of  the 
beam  or,  ahematively,  the  total  energy. 

«  represenution  for  the  self-magnetic 

field  u  obtamed  under  the  assumption  that  the  beam  pron- 
■ptes  paraxiaUy  with  r=vA  for  r<E*.  and  zero  other¬ 
wise.  This  assumption  requires  that  the  space-charge  de- 
p^ion  across  the  beam  be  small.  Observe  from  (4)  that 
the  space-charge  depression  in  the  kinetic  energy  at  the 
<^tcr  of  the  beam  depends  upon  a>|l?^4c^  and  is  propor- 


(8) 


- r - 

tional  to  the  total  beam  current  through 


where  the  wiggler  b 

B„(x)  =2ff,(z)  I/;(^)«,  cos  X-  ( 1/A)I,  (A)ig  sin  x 

+/iU)itmxh  (9) 

JILl  0  5  ^  modified  Bessel  function  of  the 

first  kind  and  its  denvative,  j  v—O—ic  r  tr  *1. 
wv. 

tude  IS  assumed  to  vary  adiabatically  as 


Ar.dr 


To 


=5.88x10 


i-J 


h 


(5) 


B„(z)  = 


where  the  beam  current  7*  is  in  amperes.  For  the  specific 
cases  under  consideration  here  Ly^yg  <  1%,  and  the  as¬ 
sumption  of  a  uniform  axial  velocity  provides  a  good  ap- 
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B„-,  z>NJi^. 


(10) 


The  planar  wiggler  used  in  wigglin  (no  axial  guide  field  u 
included)  is  of  the  form'*  "  ^  “ 
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B^Jx)  -  BJi)  ^sin  ^  BJz) 

/  .  .  ,  y(k^)  ifi  \  I  d 

xJsmhA:^— ^^)_-r(x). 

(11) 

B^^(x)  =  BJz)  |sin  j 

/  ^  ,  kj;siTibk^  ifi\ 

-Bua(*)  =  ^»(^)«*  A:^|siiih  ^-iV— 

where  the  amplitude  B„(z)  is  given  by  Eq.  (10), 
y(A:,^)s*^cosh*j>-8inh*j>,  and  X(x)m1  +  (x/ 
a,)*'"/2.  Observe  that  the  bulk  direction  of  wiggler  motion 
for  this  model  is  in  the  x  direction.  The  use  of  a  wiggler 
model  with  an  adiabatic  entry  taper  for  both  the  helical 
and  planar  wigglers  allows  us  to  self-consistently  describe 
the  injectiim  of  the  beam  into  the  wiggler.  In  addition,  the 
wiggler  amplitude  in  this  model  increases  with  increases  in 
displacement  from  the  axis  of  symmetry  and  provides  for 
an  additional  focusing  force  on  the  beam. 

The  second  major  distinction  between  arachne  and 
wiGGLiN  is  that  the  Gould-Tiivelpiece  space^harge 
modes  are  not  included  in  wiooLlN.  As  will  be 
in  detail  later,  this  does  not  constitute  an  important  restric* 
tion  for  the  case  presently  under  consideration. 

The  equations  governing  the  evolution  of  the  TE 
modes  in  a  rectangular  waveguide,  as  used  in  WIOOLIN,'^'^ 
are  given  here  for  the  sake  of  clarity.  A  detailed  derivation 
of  the  corresponding  equations  for  the  TM  modes  may  also 
be  found  in  Refs.  12  and  13,  and  the  TE  and  TM  modes 
and  Gould-Trivelpiece  modes  in  a  cylindrical  waveguide 
are  treated  in  Reft.  1 1  and  13.  The  electromagnetic  field  in 
a  rectangular  waveguide  of  dimensions  — a/2<x<a/2  and 
—b/2<y<,b/2  is  represented  as  a  superposition  of  the  TE 
and  TM  modes  of  the  vacuum  waveguide.  Hence,  the  vec¬ 
tor  potential  of  the  IT  modes  is  given  by 

5A(x,r)=  X  ’&<tj.(^)*A,(Ad')coBaj;,(i,r),  (14) 

t»-o 

where  the  phase  for  frequency  a  and  wave  number  kf^  is 
given  by 


r  dz’ ki^{z)-ot, 
Jo 


(15) 


the  summation  2'  indicates  that  both  /  and  r  are  not  both 
zero. 


(16) 


is  the  cutoff  wave  number,  A'«x-t-c/2,  Y=y-^bn,  and 
the  polarization  vector  is 


(17) 


It  is  implicitly  assumed  that  the  amplitudes  and  wave  num¬ 
bers  vary  slowly  in  z  over  a  wave  period. 

The  skw-time-scale  equations  governing  the  evolution 
of  the  amplitudes  and  wave  numbers  of  each  of  these 
modes  are  obtained  by  substitution  of  the  field  representa¬ 
tion  into  Maxwell’s  equations  and  averaging  those  equa¬ 
tions  over  a  wave  period.  This  effectively  removes  the  &st- 
time-scale  oadllation  from  consideration,  and  results  in 
two  second-order  equations  for  the  amplitudes  and  ph««e«. 


-8jr 


(18) 


and 


(19) 

where  baf^me  and  when  either  /=0  or 

n—0,  and  unity  otikerwise.  As  mentioned  previously,  sim¬ 
ilar  equations  apply  for  the  TM  modes  in  a  rectangular 
waveguide,  as  well  as  for  the  TE  and  TM  modes  and 
Gould-Trivelpiece  modes  in  a  cylindrical  wav^uide. 

These  equations  are  equivalent  to  a  calculation  of  the 
average  for  each  mode.  The  averaging  operator 

that  appears  in  (18)  and  (19)  is  defined  over  the  initial 
conditions  of  the  beam  upon  entry  to  the  wiggler  (at  2=0), 
and  includes  the  effect  of  a  momentum  spread  by  means  of 
the  distribution 


^»(A»)  =A  exp[  -  (Ptf-A))  VApJ  ] 

X6(pg-/^  (20) 

where and  Ap,  denote  the  bulk  momentum  and  the  aTiai 
momentum  qiread,  respectively.  If  denotes  the  Heaviside 
function,  and  the  normalization  constant  is 

Observe  Aat  this  distribution  describes  a  'monoeneigetic 
1*®*®  with  a  jntch-angle  qiread.  The  axial  energy  qiread 
associated  with  the  distributiai  is  related  to  the  momen¬ 
tum  quoad  via 

^=1-  * 

ro  Vl+2(yg-l)(Apy)ib)’ 

where  70=  1  .  As  a  result,  the  averaging  operator 

takes  the  fimn 


2320  Phya  Fluids  B,  Vol  5.  No.  7.  July  1993 


Fraund,  Jackson,  and  Pershing  2320 


(w  j”  r  ^*»‘<''»‘'t  (*oo4) 


X(-). 


(23) 


where  is  the  initial  cross-sectional  area  of  the  beam 

phl^  of  the  ponderomotive 

(;'x/Prf).  and  a„  and  a,  de- 
Knbe  the  uutial  beam  distribution  in  phase  iid  cross  sec- 

is  "sonantJy  with  the  electrons  and 

IS  Mupled  m  the  Lorentz  force  equations  in  the  combined 
sta  1C  and  fluctuating  Adds,  which,  in  the  present  analysis, 
HKludtt  the  self-dectnc  and  self-magnetic  Adds  0/ the 
As  mentioned  previously,  a  complete  self-consistent 
analysis  of  self-Aelds  m  FEL’s  requires  a  full-scale,  three- 
dim^ional  particle-in-cell  simulation.  This  necessitates  a 
sigmflcantly  greater  computational  investment  than  the 
stow-time-s^e  formulation,  and  is  beyond  the  scope  of 
s  pai»r.  iMtead,  we  shall  adapt  the  simpliAed  descrip¬ 
tion  of  the  self-Aelds  given  in  Eqs.  (2)  and  (7)  by  allowing 
for  the  motion  of  the  beam  centroid  in  the  wiggler  and 

«lf-el«tnc  and  magnetic  Adds  are  repre- 


dTln’Iir*  ^  field  in  the  wig- 

L  '  ll  «hmate  the  magnitude  of  this  effect,  con- 

tion  m  an  idealized  onenlimensional  helical  wiggler  in  the 
source  current  for  the  self-magnetic  Add.  This  results  in  a 

of ‘he  form  (s«The 


E«  =  -^<oll  (X- (x)  )i,+  (y- (y)  )i^j  (24) 


and 


- 2?  f  <y>  (^~  M  )i,].  (25) 

Given  Aese  self-Aelds,  as  well  as  the  external  Adds  speci¬ 
fied  wher  for  the  axial  guide  and  wiggler  fields,  the  Ur- 
entz  force  equations  take  the  form 

d  g 

- '(E‘*’+5E)--tX{Bo8,-»-B„4.B<^J-»-6B), 

(26) 

where  6E  and  5B  represent  the  aggregate  electric  and  mag- 
nimc^fidds  from  each  TE.  TM.  and  Gould-TrivelpiS 

It  is  mportMt  to  observe  that  several  impUdt  assump¬ 
tions  undwhe  this  approximation  for  the  self-fields  in  the 
wiggl<^  The  first  is  that  even  while  the  beam  density  is 

^  ®****®P  *  wcdar 

section  upOT  entry  to  the  wiggler.  it  does  not  neces- 
s^y  remam  either  uniform  or  circular  during  the  courae 
of  the  mt^on.  This  distortion  of  the  beam  in  the  iS! 
g^er  has  be«  wi^  documented  for  both  helical"  *^  and 
planar  wig^ers  under  the  neglect  of  the  self-fields.  The 
«  ^at  the  self-magnetic  field  has  been  derived  un- 

of  the  However,  the  effect  of  the  wiggler  is  to  induce 
a  bulk  traverse  wiggle  motion  and  a  velodty  shear  due  to 
the  wiggler  mhomogendties,  and  these  distortions  to  the 
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^  "  f27) 

.j^**"*  The  second  term  can  describe  ei- 

er  diwagnetic  [Hq  <  j  ©r  paramagnetic  ffL,  >  k jiu  1 

^rrections  to  the  wi^er  Add.’  but  is  negligible  » lon^  J 
««^*>2|i>./U|  I,  where  0.  is  the  wiggler-induced  trans- 

sonable  approximation  for  the  self-fields  in  the  wiggler  as 
tong  as  the  tn^verse  electron  displacement  due  to  the 
wiggler  IS  less  than  the  beam  radius. 

HI.  NUMERICAL  ANALYSIS 

the  fidA,“in^  differential  equations  for 

tte  fields  and  the  electrons  is  solved  numerically  for  an 

amplifier  c^guration  in  which  a  single  wave  of  frequency 

de^ni?  “JJL****  “*  “  concerted,  the 

d^n  beam.  The  solution  to  this  initial  value  problem 

of  different  algorithms, 
RMotSf  predictor/corrector  ^ 

Runge-Kutta  techmques.  The  advantage  of  the  Adam^- 
i.  Ou.  U  i, 

tical  cost  Of  a  greatly  mcreased  memory  requirement  In 
pr«:tice^  it  is  found  that  the  fourth-oX  Ri^Sta- 

GtU  techmque  leads  to  no  serious  numerical  instabilities 
and  IS  employed  here.  “«*«nuHes 

sen  waveguide  modes  are  cho¬ 

sen  to  mc^d  the  mjection  of  each  mode  at  the  same  fre- 
quCT^with  some  arbitrary  power  levd  and  with  a  wave 
s-  /  n\**^***^i  vacuum  value  fie 

at  the  start^  the  wiggler.  the  growth  rate  of  each  mode  is 

oTuir-T  1  *P  **  The  initialization  of  the 

Goul^Tnvdpiece  modes  for  the  helical  wiggler/ 
cylmdneal  waveguide  configuration  is  accompIished^Sng 

wM.  U«  iniM  pS 

^  of  the  dectron  beam  b  chosen  to 
^d  the  mject^  of  a  monoenergetic,  uniform,  axi^- 
metne  electron  beam  with  a  flat-top  density  profikfor 
o<A*,  ^ce,  rri  =1  f„  and  =1  for 

The  effect  of  the  self-electric  field  on  the  initial 
spaceKiharge  reduction  de- 
senW  in  ^  (6).  where  ro  describes  the  total  energy  that 
IS  the  uutial  kmetic  energy  at  the  edge  «rf  the  beaim^As  a 
result,  we  scale  the  initial  momentum, 

where 
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=  (29) 

“'d  —  1-  Thus,  the  initial  kinetic  energy  of 

the  particles  increases  with  radius  from  the  beam  center. 
The  particle  averages,  as  well  as  the  initial  particle  loading, 
are  performed  by  an  nth-order  Gaussian  quadrature  in 
each  of  the  initial  degrees  of  freedom  (i.e.,  Tq,  Qq,  tio.  A), 
^o).  A  more  detailed  description  of  the  numerical  proce¬ 
dures  is  given  in  Refs.  11-13. 

It  is  important  to  observe  here  that  no  attempt  is  made 
to  match  the  beam  into  the  wiggler  in  order  to  achieve  a 
beam  envelope  with  a  relatively  constant  radius  through¬ 
out  the  wig^er.  We  treat  a  simpler  model  in  which  a 
paraxially  propagating  beam  is  injected  into  the  wiggler, 
and  the  subsequent  motion  is  calculated  for  the 
electrostatic,  magnetostatic  (including  the  self-magnetic), 
and  electromagnetic  fields. 

The  effect  of  the  self-electric  and  self-magnetic  fields 
are  studied  for  parameters  consistent  with  two  35  GHz 
amplifier  experiments  corresponding  to  planar  and  helical 
wiggler  configurations  and  with  a  16  GHz  amplifier  exper¬ 
iment  using  a  helical  wiggler.  The  planar-wiggler  experi¬ 
ment  was  conducted  at  Lawrence  Livermore  National  Lab¬ 
oratory  and  employed  a  3.5  MeV/850  A  electron  beam 
with  an  initial  radius  of  1  cm  propagating  through  a  rect¬ 
angular  waveguide  (fl=9.8  cm  and  6=2.9  cm)  in  the  pres¬ 
ence  of  a  planar  wiggler  with  a  period  of  9.8  cm  and  an 
entry  taper  of  one  wiggler  period  in  length.  The  wiggler 
was  generated  by  a  stack  of  electromagnets,  which  could  be 
adjusted  to  produce  fields  of  more  than  4  kG  in  magnitude. 
Additional  beam  focusing  in  the  experiment  was  accom¬ 
plished  with  an  external  quadruple  field;  hence,  the  self¬ 
fields  may  have  been  less  important  in  the  experiment  than 
indicated  in  the  simulation.  However,  it  is  found  that  the 
results  of  the  simulation  with  or  without  the  self-fields  are 
in  agreement  with  the  measurements  to  within  the  experi¬ 
mental  uncertainties.  The  first  helical  wiggler  experiment 
we  describe  is  located  at  the  Massachusetts  Institute  of 
Technology*  and  employed  a  750  keV  electron  beam,  with 
an  initial  beam  radius  of  0.25  cm.  The  beam  current  that 
could  propagate  through  the  system  varied  with  the  ■««■! 
magnetic  field  up  to  a  maximum  of  approximately  300  A. 
The  beam  propagated  through  a  cylindrical  waveguide 
with  a  radius  of  0.51  cm  in  the  presence  of  a  helical  wiggler 
field  (^^<1.8  kG,  A„=3.14  cm),  with  a  six  period  entry 
taper  and  an  axial  guide  field  of  up  to  12  kG.  &periments 
were  conducted  with  the  axial  guide  field  oriented  both 
parallel  and  antiparallel  to  the  bulk  streaming  of  the  elec¬ 
tron  beam.  The  second  helical  wiggler  experiment  is  lo¬ 
cated  at  the  Naval  Research  Laboratory’  and  employs  a 
250  keV/100  A  electron  beam  with  an  initial  beam  radius 
of  0.4  cm.  The  wiggler  field  has  a  period  of  2.54  cm,  and  an 
entry  taper  r^on  of  five  wiggler  periods  in  length,  an  exit 
taper  of  three  wiggler  periods  in  length,  and  an  amplitude 
variable  up  to  500  G.  The  axial  guide  field  can  be  varied  up 
to  a  field  of  3.2  kG.  This  is  an  amplifier  experiment  at 
frequencies  in  the  range  of  12-20  GHz,  which  employs  a 
waveguide  with  a  radius  of  0.815  cm;  hence,  the  primary 


interaction  is  with  the  TE„  mode.  It  should  be  noted  that 
although  the  beam  parameters  were  very  different  in  these 
experiments,  the  magnitudes  of  the  space-charge  depres¬ 
sion  across  the  beam  in  each  case  arc  similar,  and  we  find 
that  Ay^if/yo~0.64%  in  the  LLNL  experiment, 
Ayieif/7b~0-78%  in  the  MIT  experiment  (at  a  current  of 
300  A),  and  Ay,jif/yo~0.53%  in  the  NRL  experiment. 

In  order  to  evaluate  the  effect  of  the  self-fields  in  the 
context  of  this  formulation,  we  shall  compare  the  experi¬ 
mental  measurements  with  the  results  of  WIOOLIN  and 
ARACHNE,  both  with  and  without  the  inclusion  of  the  self¬ 
field  models. 

A.  The  planar  wiggler  configuration 

The  amplifier  experiment  at  LLNL  was  driven  by  a 
magnetron  that  produced  approximately  50  kW  at  a  fre¬ 
quency  of  34.6  GHz.  At  this  frequency,  the  wav^ide  is 
overmoded  and  the  power  was  predominantly  injected  into 
the  TEoi,  TEji ,  and  TM21  modes,  although  the  TEqi  mode 
was  dominant.  The  experimental  results  indicated  that  sat¬ 
uration  occurred  at  a  power  level  of  approximately  180 
MW  over  a  length  of  1.3  m  (including  the  entry  taper). 
The  bulk  of  the  output  signal  was  found  to  be  in  the  TEo, 
mode,  but  there  was  also  substantial  power  in  the  TE21  and 
TM21  modes  as  well.  As  mentioned  earlier,  the  space- 
charge  (i.e.,  Gould-Trivelpiece)  waves  were  not  important 
for  this  experiment.  The  primary  reason  for  this  is  for 
these  beam  parameters,  Landau  damping  of  the  space- 
charge  waves  ensures  that  the  space-charge  waves  do  not 
reach  sufficiently  high  amplitudes  to  affect  the 
interaction.’*’” 

In  comparing  the  results  from  wigglin  with  the  ex¬ 
periment,  we  must  make  assumptions  as  to  ( 1 )  the  initial 
power  levels  in  each  of  the  three  relevant  waveguide 
modes,  and  (2)  the  initial  axial  energy  spread  of  the  beam. 
Experimental  measurements*  indicate  that  the  bulk  of  the 
injected  power  was  in  the  TEqi  mode  and  that  the  initial 
power  in  the  TE21  mode  was  approximately  1%  that  of  the 
TEqi  mode.  The  power  in  the  1^21  mode  was  found  to  be 
still  lower  than  that  of  the  TE2]  mode.  Hence,  these  modes 
are  initialized  at  power  levels  of  50  kW  in  the  TEo,  mode, 
500  W  in  the  T^,  mode,  and  100  W  in  the  TM21  mode. 
Direct  measurements  of  the  initial  axial  energy  qrread  of 
the  beam’*  with  an  electron  spectrometer  were  able  only  to 
place  an  upper  bound  on  the  initial  axial  energy  spread  of 
approximatdy  2%. 

In  the  absence  of  the  self-fields,  wiggun  provided 
close  agreement  with  the  experimental  observatiems  fra-  the 
choice  of  A7V/yo=  1-5%,  which  is  within  the  bound  set  by 
the  experimental  measurements.  A  plot  of  the  growth  of 
the  signal  versus  axial  distance  for  these-  parameten  is 
shown  in  Fig.  1,  showing  both  the  total  power  and  the 
power  in  the  TEqi  mode.  Observe  that  although  the  TEqi 
mode  is  overwhelmingly  dominant  at  the  start  the  inter¬ 
action,  it  accounte  for  only  about  60%  of  the  rignal  at 
saturation.  This  is  due  to  the  fact  that  the  TE21  mode  had 
the  higher  growth  rate.  The  oscillation  in  the  power  occurs 

at  a  period  of  and  is  due  to  the  effect  of  the  lower  beat 

wave  between  the  wiggler  and  the  radiation  field. 
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Agreement  between  the  simulation  and  the  experimental 
measurment  is  good.  The  peak  saturated  power  found  in 
simulation  is  approximately  190  MW,  which  falls  to  ap¬ 
proximately  180  MW  when  averaged  over  the  lower  beat 
wave.  The  saturation  length  is  found  to  be  approximately 
1.45  m.  ■' 

interaction  efficiency  is  relatively  insensitive  to  the 
initial  Mai  energy  spread  for  Ay^Yo<2%  in  the  absence  of 
the  self.fields;  however,  this  is  not  the  case  when  the  self- 
fields  uc  included  in  the  simulation.  The  reason  for  this  is 
that  effect  of  the  self-fields  and  that  of  an  initial  n»isl  en¬ 
ergy  sprrad  both  act  to  increase  the  spreading  of  the  beam. 
Recall  that  the  axial  energy  spread  is  due  to  a  pitch-angle 
spread;  hence,  mcreases  in  the  axial  energy  spread  imply 
increases  in  the  transverse  momenta  of  the  beam  As  a 
result,  the  combined  effects  of  the  self-fields  and  an  increas¬ 
ing  axial  energy  spread  can  act  to  enhance  beam  loss  to  the 
waveguide  walls  as  well  as  to  decrease  the  coupling  be¬ 
tween  the  beam  and  the  waveguide  modes.  This  is  illus- 

^  variation  in 

the  efficiency  as  a  function  of  the  initial  axial  energy 


(fl  =  9.8  cm;  b  =  2.9  cm;  / = 34.6  GHz) 


V*-3JMeV 

/»>«S0A 

l.Ocm 


self-fields 

included 


spr^  both  with  and  without  the  inclusion  of  the  self¬ 
fields.  M  shown  in  the  figure,  the  efficiency  decreases  from 
i^ut  7. 12%  to  6.35%  as  the  axial  energy  spread  varies  up 
to  2%.  In  contrast,  when  self-fields  are  included,  the  effi- 
aeiicy  falls  off  rapidly  for  Ay/Yo>0.5%.  Note  that  the 
imtijU  mcrea«  m  the  efficiency  with  the  axial  energy  spread 
for  Ay/yo<0.25%  is  due  to  the  shift  in  the  tuning  of  the 
mter^uon  with  changes  in  the  energy  spread.  This  effect 
discussed  m  the  literature,”  and  is  due  to  the  fact 
mat  the  mcrease  m  the  axial  energy  spread  effectively  re- 
*.''*”**  Wfeaming  velocity  of  the  beam.  This 
shifts  the  gam  band,  and  can  increase  the  efficiency  at  fixed 
frequencies,  although  the  maximum  efficiency  across  the 
gain  band  decreases. 

It  is  clear  from  Fig.  2  is  that  the  power  measured  in  the 
Mpenment  can  be  recovered  from  the  simulation  for 
Ay/yo^.5%,  which  is  within  the  experimental  uncer- 
^ty^The  general  conclusion  to  be  drawn  from  this  is  that 
the  effect  of  the  dc  self-fields  on  the  interaction  can  be 
s  jnjficMt,  but  that  in  this  case  they  are  smaller  than  the 
effect  of  the  uncertainties  in  the  initial  axial  energy  spread 
despite  the  use  of  a  high  current  beam. 
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FIG.  2.  Plot  of  the  efficiency  venus  the  initial  aiial  enenv  soreid  hnth 
with  and  without  the  lelf-Aelda.  sprew  both 
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FIO.  4.  Beam  cross  section  at  the  entiance  to  the  wiggler. 
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The  evolution  of  the  power  as  a  function  of  ini«i  dis¬ 
tance  subject  to  the  inclusion  of  the  self-fields  is  shown  in 
Fig.  3  for  the  choice  of  an  initial  axial  energy  spread  of 
0.3%.  This  is  chosen  for  illustrative  purposes  Mnr<»  the 
saturated  power  in  the  TEqi  mode  is  relatively  unchanged, 
in  comparison  with  the  results  shown  in  Fig.  1.  In  this 
a  peak  saturated  power  level  of  approximately  175  MW 
(falling  to  s  163  MW  when  averag^  over  the  lower  beat 
wave)  was  found  over  a  saturation  length  of  about  1.45  m. 
Hence,  the  result  of  the  inclusion  of  the  self-fields  is  a 
reduction  of  approximately  8%  in  the  total  saturated 
power,  and  somewhat  less  of  a  reduction  in  the  growth 
rate.  Recall  that  no  additional  focusing  due  to  a  magnetic 
quadrupole  field  is  included  in  wiogliN;  hence,  the  effecte 
of  the  self-fields  seen  in  simulation  may  be  greater  tb«n  in 
the  experiment.  However,  given  the  experimental  uncer¬ 
tainties  in  the  power  measurements  and  the  fact  that  only 
an  upper  bound  of  2%  is  known  regarding  the  initial 
energy  spread  of  the  beam,  the  results  fipm  WIOOUN  ei¬ 
ther  with  or  without  the  self-fields  are  coosisteat  with  the 
experimental  measurements. 

It  is  important  to  observe,  as  mentioned  previously, 
that  the  saturated  power  in  the  TEgi  mode  both  with  and 
without  the  self-fields  is  of  the  order  of  125  MW;  hence,  the 
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no.  6.  Beam  cnm  section  at  s»96.7  cm  without  idf-fieida. 
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FIG.  7.  Beam  cram  section  at  s>99.8  cm  without  self-fields. 


reduction  in  the  total  saturated  power  is  due  largely  to  a 
decline  in  the  power  in  the  TE2,  (and  to  a  lesser  extent  the 
TMji )  mode.  A  detailed  analysis  of  the  electron  dynamics 
is  required  in  order  to  explain  why  the  TE21  and  TM21 
modes  are  more  sensitive  to  the  self-fields  for  these  param¬ 
eters.  In  either  case,  the  initial  cross  section  of  the  electron 
beam  is  chosen  to  model  the  injection  of  a  cylindrical  pen- 
cU  beam.  The  initial  loading  of  the  electrons  by  means  of  a 
ten-point  Gaussian  algorithm  in  Tq  and  60  is  shown  in  Fig. 
4.  Note  that  ( 1 )  the  nonuniform  spacing  between  the  elec¬ 
trons  is  characteristic  of  the  Gaussian  algorithm  that  com¬ 
pensates  by  the  assignment  of  different  weights  to  each 
electron,  and  (2)  that  the  noncircular  envelope  is  an  arti¬ 
fact  due  to  the  scale  cm  the  plot. 

In  the  absence  of  the  self-fields,  the  beam  undergoes 
complex  motion,  which  includes  the  bulk  wiggler-induced 
transverse  oscillation,  betatron  oscillations  due  to  wiggler 
inhomogeneities,  and  responses  to  the  electromagnetic 
fiek^  Figures  5-8  show  the  evolution  of  the  beam  cross 
section  over  ai^roximately  one  wiggler  period  m  the  linear 
stage  of  the  interaction  weD  before  saturation,  without  the 
inclusion  of  the  self-fields.  The  inclusion  of  the  self-fields 
can  be  expected  to  alter  the  beam  trajectories  to  some  de¬ 
gree  depending  upon  the  magnitude  of  the  Adds.  One  im- 
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FIO.  S.  Beam  cromieeliaa  at  102.9  cm  without  tdr-idib. 
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po^t  effert  IS  the  spreading  of  the  beam  induced  by  the 
selAelwtnc  field.  Figures  9-12  show  the  beam  cross  section 
over  the  ^e  range,  with  the  self-fields  included.  It  is  clear 
that  the  beam  distortion  due  to  the  action  of  the  wiggler 
faction,  ud  self-fields  is  complex.  However,  the  princi- 
l^elfect  that  can  alter  the  interaction  with  the  TE,.  and 
I  Mj,  mi^es  IS  the  spreading  induced  in  beam  cross  section 
>n  th^  direction  imder  the  action  of  the  self-electric  field. 

T^i  mode  will  be  relatively  insensitive  to  this  varia¬ 
tion  smce  thu  field  is  uniform  in  the  ;r  direction;  hence, 
restively  httle  variation  in  the  saturated  power  in  this 
mode  IS  expected.  In  contrast,  since  the  TE,,  and  TM„ 
m^es  va^  m  x,  any  beam  spreading  in  this  direction  due 
to  the  a^on  of  the  self-fields  can  be  expected  to  impact  the 
saturated  power — ^in  this  case  to  reduce  it. 

foergy  conservation  is  preserved  to  good  accuracy 
whether  or  not  self-fields  are  included  in  the  simulation, 
ough  the  potential  energy  due  to  the  seif-electric  field 
^  “  the  calculation.  In  the  absence  of  the 

Mlf-fields,  the  relative  difference  between  the  energy  lost  by 

is  within 

0.1%.  When  self-fields  are  included,  however,  the  discrep- 
mey  mcreases,  and  ener^  conservation  is  good  to  within 
1%.  The  reastm  for  this  increased  discrepancy  is  that  the 


seff-field  model  implicitly  assumes  a  cylindrical  beam, 
wMe  1^  distortions  due  to  the  action  of  the  wiggler 
jmd  self-fields  results  in  a  more  complex  shape.  However, 
the  maccuracies  introduced  by  the  distortion  of  the  beam 
cross  section  are  relatively  small  for  the  present  case  since 
energy  conservation  is  still  preserved  to  within  1%. 

B.  Th«  holica)  wIggiM-  configuration 

The  MIT  amplifier  experiment  was  driven  by  a  maa- 

GHr  The  TE, ,  mode  was  the  only  wave  mode,  given 
the  i^vegmde  radius,  which  could  resonantly  interact^th 
the  beam;  however,  this  experiment  operated  in  the  Raman 
md  the  Gould-Trivelpiece  modes  must  be  in- 
cluded.  In  practice,  it  was  found*  that  only  the  lowest- 
(^uld-Trivelpiece  mode  (for  azimuthal  mode  num- 
oa  and  radial  mode  number  rt=l)  was  required  to 
obtain  reastmble  agreement  between  arachne  and  the 
experiment  m  the  absence  of  self-field  effects.  The  experi¬ 
ment  operated  in  three  regimes  corresponding  to  an  axial 
iM^eUc  field  which  was  aligned  either  parallel  or  antipar¬ 
allel  (or  reversed  field)  to  the  wiggler  and  the  streamin^f 
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FIG.  10.  Beam  ctom  lection  at  *-93.7  cm  with  idf-flelda. 
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FIG.  12.  Beam  croia  lection  at  *- 102.9  cm  with  idf-deldi. 
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FIG.  13.  Tile  evolution  of  the  power  venue  axial  pontion  as  detennined 
with  ARACHNE  and  firom  the  experiment  (dou)  for  the  reveised-6eld 
configuration. 

the  electron  beam.  In  the  parallel  orientation  of  the  mag¬ 
netic  field,  two  regimes  are  found,  which  are  referred  to  in 
the  literature  as  either  group  I  for  which  or 

group  II  for  which  flo>  1:^11  ,  and  the  experiment  was 
operated  for  axial  fields  in  both  regimes.  The  third  operat¬ 
ing  regime  is  the  reversed-field  case.  The  maximum  oper¬ 
ational  output  power  was  found  to  occur  in  the  reversed- 
field  case  in  which  61  MW.  Output  powers  of  the  order  of 
5  MW  was  obtained  in  either  the  group  I  or  group  II 
Detailed  descriptions  of  the  comparison  of  arachne  with 
this  experiment  in  the  absence  of  self-fields  can  be  found  in 
Refs.  20  and  21. 

The  first  case  we  consider  here  is  that  of  a  field- 
reversed  configuration,  in  which  the  nominal  experimental 
magnetic  field  parameters  were  an  axial  field  magnitude  of 
10.92  kG  and  a  wiggler  field  of  1.47  kG.  The  transmitted 
current  for  these  field  parameters  was  300  A  (±10%), 
and  the  axial  energy  spread  of  the  beam  is  assumed  to  be 


TE„  Mode  =  0.51  cm;  /  =  33.39  GHz;  /»*,  =  8.5  kW) 


FIO.  14.  The  evolution  of  the  power  u  detennined  with  arachne  end 
from  the  experiment  (doti)  for  the  reversed-field  configuration  subject  to 
the  inclusioo  of  the  self-fidda 
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FIG.  IS.  The  evolution  of  the  power  at  detennined  with  arachne  and 
irom  the  experiment  (dots)  for  the  group  I  case  with  and  without  the 
self-fleldt. 


I.S%,  as  indicated  in  the  experiment.  These  parameters 
represent  the  case  of  the  peak  power  observed  in  the  ex¬ 
periment  of  61  MW. 

The  comparison  of  the  experiment  and  arachne  in 
the  absence  of  self-fields  is  shown  in  Fig.  13,  in  which  the 
power  is  plotted  as  a  function  of  axial  position,  and  in 
which  the  dots  represent  the  power  as  measured  in  the 
experiment.  As  shown  in  the  figure,  ARACHNE  was  used  for 
two  sets  of  parameters.  The  first  corresponds  to  the  nom¬ 
inal  experimental  values  given  above,  and  the  second  cor¬ 
responds  to  the  un>er  limits  on  the  ( 1 )  current,  (2)  wig¬ 
gler  field,  and  (3)  input  power  (due  to  the  experimental 
uncertainties)  of  330  A,  1.55  kG,  and  10  kW,  nspectively. 
As  is  evident  in  the  figure,  the  agreement  between  the  ex¬ 
perimental  measurements  and  arachne  is  good,  and  vir¬ 
tually  all  the  data  points  fall  between  these  two  curves.  The 
saturated  power  for  these  two  choices  of  the  current,  wig¬ 
gler  field,  and  input  power  differ  only  marginally  and  are 


TE„  Mode  (ff, = 0.51  cm;  / = 33.39  GHz;  =  8.5  kW) 


FIO.  16.  The  evolatioa  of  die  power  m  detennined  with  arachne  and 
firom  the  experiment  (dots)  for  the  group  n  case  with  and  without  the 
aeif-fiekb. 
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^  ^  ^  experiment.  The  prin- 

*Wch  is  dw  to 

reversed  fieW  “l^*®®!***  on  this  eiperiment  in  the 
a"*“'  “  small,  mm  the  power  is 

p  ott^  M  a  fiincbon  of  axial  position  in  Fig.  U  «  com- 

Sa!IIlf  ^CHNE.  subject  to  the  inclusion  of  the  self- 
Ra^3  ^  experimental  parameters  shown 

m  Mg.  13.  The  experimental  data  is  also  represented  in  th^ 
by  .h.  doB.  (W.  u«  a.e  «lf.SXtZi! 

Sh  ii^f “  'b“«‘  bawOT  the  nuu 
With  Md  Without  the  self-fields  for  the  300  A  parameters. 

The  neghgible  effect  ofthe  self-fields  is  signS^s^ 

Ae  ^tudes  of  the  space^harge  depressS^al^S 
Ae  planar  wi^er  case  described  above  are  comparable 
The  re^n  why  the  self-field  effect  on  the  interaction  effi 
aency  B  negligible  here  but  not  in  the  planar  wiggler  ex¬ 
ample  hes  m  tte  orbit  dynamics  of  the  beam.  In  thSase  of 
the  pW  wiggler,  the  wiggler  itself  provided  relatively 
beam  in  the  wiggle  direction;  hence^ 
^  beam  spreadmg  due  to  the  self-fields  was  relatively 
lai«e.  That  is  not  the  case  for  the  helical  wimrier/Mi*! 
gmde  field  Munition.  Here,  the  helical  wiggler  itself 

ese  field^  hence,  the  energy  conservation  is  unaffected  bv 
the  mclusion  of  the  self-fields  and  remains  gcTtoTul 
approximatdy  0.1%.  ““ 

It  is  also  found  that  self-field  effects  introduce  small 
modifications  to  the  output  power  in  the  group  I  and  group 
II  regimes  as  well.  It  should  be  noted  hen  that  the^h  a 
df5«PMcy  between  arachne  and  the  experiment,  in  that 
Mmg  the  axial  energy  spread  of  1.5%  nominally  quoted  for 

“  P""'^***  efficiencies  compi^We 

mi^  h  T  ««•  The  assump^  of 

"*  to  obtain 

““sured  power.  The  rea- 
^  for  thB  discrepancy  remains  uncertain  at  this  time  but 

inT^  f  ««  to  .11^ 

e  increased  axial  energy  spread  for  these  cases.  Be  that  as 
I  may,  we  shall  employ  axial  energy  qmeads  of  approxi- 
mtely  6.4%  in  these  cases,  which  provide  good  agreement 
betww  the  simulation  and  the  measured  powers. 

The  results  for  the  power  as  calculated  with  arachnp 

“  •**“  'b'^ 

position  m  Fig.  15  along  with  the  experimental  data  tren- 

^/yo-  6.4%.  It  IS  evident  from  the  figure  that  the  results 
^m  arachne  wth  and  without  the  self-fields  are  close  to 
the  experimental  measurements  and  lie  within  the  experi¬ 
mental  uncertainties  in  the  power  measurements 

Similm  conclusions  are  found  for  the  group  II  case 
sho^  in  Rg.  16,  although  it  is  noted  that  while^he  sim¬ 
ulation  IS  m  agreement  with  the  output  power  measured  in 
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TE„  Mode  =  0.8 1 5  cm;  /  =  16  GHz; />„  =  5  kW) 


P™»ntly  m  the  constniction/shakedown  phase.  I 

^  of  .  250  J»V  .Ktototo*  cto,:K 

of  100  A.  and  the  electron  pm  is  d^ 
si^ed  to  produce  a  beam  with  a  radius  of  0  4  cm  and  .n 

*^2.54  cm  and  a  total 

l«lth*^  ®f  «nd  three  wiggler  periods,  respectively,  in 

S,  TO  “  b.  up  to  .p^. 

y  DW  Cj.  In  additron,  the  axial  guide  field  can  h* 

^  upto  3.2  kG.  This  ensures  operaSi  ^ 

regime.  The  experiment  is  configured  as  an  amplifier  drivL 

b'’" 

MJely  wth  the  TE„  mode.  Observe  that  the  space-char.* 
depression  for  this  experiment  Ar -jj/rn— 0  53%  »  ******* 
rable  to  the  other  two 7xneZ«Jl2l^  “  ~“P*- 

beam  current  “1*™“**-  the  much  lower 

eration  at  16  GHz  and  use  the  following  model  for  th* 
wiggler  field  wplitude  in  Eq.  (9)  for  the  helical  wiggler, 

^.sin*(^j;  o<z<5A., 

=  5A„<z<3(U„ 


B-cos' 


^i^A:,(z-3(U,)j 


3(W«,<z<33yl,. 

c^ct  a^Sl^?  efficiencies  are  possible.  Both  the  effi. 
aency  ud  beam  transmission  are  plotted  as  function. 
the  axial  guide  field  in  Rg.  17  for  the  ^of  a  win^SoiH 
mnplitude  of  300  G.  It  is  clear  that^  XS 
over  a  wide  nmge  from  3%-33%  as  the  axial  gufde  fieW 
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FIG.  18.  Plou  of  the  vtrUtion  in  the  efficiency  and  beam  transmission 
versus  the  axial  magnetic  field  in  the  presence  of  the  self-fields. 


increases  from  2.2  to  2.6  kG.  However,  the  beam  transmis¬ 
sion  falls  precipitously  with  the  increase  in  the  efficiency 
from  a  value  of  about  99%  at  an  axial  field  of  2.2  kG  to 
approximately  5%  at  an  axial  field  of  2.6  kG.  This  decline 
in  the  beam  transmission  is  due  to  two  factors.  The  first 
factor  is  that  the  loss  of  up  to  30%  of  the  beam  energy  to 
the  TE||  mode  implies  that  the  beam  undergoes  massive 
deceleration,  which  is  accompanied  by  an  inrrwi^  in  the 
radius  of  the  wiggler-induced  trajectory.  The  second  factor 
is  that  the  high-power  electromagnetic  wave  acts  to  kick 
the  beam  away  from  the  axis.  It  should  be  noted  that,  as  in 
the  case  of  the  group  I  and  II  regimes  in  the  MIT 
experiment,*''*'  saturation  in  the  NRL  experiment  occure 
due  to  beam  loss  rather  than  the  more  familiar  phase  trap¬ 
ping  of  the  beam  in  the  ponderomotive  potential  formed  by 
the  beating  of  the  wiggler  and  radiation  fields.  Operation 
wi^  acceptable  levels  of  beam  loss,  therefore,  should  re¬ 
strict  the  experiment  to  efficiencies  below  approximatelv 
20%. 

As  might  be  expected,  the  effect  of  the  self-fields  can 
act  to  enhance  the  beam  losses.  The  effects  of  the  self-fields 
are  more  pronounced  in  this  experiment  than  in  the  previ¬ 
ously  analyzed  MIT  experiment  since  the  space-charge  de¬ 
pressions  are  comparable  for  the  two  experiments,  but  the 
beam  voltage  and  axial  guide  field  is  lower  in  the  NRL 
experiment  The  efficiency  and  beam  transmission  are  plot¬ 
ted  in  Fig.  18  as  functions  of  the  axial  guide  field  for  a 
wiggler  amplitude  of  300  G,  subject  to  the  inclusion  of  the 
spaces;harge  fields.  It  is  evident  from  the  figure  that  fin- 
strong  axial  guide  fields  in  excess  of  approximately  2.5  kG 
the  efficiency  and  beam  transmission  do  not  differ  greatly 
from  those  found  in  the  absence  of  the  self-fields.  This  is 
because  the  axial  field  acts  to  confine  the  beam  against  the 
sprrading  induced  by  the  self-fields.  In  contrast,  both  the 
efficiency  and  beam  transmission  are  substantially  less  *b«n 
that  found  in  the  absence  of  the  self-fields  for  weak  axial 
guide  fields  below  about  2.3  kG.  In  the  intermediate  regime 
for  axial  guide  fields  in  the  range  of  2.3-2.5  kG,  however, 
the  beam  transmission  is  enhanced  relative  to  both  the 


weak  and  strong  guide  field  cases.  This  occurs  fm  two 
reasons.  The  first  is  that  the  axial  guide  field  is  strong 
enough  to  provide  appreciable  confinement  of  the  electron 
beam.  The  second  is  that  the  self-fields  are  strong  enough 
to  cause  a  reduction  in  the  interaction  efficiency;  hence,  the 
beam  has  not  lost  enough  energy  and  the  radiation  has  not 
gained  enough  energy  to  kick  the  beam  appreciably  toward 
the  wall.  As  a  result,  we  expect  that  operation  with  axial 
guide  fields  in  the  neighborhood  of  2.4  kG  for  a  wiggler 
field  of  300  G  is  preferred,  and  will  result  in  of 

approximately  10%-1S%. 


IV.  SUMMARY  AND  DISCUSSION 


I  ne  nommear  tormuJabon  of  the  mteraction  in  FEL’s 
wth  dc  self-fields  presented  in  this  paper  is  based  upon  an 
idealized  model  in  which  a  uniform  paraxially  propagating 
beam  is  injected  into  either  a  planar  or  helical  wiggler.  The 
model  of  the  dc  self-fields  is  derived  from  Poisson’s  equa¬ 
tion  and  Amp^’s  law  for  this  idealized  beam,  and  has 
been  employed  previously  in  the  study  of  orbital  chaos  in 
FEL’s.  The  subsequent  beam  evolution  is  followed  by 
the  integration  of  the  Lorentz  force  equations  in  the  com¬ 
bined  dc  self-fields,  the  magnetostatic  wiggler  and  ««i«i 
guide  field,  and  the  oscillating  electromagnetic  fields  asso¬ 
ciated  with  the  waveguide  and  Gould-Trivelpiece  modes. 
The  nonlinear  formulation  is  applied  to  the  study  of  three 
experiments  using  both  planar  and  helical  wiggler  geome¬ 
tries  ^  currents  ranging  from  100-850  A,  but  which  sJl 
had  similar  space-charge  depressions  in  the  kineti/^  energy 
across  the  beam  0.53%<Ay^yo<0.78%. 

The  nonlinear  formulation  and  simulation  code 


wioouN  for  the  planar  wiggler  configuration  is  applied  to 
the  study  of  the  self-fields  for  parameters  that  nominally 
correspond  to  a  35  GHz  FEL  amplifier  experiment  at 
LLNL.  The  difference  lies  in  the  fact  that  a  in«gn<^  quad- 
ru^e  field  was  used  in  the  experiment  to  provide  for  ad- 
Ational  focusing  tff  the  beam,  but  was  not  incorporated 
into  the  simulation.  As  a  result,  the  effect  of  the  self-fields 
is  expected  to  be  more  pronounced  in  simulation  than  in 
the  experiment.  Be  that  as  it  may,  however,  the  principal 
result  of  the  simulation  is  that  the  experimental  uncertain¬ 
ties  in  the  power  measurements  and  in  the  initial 
raergy  spread  of  the  beam  have  a  greater  impact  on  the 
interaction  efficiency  than  the  effect  of  the  dc  self-fields, 
deqrite  the  relatively  high  current  beam  used  in  the  exper¬ 
iment  The  most  important  uncertainty  here  is  in  the 
energy  spread,  which  is  known  only  to  within  an  ujqier 
boi^  of  approj^tely  Ay/yos2%.  For  appropriate 
cboka  of  the  initial  axial  energy  spread,  WIOOUN  is  found 
to  be  in  agreement  with  the  power  and  growth  rate  mea- 
suremrats  in  the  experiment  either  with  or  without  the 
imhiatm  of  the  self-fields.  Additional  conchinons  from  the 
simulation  are  that  the  additional  beam  spreading  induced 
by  the  self-fields  { I )  renders  that  interaction  nuwe  sensitive 
to  the  effect  of  the  initial  axial  energy  spread,  and  (2)  is 
rdatively  less  important  for  the  TEo,  mode,  whidi  is  uni¬ 
form  in  the  direction  of  the  bulk  wiggler-induced  osdlla- 
tion  than  for  the  TEji  and  TM21  modes,  which  are  not 
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configurations  is  applied  to 

simulation  for  the  MU  experi- 
Sric  ^  observations  andLt 

?  *?  important  for  this  ex. 

experiment  at  LLNL 
^  IS  attributed  to  the  enhanced  focusing  due  to  both  the 
h^cal  wiggler  and  the  strong  axial  guide  fields  ( A,>4  kG) 

t^sdf*fi'l^‘^r“*'  of  the  NRL  experiment, 

•  significant  i^  on 
both  the  transmission  and  the  interaction  e^encv 
for  axial  guide  fields  below  approximately  2  4-2  5  kO  For 
^de  fields  above  this  ynlu^c  intS^t^'d  ^cy  " 
only  s^tly  reduced  by  the  effect  of  the  dc  self-field^ 

ri.  cooolosion.  therefore,  from  this  analysis  is 

that  the  dc  self-fields  can  have  a  substantial  rp^^To^ 
operarion  of  FEL’s.  but  that  the  impact  can  be^cult  to 
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We  look  for  solutions  of  the  form 
^‘^’=ff,(r)co8(k^_^). 

Substitution  of  (A6)  into  (A5)  yields 

*ii/’^«+  - —  rv„ 

c 

d  ^  Id 


(A5) 


(A6) 


dr  c 


S  i’h) + ( j  (--i,) 

The  last  of  these  equations  implies  that 


■ra„ 


(A7) 

(A8) 

{A9) 


d  . 


fiSds°'^  analytical  model  of  the  self- 

a  I  analytical  model  for  the  self-magnetic 

tion  ^  “  Eq-  (4)  is  obtained  under  the  ass^p. 

^  “  detennined  from  the  electi^ 

“r?*  ^  ^  ooeKlimcnsional  repre- 

^tation  for  the  extenial  fields  including  both  an^ 
guide  magnetic  field  and  a  helical  wiggler  field  is  given  by 

^m(x)=BQ^,+  BJi^cosk^+i^tiak^), 

▼(X)  cos  k^+t, sin  kjt) -f-u,  fi„  (A2) 

where  the  ^erse  and  axial  components  of  the  velocitv 
are  determined  by  the  sunultaneous  sdution  of 


and 


(AlO) 


(All) 


j#  _ 2 

*e  c 


(A12) 


am  ,h. di,„,a« of  tbfa  fekj 


*  ‘f  -  1  - 

rdr  ^'"Br)--  B0-^-kjB^-O. 


(AI3) 


*  no-ibi 


(A3) 


and 


Elimination  of  ff,and  Reusing  Eqs.  (A7)  and  (All)  gives 

^  ^*'^7  Jr  (A14) 

The  simplest  solution  to  Bq.  (A14)  is 


»i  +«d 


=(-^} 


k. 


^A4) 

Using  this  representotion  for 
m  tll:r„;*'^‘^'  written 

»(*)  ^  Bit) 

/-ae"*  ar"*  — ^  »*(')»•  co8(*,^-ff), 

—  /?<')  L  alt)  4)w 
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which  implies  that 


a  *ii>n| 


(A13) 


(A16) 


and 


J,=0. 


(A17) 

<AI5HAI7) 

Pm****-  Jackson  and  ParsNng  2329 


'D.  E.  Perehmi.  R.  H.  Jacluon.  H.  Bluem,  and  H.  P.  Freund.  NucI 
Inatrum.  Methods  A  304,  127  (1491). 

'R.  K  Parker.  R.  H.  Jackson.  S.  H  Gold.  H.  P,  Freund,  V.  L  Granal- 
stein,  P.  C.  Efthimion,  M.  Herndon,  and  A.  K.  Kinkead.  Phys  Rev 
Lett.  4«.  23S  (1982). 

’J.  Fajans.  G.  Bekefi.  Y.  Z.  Yin,  and  B  Las.  Phys.  Rev.  Lett.  53.  246 
(1984). 

*J.  Masud,  T.  C.  Marshall,  S.  P.  Schlesinger,  and  F  G.  Yee,  Phys  Rev 
Utt.  56,  1567  (1986) 

’D  A.  Kirkpatrick,  G.  Bekefi,  A.  C  DiRienzo,  H.  P.  Freund,  and  A.  K. 
Ganguly,  Phys.  Fluids  B  1.  1511  (1989). 

‘M.  E.  Condeand  G.  Bekefi,  Phys.  Rev.  Lett.  67,  3082  (1991). 

’J.  A.  Pasour,  R.  F.  Lucey,  and  C.  Kapetanakos,  Phys.  Rev.  Lett.  S3 
1728  (1984). 

•T.  J.  Orzechowski,  B.  Anderson,  W.  M.  Fawley,  D.  Prosniti,  E.  T. 
Scharlemann,  S.  M.  Yarema,  D.  Hopkins,  A.  C.  Paul,  A.  M.  Sessler, 

and  J.  Wuttele,  Phys.  Rev.  Lett.  54,  889  (1985). 

’N.  S.  Ginzburg,  IEEE  Trans.  Plasma  Sci.  PS-IS,  411  (1987). 

'®T.  J.  T.  Kwan  and  J.  M.  Dawson,  Phys.  Fluids  22.  1089  (1979). 

"a.  K.  Ganguly  and  H.  P.  Freund,  Phys.  Fluids  31,  387  (1988). 


"H.  P.  Freund.  Phys  Rev.  A  37.  3371  (1988). 

H.  P.  Freund  and  T.  M.  Antonsen.  Jr.,  fnncipin  of  Firt-Electnn  La¬ 
sers  (Chapman  A  Hall,  London,  1992),  Chap  5. 

'*T.  M.  Antonsen,  Jr.  (private  communication.  1991). 

“H.  Bluem,  R.  H.  Jackson.  H.  P.  Freund,  D  E.  Pershing,  and  V.  L. 

Granatstein,  Phys  Rev.  Left.  67.  824  (1991). 

“C  A.  Brau,  Free-Electron  Lasers  (Academic,  Boston.  MA,  1990). 

H.  P.  Freund,  NucI.  Instrum.  Methods  (in  press). 

T.  J.  Onechowski  (private  communication.  1987). 

"C.  W.  Roberson,  Y.  Y.  Uu.  and  H.  P.  Freund,  in  High-Brightness 
Accelerators,  edited  by  A.  K.  Hyder,  M  F.  Rose,  and  A.  H.  Gunther 
(Plenum,  New  York.  1986),  p.  627. 

“H,  P.  Freund  and  A.  K.  Ganguly.  IEEE  Trans  Plasma  Sci.  PS-20  245 
(1992). 

*‘H.  P.  Freund,  Phys.  Fluids  B  5,  1869  ( 1993). 

“C.  Chen  and  R.  C.  Davidson,  Phys.  Rev.  A  43.  5541  ( 1991 ). 

L.  Michel,  A.  Bourdier,  and  J.  M.  Buzzi.  NucI.  Instrum.  Methods  A 
304,465  (1991). 

**G.  Spuidler  and  G.  Renz,  NucI.  Instrum.  Methods  A  304,  492  ( 1991 ). 


2330  Phys.  Fluids  B.  Vd.  5,  No.  7,  July  1993 


Freund,  Jackson,  and  Pershing  2330 


APPENDIX  IX 


Nonlinear  Simulation  of  a  High-Power  Collective 

Free-Electron  Laser 


H.P.  Freund  and  A.K.  Ganguly 
IEEE  Trans.  Plasma  Sci.  20,  245  (1992) 


a  L  .  vui.  .ti.  Mi  .V  JtNL  \^2 


Nonlinear  Simulation  of  a  High-Power, 
Collective  Free-Electron  Laser 

H.  P.  Freund  and  A.  K.  Ganguly 


Abstract—  A  comparison  is  described  between  the  three- 
dimensional  nonlinear  analysis  and  simulation  code,  ARACHNE, 
and  a  recent  33.4-GHz,  collective,  free-eiectron  laser  amplifier 
experiment  at  MIT.  The  experiment  has  demonstrated  power 
levels  of  61  MW  (w  27%  efficiency)  without  recourse  to  tapered 
magnetic  fields,  using  a  750-keV/30fi-A  electron  beam  with 
a  nominal  axial  energy  spread  of  IS%  propagating  through 
a  cylindrical  drift  tube  in  the  presence  of  a  helical  wiggler 
(Bw  ^  1-8  kG,  Xw  —  3.18  cm)  and  an  axial  guide  magnetic 
field  {Bo  ^  12  kG).  Significant  differences  in  the  character  of 
the  emission  were  found  based  upon  the  direction  of  the  guide 
magnetic  field.  When  the  wiggler  and  guide  fields  were  paralid, 
observed  power  levels  reached  approximately  4  MW  for  both 
the  strong  and  weak  guide  field  regimes,  but  vanished  in  the 
neighborhood  of  the  magnetic  resonance  (when  the  Lannor  and 
wiggler  periods  are  comparable).  In  this  case,  resonance  refers  to 
the  enhancement  of  the  transverse  wiggle-induced  velocity,  and 
the  reduction  in  the  emission  is  due  to  the  fact  that  the  electron 
beam  cannot  propagate  in  this  regime  due  to  orbital  instabilities. 
However,  the  maximum  power  was  observed  in  the  reversed 
field  case  when  the  wiggler  and  guide  fields  were  antiparailel. 
In  this  case,  no  resonant  enhancement  in  the  transverse  velocity 
is  expected  to  occur;  however,  a  significant  reduction  in  the 
output  power  was  found  to  occur  in  the  neighborhood  of 
the  antiresonance.  The  ARACHNE  simulation  is  in  substantial 
agreement  with  the  experiment.  In  the  reversed  field  case,  the 
simulation  shows  peak  power  levels  of  60  MW  at  the  nominal 
axial  energy  spread  of  the  experiment,  as  well  as  providing  good 
correspondence  with  the  power  reduction  at  the  anti-resonance. 
The  source  of  this  power  reduction  appears  to  be  a  previously 
unsuspected  effect  on  the  electron  orbits  due  to  the  wiggler 
inhomogeneity.  Agreement  with  the  much  lower  power  levels 
found  when  the  wiggler  and  guide  fields  are  parallel,  however, 
requires  the  assumption  of  a  subsUntial  increase  in  the  energy 
spread  of  the  beam. 


I.  Introduction 

The  free-clectron  laser  (FEL)  has  demonstrated  operation 
over  wavelengths  extending  from  microwaves  (1]-(18J 
through  the  optical  spectrum  (19}-[29].  Free-Electron  Laser 
experiments  have  been  conducted  with  electron  beams  pro¬ 
duced  by  virtually  every  type  of  accelerator,  including  radio¬ 
frequency  linacs,  microtrons,  storage  rings,  electrostatic  ac¬ 
celerators,  induction  linacs,  pulse-line  accelerators,  and  mod¬ 
ulators.  High  energy/low  current  accelerators  (i.e.,  RF  linacs, 
storage  rings,  microtrons,  and  electrostatic  accelerators)  are 
typically  employed  at  wavelengths  in  the  infrared  or  shorter 
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wavelengths,  and  the  maximum  efficiencies  achieved  are  of  the 
order  of  4%,  even  using  tapered  wiggler  designs  [24],  (25). 
In  contrast,  low-energy/high-current  electron  beams  (from 
induction  linacs,  pulse-line  accelerators,  and  modulators)  are 
employed  at  longer  wavelengths  in  the  microwave  or  mil¬ 
limeter  wave  regime.  In  the  past,  the  optimal  performance 
demonstrated  in  this  regime  is  represented  by  efficiencies 
of  the  order  of  approximately  12%  for  a  uniform  wiggler 
configuration  (IJ,  [6],  and  approximately  35%  for  the  case 
of  a  tapered  wiggler  [10]. 

The  present  paper  is  concerned  with  the  theoretical  de¬ 
scription  of  a  recent  experiment  conducted  by  Conde  and 
Bekefi  [30],  [31]  at  the  Massachusetts  Institute  of  Technology 
(MIT),  which  demonstrated  a  peak  efficiency  of  approxi¬ 
mately  27%  at  a  frequency  of  33.4  GHz  using  a  uniform 
w'iggler  configuration.  The  above-mentioned  tapered  wiggler 
experiment  achieved  a  35%  efficiency  at  the  same  frequency 
using  a  3.5-MeV/850-A  electron  beam  produced  by  the  ETA 
induction  linac  at  the  Los  Alamos  National  Laboratory  (LLNL) 
in  conjunction  with  a  planar  wiggler  with  a  tapered  am¬ 
plitude  [10].  In  contrast,  the  MIT  experiment  employed  a 
750-keV/300-A  electron  beam  produced  by  a  pulse-line  ac¬ 
celerator  in  conjunction  with  a  uniform  helical  wiggler/axial 
guide  field  configuration.  This  latter  configuration  has  been 
used  in  the  past  to  produce  a  35-GHz  FEL  amplifier;  however, 
the  maximum  efficiency  obtained  was  of  the  order  of  7% 
with  a  tapered  axial  magnetic  field  [4].  In  addition,  the 
maximum  efficiency  in  the  MIT  experiment  was  observed 
when  the  wiggler  and  axial  guide  magnetic  fields  were  directed 
antiparallel  to  each  other.  This  reversed-field  geometry  is  a 
previously  untried  configuration.  Hence,  this  experiment  has 
broken  new  ground  in  the  performance  of  FEL  amplifiers,  and 
illustrates  some  novel  aspects  in  the  interaction  physics  of 
the  FEL 

For  convenience,  we  refer  to  the  three-dimensional  non¬ 
linear  simulation  code  used  to  analyze  this  experiment  as 
“ARACHNE.”  This  code  was  first  developed  to  treat  the 
case  of  FEL  amplifiers  in  the  high-gain  Compton  regime 
{32]-[36]  in  which  the  coupling  with,  the  fluctuating  beam 
space-charge  waves  can  be  ignored.  However,  ARACHNE  was 
subsequently  extended  to  treat  the  collective  Raman  regime 
[37]  and  has  been  benchmarked,  with  good  results,  against  two 
earlier  FEL  experiments  at  MIT  [12],  [16],  as  well  as  against 
a  series  of  experiments  at  the  Naval  Research  Laboratory  [17], 
The  ARACHNE  code  represents  a  slow-time-scale  formulation 
in  which  the  electromagnetic  field  is  expanded  in  terms  of  a 
superposition  of  the  vacuum  TE  and  TM  modes  of  a  cylindrical 
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waveguide.  The  space-charge  field  is  expanded  in  terms  of 
a  superposition  of  the  Gould-Trivelpiece  modes  [38]  of  a 
beam  propagating  through  the  waveguide  in  the  absence  of 
he  wiggler  field.  A  series  of  slow-time-scale  equations  are 
then  ^iv^  for  the  evolution  of  the  amplitude  and  phase  of 
each  TE,  TM,  and  Gould-Trivelpiece  mode  in  the  presence 
^  the  interaction  with  the  electron  beam  in  the  wiggler. 
^ese  equations  are  then  integrated  simultaneously  with  the 
three-dimensional  Lorentz  force  equations  for  the  electrons 
m  the  complete  ensemble  of  electromagnetic,  electrostatic, 
and  magnetostatic  fields.  We  emphasize  that  while  Maxwell’s 
equations  are  averaged  over  the  wave  period  in  order  to 
denve  the  slow-time-scaJe  equations  for  the  field  amplitudes 
and  phases,  no  averaging  procedure  is  imposed  on  the  orbit 
equations.  It  will  be  demonstrated  that  this  is  an  essential 
feature  of  the  formulation  required  to  explain  many  aspects 
of  the  expenment. 

The  organization  of  the  paper  is  as  followrs.  A  brief  descrip¬ 
tion  of  the  experiment  is  given  in  Section  II.  Section  III  is 
devoted  to  a  brief  description  of  the  single-particle  orbit  dv- 
namira  in  a  combmed  helical  wiggler/axial  guide  field  system 
and  the  assoaated  implications  for  the  PEL  interaction.  A  more 
complete  dc^ription  of  the  ARACHNE  formulation  is  given 
in  Section  IV  The  detailed  comparison  with  the  experiment  is 
predated  m  Section  V.  which  is  divided  into  two  subsections 
dealing  with  the  parallel  and  antiparallel  alignment  of  the 

wiggler  and  guide  magnetic  fields.  A  summary  and  discussion 
IS  given  in  Section  VI. 
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II.  Experimental  Descriphon 

In  this  section,  we  provide  a  brief  description  of  the  ex- 
^nment  for  purposes  of  comparison.  The  interested  reader 

and  Bekefi  [30], 

31]  for  a  complete  de.scription.  TTie  basic  configuraUon  is 
^at  of  an  amplifier  in  which  a  weakly  relativistic  electron 
T  "  cylindrical  waveguide  in  the  presence 

fill?’  solenoidal 

field.  The  wave-particle  interaction  is  with  the  hmdamental 

f  til  mode  of  the  waveguide  at  a  frequency  of  33.39  GHz 
which  corresponds  to  the  frequency  of  the  magnetron  used  to 
dnve  the  amplifier. 

PuSrnf im^i*  “  *“'”*'‘*  ‘’y  “  International 

^  lOOA  by  means  of  field  emission  from  a  graphite 

So  tev  experiment  is 

750  keV  (±50  ke^.  The  quality  (i.e.,  the  emittance  and 

nergy  spread)  of  the  beam  delivered  to  the  interaction  region 
IS  «nMled  by  scaping  4,  beam  wiU.  a  shaped  grapS 
anode.  This  technique  was  originally  pioneered  at  the  Naval 
bvThTtF^?’”"’^  use  in  an  PEL  experiment  driven 
the  h  [3].  [4].  In  the  MIT  experiment, 

the  shaped  anode-cathode  geometry  results  in  a  beam  with  a 

^  f  (corresponding  to  the  radius  of  the  anode 

n!?,  *"*1  “  estimated  to  be  approxi- 

nomal-  corresponds  to  a 

nomalized  RMS  beam  emittance  of  c„  <  4.4  x  lO'*  cm-rad. 

The  current  available  using  this  configuration  was  of  the  ^ 

order  of  300  A(±30  A)  «  delivered  »  dr^inrelZ  i 
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whti'Sr'b.”  “'‘“T  “Of  orrnen. 

Which  could  be  propagated  through  the  wiggler/guide  field 

mjewones.  C^m  propagnbon  data  indicated  quite  different 
dependtng  upon  the  orientation  of  the  at^al  wTde 
field  The  te^ts  found  for  the  eunent  propagated  through^the 
Mg^r  iri  a  fiinctton  of  the  magnitude  of  the  axial  guidf  Held 
for  Onontaujms  tn  which  the  guide  field  is  directi  paral'el 

» thTT^  ‘  r*  “  “  '''"'“fi-fi'1‘1  eonfigumtion) 

»  4e  wtg^er  are  shown  in  Figs.  1  and  2.  respecSely  In 

^rS”  '  “T'  0“''*  fie  Propaited 

Side  fcldT  of  fi» 

the  guide  field  was  onented  parallel  to  the  wiggler  in  the 
vicinity  of  the  magnetic  resonance  at  which  the  Larmor  period 
“tjd  tjdth  the  guide  field  Is  comparable  to  the  w^ 
^nod.  In  thts  case,  thee  is  a  well-known  instability  “the 

I38Uf42l”r^d!I^  P'oP'gation  of  the  beam 

exiled  off  !!,4fr!:t““  P^POgated  eunent 

.  “■'"arsed  case  when  the  Larmor  and 

iggler  fwnods  were  comparable.  For  convenience  we  shall 
refer  to  this  as  the  antiresonance. 


The  explanation  for  this  antiresonani  effect  was  discovered 
independently  by  Chu  and  Lin  [39],  who  found  that  the 
inhomogeneity  in  the  wiggler  field  introduces  a  sinusoidal 
driving  term  to  the  electron  orbit  equations.  This  term  arises 
from  the  fact  that  an  electron  on  a  helical  orbit  centered  off  the 
axis  of  symmetry  experiences  a  sinusoidally  varying  wiggler 
field  which  acts  to  drive  the  electrons  at  a  period  close  to 
the  wiggler  period.  Hence,  this  effect  becomes  important  for 
electron  beams  which  are  big  enough  that  a  substantial  fraction 
of  the  electrons  are  located  relatively  far  from  the  symmetry 
axis.  In  addition,  it  is  resonant  for  axial  fields  close  to  the 
antiresonance.  We  shall  discuss  this  in  more  detail  during  the 
comparison  of  the  simulation  with  the  power  measurements, 
since  the  orbital  irregularities  introduced  by  this  effect  have  a 
significant  impact  on  the  growth  of  the  signal. 

The  wiggler  field  is  produced  by  a  bifilar  helix  with  a  period 
of  A^.  =  3.18  cm,  a  length  of  SOA^,,  and  an  adiabatic  entry 
taper  which  is  six  wiggler  periods  in  length.  The  wiggler 
amplitude  was  continuously  adjustable  up  to  an  amplitude  of 
approximately  1.8  kG.  The  axial  guide  field  could  be  adjusted 
up  to  a  maximum  amplitude  of  almost  12  kG. 

The  beam  propagated  through  a  cylindrical  waveguide  of 
0.51  cm  in  radius,  which  provided  for  a  wave-particle  res¬ 
onance  with  the  fundamental  TEn  mode  in  the  vicinity 
of  35  GHz.  The  PEL  was  operated  as  an  amplifier,  and  a 
magnetron  which  produced  approximately  17  kW  (±10%)  at  a 
frequency  of  33.39  GHz  was  used  as  a  driver.  Since  the  output 
from  the  magnetron  was  linearly  polarized,  this  corresponded 
to  approximately  8.5  kW  in  the  right-hand,  circularly  polarized 
state  which  was  capable  of  interacting  with  the  helical  wiggler 
geometry. 

This  constitutes  a  summary  of  the  experimental  configu¬ 
ration  which  is  relevant  to  the  discussion  of  the  theoretical 
analysis.  ^Further  discussion  of  such  aspects  of  the  experiment 
as  the  input  coupler  and  the  detection  system  are  not  directly 
relevant  to  the  discussion  in  this  paper,  and  the  interested 
reader  is  referred  to  Conde  and  Bekefi  [30],  [31]  for  a  complete 
presentation. 

The  output  from  the  amplifier  showed  the  greatest  efficiency 
for  the  field-reversed  configuration.  In  this  case,  a  peak  power 
of  61  MW  for  a  conversion  efficiency  of  27%  was  found  for 
a  wiggler-field  magnitude  of  approximately  1.47  kG  and  an 
axial  magnetic  field  of  10.92  kG.  The  current  which  could  be 
propagated  in  these  fields  was  near  the  maximum  of  300  A. 
The  output  power  for  the  field-reversed  configuration  also 
showed  a  severe  decrease  in  the  vicinity  of  the  antiresonance, 
dropping  by  more  than  three  orders  of  magnitude.  The  power 
observed  when  the  axial  magnetic  field  was  oriented  parallel 
to  the  wiggler  was  much  less  than  for  the  field-reversed 
configuration,  and  showed  a  maximum  measured  power  of 
approximately  4  MW.  Details  of  the  output  power  spectra  will 
be  presented  in  the  comparison  with  the  theoretical  results. 


111.  SiNGLE-PARnCLE  DYNAMICS 

Before  we  describe  the  nonlinear  simulation,  it  is  useful  to 
summarize  the  essential  properties  of  the  single-particle  orbits 
in  FEL  configurations,  which  consist  in  a  combination  of  a 


helical  wiggler  and  an  axial  guide  magnetic  field.  The  three- 
dimensional  representation  of  the  magnetostatic  fields  for  this 
geometry  in  cylindrical  coordinates  is  [40] 


+  2Bu 
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where  Bq  and  denote  the  axial  and  wiggler  field  am¬ 
plitudes,  A  =  k^.r,  X  =  k^z,  k^.(=  27r/A„.)  denotes 
the  wiggler  wavenumber,  and  1„  and  denote  the  modified 
Bessel  function  of  the  first  kind  of  order  n  and  its  derivative, 
respectively. 

The  dynamics  of  electrons  in  these  combined  fields  have 
been  discussed  in  both  one  [41],  [42]  and  three  dimensions 
[40],  [43],  [44].  The  fundamental  equations  governing  the 
electron  trajectories  can  be  most  simply  analyzed  in  the 
coordinate  frame  which  rotates  with  the  wiggler  field  and  is 
defined  by  the  basis  vectors:  ei  =  cos  k^z  +  e„sinA:„,2, 
h  -  -ir  sin  k^.z  -1-  cos  k^  z,  and  cs  =  We  shall 
henceforth  refer  to  this  as  the  wiggler  frame.  In  this  coordinate 
frame,  the  three-dimensional  Lorentz  force  equations  can  be 
expressed  as  [43] 
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V3=  ^wV2lhW  + I2W  cos2x]-Uu,vil2i\)  sin2x.  (4) 
A  =  k^.{vi  cos  Y  -f  uj  sin  x)  (5) 

and 
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X  =  —(V2  cos  Y  -  f  sin  x-  Avj)  (6) 


where  Do.*  s  cJ5o.«;/7TrirC,7  =  (l  - 
These  equations  exhibit  a  class  of  steady-state  helical  tra¬ 
jectories  which  may  be  found  by  requiring  the  derivatives  in 
(2)-(6)  to  vanish.  This  implies  that  uj  =  V2  =  0,  V3  =  t;||, 
X  =  i’t/Z,  and  A  =  Aq,  where  vn  is  constant,  Aq  =  TUu  /v||, 
and 
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In  addition,  we  must  require  that  and  i»||  satisfy  the  energy- 
conservation  requirement  which  implies  that 


(8) 


These  equations  constitute  a  set  of  two  transcendental  equa¬ 
tions  for  t;„  and  vn  as  functions  of  the  parameters  which  define 
the  fields  and  the  total  energy. 

We  first  consider  the  solution  of  these  equations  in  the  case 
in  which  the  axial  guide  fields  are  directed  parallel  to  the 
wiggler  field.  A  solution  for  the  axial  velocity  as  a  function 
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Of  the  magnitude  of  the  axial  guide  field  is  shown  in  Fig  3 
for  parameters  consistent  with  the  experiment.  This  consists 

U^63  IcG  and  a  wiggler  period  of  3.18  cm.  As  shown  in  this 
gure,  there  are  two  distinct  regimes  which  are  referred  to  as 
roup  I  (when  flo  <  A:,„r;||)  in  the  weak-guide  field  regime  and 
Group  II  (when  Qo  >  ^ri,)  in  the  strong-guide  fiewTegil 
The  transitional  resonant  regime  for  fin  ~  i-  l  • 

case  for  avi»i  fi-Wc  k  ^  ®  ~  *“'*^11  odours  m  this 

xial  fields  between  approximately  5-8  kG  In  this 

regime  the  transverse  velocity  becomes  large,  which  rcqulms 
the  axial  velocity  to  decrease.  The  dashed  lines  in  the  Lure 
denote  unstable  trajectories.  * 

bv^*'  of  ‘he  Group  I  and  II  orbits  can  be  determined 

by  a  perturbation  analysis  [43]  in  which  we  write  ^  = 

abi^s  L  perturbed  vari- 
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^mination  of  the  definitions  of  Ul  shows  that  >  n 
(^ital  instability  occurs  whenever  ft*  <o  which  kthn" 

shown  by  the  dashed  lines  in  Figs.  3'and  4  ““ 

A  similar  plot  of  the  axial  velocity  as  a  fimerion 
magnitude  of  the  axial  magnetic  field  in  the  reversed  field 
IS  shown  in  Fig.  4  for  a  wigglcr  amplitudro  "47  kG 
which  corresi^nds  to  the  experimental  value  of  the  wiggS 
Id  used  in  this  configuration.  As  shown  in  this  figure  Acre 
IS  no  resonant  enhancement  in  this  case  when  the  i' 

^  wte,.,  peHods  con.p,„bfcr.h. 
antiresonant  at  which  ftn  «  -k  .1.  ■  .  “ 

Imy  magnitude  of  the'^de  fill-in 

ddition,  there  is  no  orbital  instability.  It  will  be  shown  • 
Section  V.  in  which  we  discuss  the  rnsulte  of  he  .  T- 
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Together,  these  two  simplifications  result  in  both  a  substantial 
increase  in  the  step  size  and  a  reduction  in  the  number  of 
electrons  in  the  simulation  with  respect  to  the  requirements  of 
a  full-scale  particle-in-cell  simulation.  Hence,  the  numerical 
requirements  for  the  simulation  of  an  FEL  amplifier  are  rela¬ 
tively  modest.  Typical  run  times  for  the  cases  presented  herein 
are  in  the  range  of  5-10  min.  on  a  Cray-2  supercomputer. 

The  electromagnetic  field  in  this  formulation  is  represented 
in  terms  of  a  superposition  of  the  TE  and  TM  modes  of  the 
vacuum  waveguide.  Note  that  this  does  not  violate  the  single¬ 
frequency  assumption,  since  the  wavenumbers  of  the  modes 
which  are  included  in  the  superposition  will  vary  depending 
upon  the  ^cific  cut-off  frequencies.  One  restriction,  however, 
which  is  imposed  is  that  only  propagating  modes  (in  which 
the  cutoff  frequency  is  lower  than  the  wave  frequency)  can 
be  included  in  the  formulation.  The  space-charge  field  is  rep¬ 
resented  in  terms  of  a  superpostion  of  the  Gould— Trivelpicce 
modes  (at  the  same  frequency  as  the  electromagnetic  wave) 
for  a  beam  which  completely  fills  the  waveguide  [38].  Observe 
that  the  transverse  variation  of  the  axial  electric  field  of  the 
Gould-Trivelpiece  modes  is  identical  to  that  of  the  TM  modes 
of  a  cylindrical  waveguide.  The  fundamental  assumption  in 
the  case  of  both  the  electromagnetic  and  electrostatic  field  is 
that  while  the  transverse  mode  structure  is  determined  by  the 
waveguide  or  the  beam  conditions,  the  amplitude  and  phase 
vary  slowly  (with  respect  to  the  wave  period)  in  the  axial 
direction  due  to  the  interaction  with  the  electron  beam.  Since 
both  the  fluctuating  electromagnetic  and  electrostatic  fields  are 
at  the  same  frequency,  the  dynamical  equations  for  both  cases 
can  be  averaged  over  the  wave  period  in  order  to  obtain  the 
equations  for  the  slow  variations. 

In  order  to  complete  the  formulation,  the  orbit  equations  for 
an  ensemble  of  electrons  must  be  specified.  For  this  purpose 
we  employ  the  three-dimensional  Loremz-force  equations. 
This  requires  the  integration  of  the  electron  trajectories  in  the 
complete  set  of  electrostatic  (Gould— Trivelpicce  modes),  mag¬ 
netostatic  (wigglcr  and  axial  guide  fields),  and  electromagnetic 
fields  (TE  and  TM  modes  of  the  waveguide).  It  is  important 
to  bear  in  mind  that  it  is  not  necessary  to  perform  an  average 
of  these  equations,  since  the  Lorentz  force  equations  are 
inherently  slowly  varying  for  waves  in  near-resonance  with  the 
beam.  The  generality  of  this  formulation  of  the  electron  orbits 
is  a  crucial  feature  which  permits  the  simulation  to  describe 
not  only  the  primary  oscillation  induced  by  the  wigglcr,  but 
also  Larmor  effects  due  to  the  presence  of  the  axial  field 
and  Betatron  oscillations  and  guiding-center  drifts  due  to  the 
wiggler  inhomogenieties.  This  is  the  critical  requirement  in 
the  simulation  of  the  field-reversed  configuration  near  the 
antiresonance. 

The  initial  conditions  on  the  electron  beam  are  chosen  to 
describe  the  beam  as  it  is  prior  to  the  entry  into  the  wiggler 
We  ^ume  a  uniform  distribution  in  both  inital  phase  and  cross 
section.  The  beam  is  assumed  to  have  a  fiat-top  density  profile 
for  simplicity.  The  effect  of  an  axial  energy  spread  is  included 
by  means  of  a  momentum  space-distribution  function  which  is 
monoenergetic,  but  displays  a  pitch-angle  spread.  The  wiggler 
field  model  includes  the  adiabatic  entry  taper  from  zero  to  a 
fixed  value,  and  ARACHNE  then  describes  the  self-consistent 


injection  of  the  electron  beam  into  the  wiggler.  This  procedure 
has  a  practical  advantage,  since  it  is  easier  to  determine  the 
characteristics  of  the  electron  beam  prior  to  the  injection  into 
the  wiggler. 

The  initial  conditions  imposed  on  the  TE  and  TM  modes  are 
that  the  initial  amplitude  of  each  mode  is  chosen  to  reflect  the 
injected  power  into  the  system,  and  the  initial  wavenumber 
corresponds  to  the  vacuum  value  appropriate  to  the  mode. 
ARACHNE  then  determines  the  self-consistent  evolution  of 
both  the  amplitude  and  wavenumber  due  to  the  dielectric 
effect  of  the  beam  in  the  wiggler.  The  initial  growth  rates 
are  assumed  to  be  zero,  since  the  wiggler  field  is  initially  zero 
as  well. 

The  initialization  of  the  Gould-Trivelpiece  modes  is  ac¬ 
complished  by  evaluation  of  the  appropriate  initial  phase 
averages  of  the  electron  beam.  Note  that  the  assumption  of  a 
uniform  electron  beam  implies  that  the  phase  averages  which 
appear  in  Poisson’s  equation  will  initially  vanish  However, 
the  use  of  a  discrete  ensemble  of  electrons  introduces  a  small 
numerical  error  into  the  initial  phase  averages  (i.e.,  (sin  tp)  and 
(cos^p)).  We  find  that  in  practice,  the  use  of  these  numerical 
uncertainties  for  the  phase  averages  in  Poisson’s  equation 
to  select  the  initial  amplitudes  and  wavenumbers  smooths 
the  initial  transients  associated  with  the  subsequent  phase 
bunching  of  the  electron  beam. 

Within  the  context  of  this  initialization  scheme,  ARACHNE 
subsequently  self-consistently  integrates  the  dynamical  equa¬ 
tions  for  the  field  amplitudes  and  phases  of  each  of  the 
electromagnetic  and  electrostatic  waves  included  in  the  simu¬ 
lation  in  conjunction  with  the  Lorentz  force  equations  for  the 
electron  ensemble  (which  typically  includes  9600  electrons). 
Since  the  complete  Lorentz  force  equations  are  used,  this 
permits  the  self-consistent  description  of  the  effects  of  the 
injection  of  the  beam  into  the  wiggler,  the  bulk  wiggler 
motion,  Larmor  motion,  the  effects  of  wiggler  inhomogenieties 
(ic.,  Betatron  motion  and  the  associated  guiding-center  drifts, 
velocity  shear  effects,  orbital  instabilities  in  the  Group  I  and 
II  regimes,  etc.),  and  harmonic  interactions.  Of  the  greatest 
significance  to  the  current  experiment,  however,  it  is  the 
implicit  inclusion  of  the  antiresonance  phenomena  in  the 
reversed-ficid  configuration. 


V.  THE  Experimental  Comparison 

The  experiment  has  been  operated  with  the  axial  magnetic 
field  oriented  both  parallel  and  antiparallel  with  the  wiggler 
field,  and  we  shall  discuss  the  comparison  with  each  of 
these  regiines  separately.  Features  common  to  both  regimes, 
however,  involve  the  choice  of  various  system  parameters 
as  well  as  the  initialization  of  the  modes  included  in  the 
simulation. 

Features  common  to  all  cases  studied  derive  from  the 
geometry  of  the  system.  Specifically,  we  take  the  waveguide 
radius  to  be  A,  =  0.51  cm,  the  wiggler  period  to  be  Au,  = 
3.18  cm,  and  the  wiggler  entry  taper  as  =  6  wiggler 
periods  in  length.  In  addition,  while  the  beam  current  varies 
with  the  magnitude  of  the  axial  guide  field,  the  beam  energy 
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IS  750  keV  and  the  radius  is  fixed  at  the  aperture  of  the  anode 
to  Rb  =  0.25  cm. 

Since  the  frequency  of  the  amplifier  experiment  is  fixed  by 
the  33.39-GHz  magnetron,  the  beam  energy  of  750  keV  and 
waveguide  radius  of  0.51  cm  insures  that  a  resonant  interaction 
IS  possible  only  with  the  fundamental  TEn  mode  of  the  guide. 
Since  the  magnetron  produces  approximately  17  kW  with  a 
linear  polarization,  we  assume  that  only  half  of  this  power 
IS  available  with  the  correct  circular  polarization  to  interact 
with  the  beam.  Hence,  the  initial  power  of  the  TEn  mode 
is  chosen  to  be  8.5  kW.  The  collective  Raman  interaction 
in  an  PEL  couples  the  TEu  mode,  in  principle,  with  each 
of  the  Gould-Trivelpiece  modes  having  an  azimuthal  mode 
number  of  1  =  0  (37J.  In  practice,  however,  we  find  that 
inclusion  of  only  the  lowest-order  radial  mode  is  required 
to  give  reasonable  agreement  with  the  experiment.  Note  that 
the  axial  electric  field  of  this  mode  has  the  same  transverse 
variation  of  the  TMqi  waveguide  mode.  Hence,  the  following 
simulations  have  been  performed  using  only  one  waveguide 
mode  and  one  Gould-Trivelpiece  mode. 

A.  The  Reversed- Field  Configuration 

The  first  case  we  consider  is  that  of  a  field-reversed  con¬ 
figuration  in  which  the  nominal  experimental  magnetic  field 
parameters  were  an  axial  field  magnitude  of  10.92  kG  and  a 
wiggler  field  of  1.47  kG.  The  transmitted  current  for  these  field 
parameters  was  300  A(±10%)  and  the  axial  energy  spread 
of  the  beam  is  assumed  to  be  1.5%,  as  indicated  in  the 
experiment.  These  parameters  represent  the  case  of  the  peak 
power  observed  in  the  experiment  of  61  MW. 

The  comparison  of  the  experiment  and  ARACHNE  is  shown 
in  Fig.  5,  in  which  we  plot  the  power  as  a  function  of 
axial  position,  and  in  which  the  dots  represent  the  power 
as  measured  in  the  experiment.  As  shown  in  the  figure, 
ARACHNE  was  used  for  two  sets  of  parameters.  The  first 
corresponds  to  the  nominal  experimental  values  given  above, 
and  the  second  corresponds  to  the  upper  limits  on  the  (i) 
current,  (ii)  wiggler  field,  and  (iii)  input  power  (due  to  the 
experimental  uncertainties)  of  330  A,  1.55  kG,  and  10  kW,  re¬ 
spectively.  As  is  evident  in  this  figure,  the  agreement  between 
the  experimental  measurements  and  ARACHNE  is  good,  and 
virtually  all  the  dau  points  fall  between  these  two  curves. 

The  saturated  power  for  these  two  choices  of  the  current, 
wiggler  field,  and  input  power  differ  only  marginally  and  are 
close  to  the  61  MW  measured  in  the  experiment.  The  principal 
difference  is  in  the  saturation  length,  which  is  due  to  a  small 
discrepancy  in  the  growth  rates  for  these  two  cases. 

The  interaction  efficiency  in  this  case  is  approximately  27%, 
which  is  far  above  that  found  in  the  laboratory  previously 
for  uniform  wiggler  configurations  and  is  comparable  to  the 
maximum  efficiency  obtained  for  a  tapered  wiggler  configura¬ 
tion  [10).  It  should  be  noted,  however,  that  efficiencies  of  this 
magnitude  have  been  predicted  in  previous  simulations  using 
ARACHNE  for  uniform  wiggler  configurations  [32],  [36]  and 
is  comparable  to  that  which  is  expected  due  to  the  phase 
trapping  of  the  electron  beam  in  the  ponderomotive  wave 
formed  by  the  beating  of  the  wiggler  and  radiation  fields.  The 
efficiency  estimated  by  this  technique  represents  the  energy 
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ARACHNE  and  from  the  expenmeni  (dots)  for  a  field-reversed  configuration. 

lost  by  the  electron  as  the  axial  velocity  decreases  by  an 
amount  Ar,  =  2{v,  -  Vp^),  where  Uph  =  u/{k  -i-  jt„,)  is  the 
phase  velocity  of  the  ponderomotive  wave.  Here,  {uj.k)  are 
the  angular  frequency  and  wavenumber  of  the  electromagnetic 
wave,  and  k^  is  the  wiggler  wavenumber.  The  phase-trapping 
estimate  for  the  efficiency  can  be  expressed  in  the  form: 


"  c  V  c  k  +  k^.J 


(15) 


The  inclusion  of  Raman  effects  in  this  estimate  is 
accompltshed  by  the  choice  of  the  appropriate  frequency  and 
wave  number  in  the  phase  velocity  of  the  ponderomotive 
wave.  ARACHNE  includes  collective  Raman  effects  and  for 
the  example  shown,  results  in  a  normalized  wavenumber  of 
k/k^  ss  2.98  for  the  TEn  mode  at  a  frequency  of  33.39  GHz 
(ie.,  uz/cku,  ss  3.5).  As  a  consequence,  the  phase  velocity  of  the 
ponderomotive  wave  is  Vph/c  ss  0.879.  Note  that  this 
wavenumber  differs  from  the  normalized  wavenumber  for  a 
vacuum  TE„  mode  for  which  k/k^  ss  2.985,  and  that  the 
dielectric  loading  of  the  waveguide  due  to  the  interaction 
in  either  the  Raman  or  Compton  regimes  is  included  in 
ARACHNE.  In  addition,  the  axial  electron  velocity  for  the 
steady-state  orbit  in  this  field  configuration  is  v^/c  ss  0.911, 
which  gives  ss  5.89.  As  a  result,  the  estimate  of  the  phase¬ 
trapping  efficiency  is  approximately  34%.  It  is  important  to 
recopiize  that  estimates  such  as  this  must  be  employed  with 
caution  and  should  be  taken  in  the  present  case  to  indicate  the 
possibility  of  high-efficiency  operation.  However,  it  should 
also  be  noted  that  while  the  estimate  Is  higher  than  that  found 
in  either  the  simulation  or  experiment,  it  does  not  include  the 
effects  of  an  axial  energy  spread. 

The  variation  in  the  output  power  over  an  interaction  length 
of  150  cm  as  a  function  of  the  magnitude  of  the  reversed 
magnetic  field  is  shown  in  Fig.  6.  Again,  the  dots  represent 
the  experimentally  measured  power,  and  the  curve  is  the 
result  from  ARACHNE.  The  current  used  in  the  simulation 
for  each  value  of  the  axial  field  corresponds  to  the  transmitted 
current  shown  in  Fig.  2.  Agreement  between  the  experiment 
and  theory  is  good  across  the  entire  range  studied.  Of  particular 
importance  is  the  sharp  decrease  in  the  output  power  in  the 
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Fig.  6.  The  variation  in  the  output  power  versus  the  magnitude  of  the 
reversed  axial  field  as  measured  in  the  experiment  (dots)  over  an  interaction 
length  of  150  cm  and  with  ARACHNE. 

vicinity  of  the  antiresonance  at  axial  field  magnitudes  between 
approximately  7-8.5  kG. 

The  source  of  this  antiresonant  decrease  in  the  interaction 
efficiency  is  the  inegularities  introduced  into  the  electron 
trajectories  by  the  transverse  inhomogeniety  in  the  wiggler. 
For  this  particular  example,  the  radius  of  the  wiggler-induccd 
motion  (i.e.,  the  radius  of  the  helical  steady-state  trajectory)  is 
approximately  0.04  cm.  However,  the  beam  radius  is  0.25  cm 
in  this  experiment.  As  a  consequence,  the  electrons  at  the 
outer  regions  of  the  beam  are  quite  sensitive  to  the  wiggler 
inhomogeniety  and  experience  a  sinusoidally  varying  wiggler 
field  during  the  course  of  their  trajectories.  These  effects  are 
implicitly  included  in  the  ARACHNE  formulation,  and  we  can 
illustrate  their  effect  on  the  electron  beam  by  examining  the 
orbits  of  selected  elecuons  in  the  simulation. 

The  first  case  we  shall  consider  is  that  of  a  elecUon  which  is 
located  near  the  center  of  the  beam  upon  entry  to  the  wiggler 
for  a  reversed  axial  field  of  7.2  kG,  which  is  in  the  center  of 
the  antiresonance  region.  The  evolution  of  the  trajectory  in  the 
transverse  plane  is  shown  in  fig.  7,  in  which  the  jaggedness 
is  a  artifact  introduced  into  the  figure  by  plotting  only  every 
tenth  point  in  the  integration.  The  orbit  shown  in  the  figure 
exhibits  the  expected  spin-up  of  the  electron  trajectory  due  to 
the  adiabatic  injection  into  the  wiggler  field,  and  the  electron 
executes  a  near-helical  steady-state  orbit  upon  transition  to  the 
uniform-wiggler  region  (i.e.,  after  the  six  wiggler  periods  of 
the  entry  taper  region).  The  principal  characteristics  of  such 
an  orbit  are  the  regular  wiggler-induced  transverse  velocity, 
which  mediates  the  interaction,  and  a  near-uniform  axial 
velocity,  which  permits  the  resonant  wave-particle  interaction 
to  occur  over  an  extended  interaction  length.  This  behavior  is 
also  found  for  electrons  at  the  center  of  the  beam  for  axial 
fields  away  from  the  antiresonance.  The  differences  occur 
principally  for  the  edge  electrons. 

In  order  to  show  the  nature  of  these  differences,  we  focus 
on  a  characteristic  electron  which  is  initially  located  at  the 
edge  of  the  beam  (i  w  0.25  cm  and  y  ss  0)  upon  entry  to  the 
wiggler.  The  aoss-sectional  evolution  of  the  trajectory  of  such 
an  electron  for  a  reversed  axial  field  of  10.92  kG  is  shown  in 


Fig  7.  The  cross-sectional  evolution  of  the  trajeaory  of  an  electron  in¬ 
jected  near  the  center  of  the  beam  for  an  axial  field  in  the  viciniiv  of  the 
antiresonanct. 
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Fig.  8.  The  cross-sectional  evolution  of  the  trajectory  of  an  electron  injected 
at  Uie  edge  of  the  beam  for  an  axial  field  far  from  the  antiresonance. 

Fig.  8.  This  case  is  not  in  the  vicinity  of  the  antiresonance,  and 
the  orbit  illustrates  several  features.  The  predominant  feature 
is  the  aforementioned  spin-up  of  the  electron  due  to  the  bulk 
wiggler  motion.  However,  the  electron  also  executes  slower 
motion  which  corresponds  to  Betatron  and  Larmor  motion  due 
to  the  wiggler  inhomogeneity  which  manifests  as  a  guiding- 
center  drift  in  the  counter-clockwise  direction.  This  orbit  is 
fairly  regular  and  does  not  result  in  any  significant  degradation 
in  the  interaction  efficiency  (see  Fig.  5). 

However,  the  situation  is  quite  different  for  an  edge  elec¬ 
tron  in  the  vicinity  of  the  antiresonance.  The  cross-sectional 
evolution  of  such  a  trajectory  is  shown  in  Fig.  9  for  an  axial 
field  magnitude  of  7J2  kG.  The  orbit  in  this  case  exhibits  the 
initial  spin-up  due  to  the  bulk  wiggler  action,  but  subsequently 
undergoes  what  appears  to  quite  irregular  motion.  The  effect 
of  this  motion  on  the  axial  momentum  is  shown  in  Fig.  10, 
in  which  we  plot  the  axial  momentum  versus  axial  position 
for  the  central  and  the  edge  electrons.  It  is  clear  from  this 
figure  that  the  axial  momentum  exhibits  regular  oscillations 
about  the  bulk  value  for  die  central  elecUon,  but  not  for 
the  edge  electron.  In  the  latter  case  the  motion  exhibits  far 
more  structure,  reflecting  the  Betatron  and  Larmor  motions  as 
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Fig.  10.  T^e  evolution  of  the  axial  momentum  versus  axial  position  for 
elearons  injected  at  the  edge  of  the  beam  and  the  center  of  the  beam  in  the 
vicinity  of  the  antiresonance. 

well  as  sudden  transitions.  Similar  behavior  is  found  for  the 
transverse  components  of  the  momentum  as  well.  These  rapid 
and  large  variations  in  the  axial  momentum  are  the  major  cause 
of  the  degradation  in  the  interaction  efficiency,  since  they  act 
to  disrupt  the  resonant  wave-particle  interaction. 

The  fundamental  physics  of  this  antiresonant  process  [39] 
can  be  understood  by  means  of  a  relatively  simple  treatment 
of  the  single-particle  orbit  dynamics.  In  order  to  accomplish 
this,  we  return  to  the  formulation  presented  in  [43].  In  this 
treatment,  the  electron  position  and  velocity  are  written  as 
®  —  ®c+*o»c>  where  the  subscript  c  denotes  the  guiding-center 
position,  and  “osc”  denotes  the  various  oscillatory  motions. 
Under  the  assumption  that  the  guiding-center  position  is  fixed 
(i.e.,  V  =  Wok),  expansion  of  the  orbit  equations  (2)-(4)  about 
the  guiding-center  position  results  in  the  following  equations 
for  the  electron  velocity  (where  we  drop  the  subscript  “osc” 
for  convenience): 

til  =  -  (fio  -  A:,„W3)wa  +  Q^VihiXc)  sin  2xc  (16) 
V2  -  (flo  -  k^V2)V2  -  n„,W3[/o(Ac)  COS  2;tcl  (17) 
V3  =  17ti)t>2(fo{Ac)  +  liiXc)  cos  2\c.] 

-  nu.t>i/2(Ac)  sin  2xc  (18) 


where  (r^,  denote  the  guiding-center  position  in  cylindrical 
coordinates,  and  A^  =  and  Xc  =  9c  -  k^z.  If  we  now 
expand  about  the  steady-state  orbits  via  wi  =  w,,  -1-  ^wi.wj  = 
^t>2,  tJ3  =  W||  -I-  ^W3,  where 


= 


fio  - 


-/o(Ac) 


(19) 


Fig.  9.  The  cross-sectional  evolution  of  the  trajectory  of  an  electron  injected 
at  the  edge  of  the  beam  for  an  axial  field  in  the  vicinity  of  the  antiresonance. 


Run  Data:  B  =  -7.2  kG 


then  the  equations  for  the  perturbations  are 

<5wi  =  -  (fio  -  i„,W||)(5w2  +  n„,W||/2(Ac)  sin  2;^,-  (20) 

6v2  =  (flo  -  *«»||)iWi  -  ^  iloSvs 

®ll 

-  fitv®||/2(Ac)  cos  2xc  (21) 

6v3  =  iiw6v2lo{Xc)  -  nu-®ti>/2(Ac)sin2xc-  (22) 

Note  that  we  have  also  neglected  terms  which  vary  as  Svl2{Xc) 
under  the  assumption  that  A^  <  1  as  well.  In  this  representl- 
tion,  the  electrons  execute  a  helical  trajectory  centered  about 
the  guiding  center.  In  addition,  this  representation  is  quasi- 
idealized  in  the  sense  that  the  transverse  velocity  includes 
three-dimensional  effects  only  in  the  inclusion  of  the  /o{Ac) 
function,  which  describes  the  effect  of  the  off-axis  increase 
in  the  magnitude  of  the  field  at  the  guiding  center.  These 

equations  may  be  reduced  to  a  set  of  second-order  differential 
equations; 


6vi 

6v2 
6v3  j 


=  ilwhiK) 


»ll(no  -3A,„W||)cos2xc 

I  ^flo  -  3A:„,W||  ■+  sin2::te 

-»ll  (Do  -  3A„,W||)  cos2Xc 


where 


ill  -  {ilo  -  l:ii,®||) 


(23) 


(24) 


Obwm  that  ill  comspoods  with  ill  in  the  limit  in  which 
<<  1,  and  this  set  of  equations  shows  the  orbital 
instability  which  is  expected  for  the  Group  1  orbits  when 
Hr  <  0  (note  that  there  is  no  orbital  instability  for  the  Group  II 
orbits  in  the  idealized  representation  or  for  the  field-reversed 
configuration),  and  it  will  also  show  the  antiresonant  effect. 
To  see  the  latter,  we  can  generate  the  particular  solutions  of 
these  equations,  which  are 


6vi 

6v2 

6V3 


^^®||-^2(Ac) 


(fio  +  fcu.W||) (fio  -  3A:„,W||)  -I-  no(no  -  Au,Wi|) 
(flo  -  3I:„W||^  cos2x<r 

-  3A:„,W||  +  fio  j  sin  2xc  J  (25) 

“1;^  (fio  -  3A:„,W||)  cos2;te 


In  the  limit  in  which  rj  /vf,  «  1  (which  is  appropriate 
for  this  experiment),  these  particular  solutions  reduce  to  the 
simpler  form: 
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n„.P||7;(Ar) 
(Ho  +  Atu-Wii) 


cos2A:r 

-■jj^cos2Ac 


which  clearly  show  the  antiresonant  enhancement  in  the  per¬ 
turbation  when  fio  ~  -^u«||.  However,  since  the  particular 
solution  also  depends  upon  hiX^),  this  effect  will  not  become 
appreciable  unless  the  clearon  guiding-center  is  located  rela¬ 
tively  far  from  the  symmetry  axis.  This  penurbation  describes 
an  oscillation  at  the  wiggler  period  in  artesian  coordinates 
which  can  become  large  near  the  antiresonance.  Indeed,  this 
is  the  period  of  the  rapid  oscillation  shown  in  the  axial 
momentum  of  the  edge  electron  in  Fig.  10.  Note,  however, 
that  this  antiresonant  enhancement  in  the  perturbation  is  not 
as  serious  a  problem  for  beam  transport  than  the  Group  I  and 
II  orbital  instabilities  which  occur  when  the  axial  guide  field 
is  oriented  parallel  to  the  wiggler  field. 

This  simplified  perturbation  analysis  suffices  to  illustrate 
the  basic  physics  of  the  antiresonant  effect,  but  does  not 
describe  either  the  nonlinear  effects  associated  with  the  large- 
amplitude  perturbations  at  the  antiresonance  or  the  effect  of 
the  fluctuating  fields.  These  effects,  however,  are  impiicitlv 
included  in  ARACHNE. 
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B.  The  Group  I  and  IJ  Regimes 

The  agreement  between  ARACHNE  and  the  experimental 
measurements  in  the  Group  1  and  II  regimes  is  not  as  good  as 
that  found  for  the  reversed-field  configuration.  In  the  cases  in 
which  the  axial  guide  field  in  oriented  parallel  to  the  wiggler 
field,  we  find  that  a  mudi  larger  energy  spread  than  that 
estimated  for  the  experiment  is  required  in  order  to  account  for 
the  measured  power  levels  Indeed,  we  find  that  the  assumption 
of  an  energy  spread  of  1.5%  results  in  efficiencies  comparable 
to  that  found  for  the  field-reversed  configuration,  and  we 
note  that  the  efficiency  predicted  in  simularion  does  not  vary 
appreciably  for  either  orientation  of  the  magnetostatic  fields 
for  comparable  beam-energy  spreads.  In  order  to  account 
for  the  Group  I  data  we  must  assume  an  energy  spread  of 
approximately  6.4%  to  account  for  the  measured  power  The 
Group  II  data  are  more  difficult  to  explain.  The  assumption 
of  a  comparable  eneigy  spread  of  6.4%  results  in  reasonable 
agreement  for  the  power  at  the  end  of  the  interaction  region, 
but  not  for  the  detailed  evolution  of  the  signal  (i.e.,  the 
launching  loss  and  the  instantaneous  growth  rate)  during  the 
course  of  the  interaction. 

We  have  no  defimtive  explanation  for  this  discrepancy,  but 
merely  suggest  that  there  might  be  some  misalignment  or  other 
beam-transport  problem  from  the  gun  to  the  wiggler  which 
IS  exacerbated  by  the  orientation  of  the  axial  guide  field.  A 
poMible  source  for  sudi  a  discrepancy  could  be  the  existence 
of  uregulanties  in  the  wiggler  field  upstream  from  the  entrance 
due  to  the  sudden  termination  of  the  coils.  Such  inegularities 
might  give  rise  to  oibital  instabilities  for  a  parallel  alignment 
of  the  wiggler  and  axial  guide  fields  which  result  in  enhanced 


emittance  growth.  A  detailed  evaluation  of  these  suggestions, 
however,  can  only  be  accomplished  by  means  of  a  thorough 
analysis  of  the  experimental  configuration. 

With  all  of  this  in  mind,  we  plot  the  evolution  of  the  power 
versus  axial  position  as  measured  in  the  experiment  and  as 
determined  with  ARACHNE  in  Fig.  11  for  wiggler  and  axial 
guide  fields  of  0.63  and  4.06  kG.  respectively,  and  for  axial 
energy  spreads  of  1.5  and  6.4%.  These  fields  correspond  to 
Group  1  operation,  and  the  transmitted  current  is  119  A.  As 
Shown  in  this  figure,  ARACHNE  is  in  substantial  agreement 
with  the  experiment  for  the  presumed  energy  spread  of  6.4%, 

both  as  regards  the  linear  growth  rate  and  the  saturation 
efficiency. 

Comparison  of  ARACHNE  with  experiment  in  the  case  of 
wiggler  and  guide  fields  of  0.63  and  10.92  kG,  respectively, 
and  a  transmitted  current  of  300  A  is  shown  in  Fig.  12  Again 
we  plot  the  results  from  AR.ACHNE  for  eneigy  spreads  of  both 
1.5  and  6.4%.  This  case  corresponds  to  Group  II  parameters 
and  shows  rough  agreement  in  the  case  of  a  6.4  %  eneigy 
^rcad  for  the  power  (re  4  MW)  and  saturation  efficiency, 
but  not  the  growth  rate.  In  contrast,  the  growth  rate  (but  not 
the  saturation  efficiency)  found  in  the  experiment  is  in  rough 
agreement  with  that  found  in  ARACHNE  for  the  case  of  a 
1.5%  enc^  spread.  However,  the  launching  loss  observed  in 
the  experiment  is  much  higher  than  that  seen  in  simulation, 
as  evidenced  by  the  fact  that  there  is  negligible  growth  in  the 
o^rved  power  until  after  an  axial  position  of  70  cm  after  the 
wiggler  entrance. 

A  summary  of  the  comparison  between  ARACHNE  (for 
axial  enei^  spreads  of  both  1.5  and  6.4%)  and  the  experiment 
as  a  functitw  of  the  axial  fields  magnitu^  is  shown  in  Fig.  13 
for  the  choice  of  transmitted  current  as  shown  in  Fig.  1.  It  is 
clear  from  this  figure  that  the  agreement  between  ARACHNE 
and  the  eiqwrimental  measurements  is  better  for  the  case  of 
Group  I  parameters  dian  for  the  case  of  Group  II  parameters 
at  high  axial  fields.  In  the  low  axial  field  Group  I  regime  the 
agreement  is  quite  good  for  the  presumed  6.4%  eneigy  spi^d 
Quantitative  agreement  for  the  Group  D  regime  is  not  as  good- 
however,  ARACHNE  does  predict  the  existence  of  variations 
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pus  had  been  previously  unsuspected,  and  the  experimeniai' 
demonstration  of  the  effect  has  teen  instrumental  irZtfog 
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A  recent  free-electron  laser  amplifier  experiment  conducted  at  the  Massachusetts  Institute  of 
Technology  [M.  E.  Condc  and  G  Bekefi,  Phys.  Rev.  Utt.  67.  3082  (1991)]  has  demonstrated 
htgh-power  operation  without  recourse  to  a  tapered  wiggler  field.  The  experimenUl 
configuration  consisted  in  the  propagation  of  an  intense  electron  beam  (750  keV/300  A  with  a 
nominal  axial  energy  spread  of  1.5%)  through  a  cylindrical  waveguide  in  the  presence  of  both 
a  helical  wiggler  1.8  kG  and  A„=3.18  cm)  and  an  axial  guide  magnetic  field  ( Bq<.  12  kG). 
T^e  experiment  operated  with  the  axial  guide  field  oriented  both  parallel  and  antiparallel  to  the 
direction  of  the  wiggler  field,  and  the  maximum  efficiency  was  obtained  for  the  antiparallel  (i.e., 
reversed-field)  configuration.  The  reversed-field  case  demonstrated  an  output  power  of  61  MW 
at  33  39  GHz  for  an  efficiency  of  approximately  27%.  The  performance  in  the  more  usual 
parallel  alignment  of  the  fields  was  much  less  and  peak  power  levels  of  only  about  4  MW  were 
ob^ned  for  both  the  weak  (group  I)  and  strong  (group  II)  field  regimes  of  the  axial  guide  field 
A  de^^  analytical  characterization  of  this  experiment  has  been  presented  in  a  previous  work 
[H.  P.  Freund  and  A.  K.  Ganguly,  IEEE  Trans.  Plasma  Sci.  P^20,  245  (1992)]  in  which 
substantial  agreement  was  found  between  the  theory  and  the  experiment  for  the  reversed-field 
configuration.  However,  some  discrepancies  existed  for  the  group  I  and  II  and  it  was 
conjectured  that  some  problem  with  beam  transport  existed  for  these  configurations  which  led 
to  an  increased  beam  energy  spread.  In  this  paper,  the  question  of  beam  transport  in  this 
expenment  is  analyzed.  It  is  shown  that  beam  transport  is  not  a  problem  for  the  reversed-field 
configuration.  However,  substantial  beam  losses  are  found  in  the  group  I  and  II  regimes,  both 
in  the  entry  taper  region  of  the  wiggler  and  due  to  high-power  electromagnetic  waves. 


I.  INTROOUCTiON 

Recently,  a  free-electron  laser  (FEL)  experiment  at 
the  Massachusetts  Institute  of  Technology  (MIT)  re¬ 
ported  high  efficiencies  without  recourse  to  the  use  of  a 
tapered  wiggler  field. The  basic  configuration  is  that  of 
«  amplifier  in  which  a  weakly  relativistic  electron  b***™  is 
injected  into  a  cylindrical  waveguide  in  the  presence  of 
both  a  helical  wiggler  field  and  an  axial  guide  solenoidal 
field.  The  wave-particle  interaction  is  with  the  fundamen¬ 
tal  TE„  mode  of  the  waveguide  at  a  frequency  of  33.39 
GHz,  corresponding  to  the  frequency  of  the  magnetron 
used  to  drive  the  amplifier.  The  experiment  operated  with 
the  axial  guide  field  oriented  both  parallel  and  antiparallel 
to  the  direction  of  the  wiggler,  and  the  maximum  efficiency 
was  obtained  for  the  antiparallel  (i.e.,  reversed-field)  con¬ 
figuration.  The  reversed-field  case  demonstrated  an  output 
power  of  61  MW  at  33.39  GHz  for  an  efficiency  of  approx¬ 
imately  27%.  The  performance  in  the  more  usual  parallel 
alignment  of  the  fields  was  much  less  and  peak  power  lev¬ 
els  of  only  about  4  MW  were  obtained  for  both  the  weak 
(group  I)  and  strong  (group  II)  field  regimes  of  the  axial 
guide  field.  A  detailed  analytical  characterization  of  this 
experiment  has  been  presented  in  a  previous  work**  in 
which  substantial  agreement  was  found  between  the  theory 
and  the  experiment  for  the  reversed-field  ermfiguration. 
However,  some  discrepancies  existed  for  the  group  I  and  II 
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cases,  and  it  was  conjectured  that  a  problem  with 
Uansport  existed  for  these  configurations  which  led  to  an 
increased  beam  energy  spread.  In  this  paper,  we  further 
aiialyze  the  question  of  beam  transport  through  the 
wig^er/axial  guide  field  in  this  experiment.  Before  pro¬ 
ceeding  further,  however,  a  brief  description  of  the  exper¬ 
iment  is  in  order. 

The  electron  beam  in  the  experiment  was  generated  by 
a  Physics  Internationa]  Pulserad  I  lOA  using  field  emission 
from  a  graphite  cathode,  and  the  beam  energy  used  in  the 
experiment  is  750  keV  ( ±50  keV).  The  quality  (i.e.,  the 
^ttana  and  energy  spread)  of  the  beam  delivered  to  the 
interaction  region  is  controUed  by  scraping  the  beam  with 
a  shaped  graphite  anode.  This  technique  was  originally 
pioneered  at  the  Naval  Research  Laboratory  for  use  in  a 
FEL  experiment.  In  the  MIT  experiment,  the  shaped 
anode-cathode  geometry  results  in  a  beam  with  a  radius  of 
0.25  cm  (corresponding  to  the  radius  of  the  anode  aper¬ 
ture),  and  an  axial  energy  spread  estimated  to  be  approx¬ 
imately  Ay/yoc  1.5%.  This  energy  spread  corresponds  to 
a  normalized  nns  beam  emittance  of  e,<4.4xl0“* 
cm  rad.  The  current  available  using  this  configuration  was 
of  the  order  of  300  A  ( ±30  A)  at  the  entrance  to  the 
wiggler.  However,  the  amount  of  current  which  could  be 
propagated  through  the  wiggler/guide-field  configuration 
varied  based  upon  the  stability  of  the  electron  trajectories. 
Current  propagation  data  indicated  quite  different  results 
depending  upon  the  orienUtion  of  the  axial  guide  field. 

The  wiggler  field  was  produced  by  a  bifilar  helix  with  a 
period  of  y„=3.18  cm,  a  length  of  5(M.„,  and  an  adiabatic 
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entry  taper  which  is  six  wiggler  periods  in  length.  The 
wiggler  amplitude  was  continuously  adjustable  up  to  an 
amplitude  of  approximately  1.8  kG.  The  axial  guide  field 
could  be  adjusted  up  to  a  maximum  amplitude  of  almost  12 
kG  in  either  the  paraDel  or  reversed-field  orientation. 

The  beam  propagated  through  a  cylindrical  waveguide 
of  0.51  cm  in  radius,  which  provided  for  a  wave-particle 
r^nance  with  the  fundamental  TE„  mode  in  the  vicinity 
of  35  GHz.  The  FEL  was  operated  as  an  amplifier,  and  a 
magnetron  which  produced  approximately  17  kW 
(=*=10%)  at  a  frequency  of  33.39  GHz  was  used  as  a 
driver.  Smce  the  output  from  the  magnetron  was  linearly 
polarized,  this  correspcmded  to  approximately  8.5  kW  in 
the  right-hand  circulariy  polarized  sute  which  was  capable 
of  interacting  with  the  helical  wiggler  geometry. 

The  output  frx)m  the  amplifier  showed  the  greatest  ef¬ 
ficiency  for  the  field-reversed  configuration.  In  this  case,  a 
peak  power  of  61  MW  for  a  conversion  efficiency  of  27% 
was  found  for  a  wiggler-field  magnitude  of  approximately 
1.47  kG  and  an  axial  magnetic  field  of  10.92  kG.  The 
current,  which  could  be  propagated  in  these  fields,  was 
near  the  maximum  of  300  A.  The  output  power  for  the 
field-revera^  configuration  also  showed  a  severe  decrease 
in  the  vicimty  of  the  andresonance,  dropping  by  more  than 
three  orders  of  magnitude.  The  power  observed  when  the 
axial  magnetic  field  was  oriented  parallel  to  the  wiggler 
was  much  less  than  for  the  field  reversed  configuration,  and 
showed  a  maximum  measured  power  of  approximately  4 

The  organization  of  the  paper  is  as  follows.  A  brief 
descripdtm  of  the  nonlinear  formuladon  used  to  describe 
the  experimental  configuradon  is  given  in  Sec.  II.  Beam 
transport  through  the  wiggler  in  the  reversed-field  config¬ 
uradon  is  described  in  Sec.  Ill,  The  case  of  beam  transport 
for  paraUel  orientodon  between  the  wiggler  and  axial  guide 
fields  is  discussed  in  Secs.  Ill  and  IV  for  the  weak  (group 
I)  and  strong  (group  II)  axial  guide-field  regimes,  respec- 
dvely.  A  summary  and  discussion  is  given  in  Sec.  V. 

II.  THE  THEORETICAL  FORMULATION 

For  the  sake  of  brevity,  we  do  not  provide  a  discussion 
of  the  detailed  dynamical  equadons  employed  in  the  non¬ 
linear  formuladon  here.  Rather,  we  give  a  summary  of  the 
essential  properties  of  the  formuladon,  and  refer  the  inter¬ 
ested  r^er  to  Refs.  5-11  for  a  complete  derivadon  and 
descripdon.  For  the  sake  of  convenience,  we  shall  refer  to 
the  nonlinw  formuladon  and  simuladon  code  as 
ARACHNE.*'" 

The  ARACHNE  formuladon  represents  a  slow-time- 
s^e  d^ription  of  a  steady-state  FEL  amplifier  in  three 
dimensions.  To  this  end,  it  is  assumed  that  only  a  single 
frequency  propagates  and,  therefore,  MaxweD’s  equations 
can  be  averaged  over  a  wave  period.  This  results  in  two 
related  simplifications  of  the  numerical  problem.  Specifi¬ 
cally,  (1)  that  the  fast-dme-scale  oscilladon  is  removed 
from  the  problem  and  only  the  slow-time-scale  growth  (or 
damping)  of  the  wave  need  be  resolved,  and  (2)  that  only 
an  electron  beamier  (i.e.,  a  group  of  electrons  which  enter 
the  interaction  region  within  one  wave  period)  to 


included  in  the  simuladon.  Together,  these  two  simplifica- 
tkms  result  in  both  a  substantial  increase  in  the  step  size 
Md  a  r^uedon  in  the  number  of  electrons  in  the  simula- 
d<»  with  respect  to  the  requirements  of  a  full-scale 
particle-in-ceU  simuladon.  Hence,  the  numerical  require¬ 
ments  for  the  simuladon  of  a  FEL  amplifier  are  relatively 
modest. 

The  electromagnedc  field  in  this  formulation  is  repre¬ 
sented  in  terms  of  a  superposition  of  the  TE  and  TM 
t^es  of  the  vacuum  waveguide.  Note  that  this  does  not 
violate  the  single-frequency  assumpdon,  since  the  wave 
numbers  of  the  modes  which  are  included  in  the  superpo¬ 
sition  will  vary  depending  upon  the  specific  cutoff  frequen¬ 
cies.  One  restriedon,  however,  which  is  imposed  is  that 
only  propagating  modes  (in  which  the  cutoff  frequency  is 
lower  than  the  wave  frequency)  can  be  included  in  the 
formulation.  The  space^harge  field  is  represented  in  terms 
of  a  superposition  of  the  Gould-Trivelpiece  modes  (at  the 
same  frequency  as  the  electromagnedc  wave)  for  a  beam 
which  completely  fills  the  waveguide."  Observe  that  the 
b^verse  variadon  of  the  axial  electric  field  of  the  Gould- 
Trivelpiece  modes  is  identical  to  that  of  the  TM  modes  of 
a  cylindrical  waveguide.  The  fundamental  assumption  in 
the  case  of  both  the  electromagnetic  and  electrostatic  field 
B  that  while  the  transverse  mode  structure  is  determined 
by  the  waveguide  or  the  beam  conditions,  the  amplitude 
phase  vary  slowly  (with  respect  to  the  wave  period)  in 
t^  axid  direction  due  to  the  interacdon  with  the  electron 
beam.  Smce  both  the  fluctuating  electromagnetic  and  elec- 
trostadc  fields  are  at  the  same  frequency,  the  dynamical 
equatiOTs  for  both  cases  can  be  averaged  over  the  wave 

iraod  in  order  to  obtain  the  equadons  for  the  slow  varia¬ 
tions. 

In  order  to  complete  the  formuladon,  the  orbit  equa¬ 
tions  for  an  ensemble  of  electrons  must  be  specified  For 
^  purpose,  we  emplc^  the  three-dimensional  Lorentz 
force  equadons.  Tto  requires  the  integration  of  the  elec- 

2“  complete  set  of  electrostatic 

(Gould-Tnvelpiece  modes),  magnetostatic  (wiggler  and 
axial  guide  fields),  and  electromagnetic  fields  (TE  and  TM 
modes  of  the  waveguide).  It  is  important  to  bear  in  mind 
that  tt  is  not  necessary  to  perform  an  average  of  these 
equations,  since  the  Lorentz  force  equations  are  inherently 
^wly  vaiymg  for  waves  in  near  resonance  with  the  beam 
The  generality  of  this  formulation  of  the  electron  orbits  is 
a  crucial  feature  which  permits  the  simulation  to  describe 
not  only  the  primary  oscillation  induced  by  the  wiggler 
but  1^  Larmor  effecte  due  to  the  presence  of  the  axial  field 
Md  Betatron  oscillations  and  guiding-center  drifts  due  to 
the  wiggler  inhomogeneities.  This  is  the  critical  require¬ 
ment  m  the  simuladon  of  the  field-reversed  configuration 
near  the  andresonance. 

The  initial  conditions  on  the  electron  beam  are  chosen 
to  describe  the  beam  as  it  is  prior  to  the  entry  into  the 
wggler.  We  assume  a  uniform  distribution  in  both  initial 
phase  and  cross  section.  The  beam  is  assumed  to  have  a 
flattop  density  profile  for  simplicity.  The  effect  of  an  axial 
energy  spread  is  included  by  means  of  a  momentum  space 
distnbution  function  which  is  monoenergetic  but  displays  a 
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pitch-angle  spread.  The  wiggler  field  model  includes  the 
adiabatic  entry  Uper  from  zero  to  a  fixed  value,  and 
ARACHNE  then  describes  the  self-consistent  injection  of  the 
electron  beam  into  the  wiggler.  This  procedure  has  a  prac¬ 
tical  advantage,  since  it  is  easier  to  determine  the  charac¬ 
teristics  of  the  electron  beam  prior  to  the  injection  into  the 
wiggler. 

The  initial  conditions  imposed  on  the  TE  and  TM 
modes  are  that  the  initial  amplitude  of  each  mode  is  chosen 
to  reflect  the  injected  power  into  the  system,  and  the  initial 
wave  number  corresponds  to  the  vacuum  value  appropriate 
to  the  mode,  arachne  then  determines  the  self-consistent 
evolution  of  both  the  amplitude  and  wave  number  due  to 
the  dielectric  effect  of  the  beam  in  the  wiggler.  The  initial 
poa^  rates  are  assumed  to  be  zero,  since  the  wiggler  field 
is  initially  zero  as  well. 

The  initialization  of  the  Gould-Trivelpiece  modes  is 
accomplished  by  evaluation  of  the  appropriate  initial  phase 
aver^es  of  the  electron  beam.  Note  that  the  assumption  of 
a  uniform  electron  beam  implies  that  the  ph«w  averages, 
which  appear  in  Poisson’s  equation,  will  initially  vanish. 
However,  the  use  of  a  discrete  ensemble  of  electrons  intro¬ 
duces  a  small  numerical  error  into  the  initial  phase  aver¬ 
ages  (i.e.,  {sin  fi)  and  {cos  ^)).  We  find  that,  in  practice, 
the  use  of  these  numerical  uncertainties  for  the  phase  av¬ 
erages  in  Poisson’s  equation  to  select  the  initial  amplitudes 
and  wave  numbers  smoothes  the  initial  transients  assod- 
ated  with  the  subsequent  phase  bunching  of  the  electron 
beam. 

Within  the  context  of  this  initialization  scheme, 
arachne  subsequently  self-consistently  integrates  the  dy¬ 
namical  equations  for  the  field  amplitudes  and  phases  of 
each  of  the  electromagnetic  and  electrostatic  waves  in¬ 
cluded  in  the  simulation  in  conjunction  with  the  Lorentz 
force  equations  for  the  electron  ensemble  (which  typically 
includes  9600  electrons).  Since  the  complete  Lorentz  force 
equatiew  are  used,  this  permits  the  self-consistent  descrip¬ 
tion  of  the  effects  of  the  injection  of  the  beam  into  the 
wiggler,  the  bulk  wiggler  motion,  Lannor  motion,  the  ef- 
fecte  of  aiggler  ii^omogeneities  {i.e.,  beUtron  motion  and 
the  associated  guiding-center  drifts,  velocity  shear  effects, 
orbital  insmbilities  in  the  group  I  and  II  regimes,  etc.),  and 
harmonic  interactions. 

Features  common  to  all  cases  studied  herein  derive 
from  the  geometry  of  the  system.  Specifically,  we  take  the 
waveguide  radius  to  be  J!,=0.51  cm,  the  wiggler  period  to 
be  A„s:3.18  cm,  and  the  wiggler  entry  toper  as  jV»=6 
wiggler  periods  in  length.  In  addition,  while  the  beam  cur¬ 
rent  varies  with  the  magnitude  of  the  axial  guide  field,  the 
beam  energy  is  750  keV  and  the  radius  is  fixed  at  the 
aperture  <rf  the  anode  to  J?*=0.25  cm. 

Since  the  fluency  of  the  amplifier  experiment  is  fixed 
by  the  33.39  GHz  magnetron,  the  beam  energy  of  750  keV 
and  waveguide  radius  of  0.51  cm  ensures  a  reso¬ 
nant  interaction  is  possible  only  with  the  fundamental  TEn 
mode  the  guide.  Further,  since  the  magnetron  produces 
approximatdy  17  kW  with  a  linear  polarization,  we  as¬ 
sume  that  only  half  this  power  is  available  with  the 
correct  circular  polarization  to  interact  with  the 


Hence,  the  initial  power  of  the  TE,,  mode  is  chosen  to  be 
8.5  kW.  The  collective  Raman  interaction  in  a  FEL  cou¬ 
ples  the  TE,,  mode,  in  principle,  with  each  of  the  Gould- 
Tnvelpiecc  modes  having  an  azimuthal  mode  number  of 
/=0.  In  practice,  however,  we  find  that  inclusion  of  only 
the  lowest-order  radial  mode  is  required  to  give  reasonable 
agreement  with  the  experiment.  Note  that  the  axial  electric 
field  of  this  mode  has  the  same  transverse  variation  as  the 
TMo,  waveguide  mode.  Hence,  the  following  simulations 
have  been  performed  using  only  one  waveguide  mode  and 
one  Gould-Trivelpiece  mode. 

III.  THE  REVERSED<FIELO  CASE 

As  discussed  Ref.  3,  the  first  case  we  consider  is  that  of 
a  field-reversed  configuration  in  which  the  iiowiin«i  exper¬ 
imental  magnetic-field  parameters  were  an  field  mag¬ 
nitude  of  10.92  kG  and  a  wiggler  field  of  1.47  kG.  The 
transmitted  current  for  these  field  parameten  was  300  A 
( ±  10%),  and  the  axial  energy  spread  of  the  iv^iin  ^  ^ 
sumed  to  be  1.5%  as  indicated  in  the  experiment  These 
parameters  represent  the  case  of  the  peak  power  observed 
in  the  experiment  of  61  MW. 

A  detailed  comparison  of  the  experiment  and 
ARACHNE  for  this  case  is  given  in  Ref.  3  and  shows  a 
saturated  power  of  16  MW  in  good  agreement  with  the 
experiment.  Analysis  of  beam  transport  through  the  wig¬ 
gler  in  this  case  indicates  that  no  loss  of  the  beam  to  the 
waveguide  walls  occurs.  The  reason  for  this  b  that  the 
effect  of  the  reversed  field  b  to  reduce  the 
wiggler-induced  transverse  velocity  relative  to  that  found 
for  the  pallet  orientation  which  results  in  a  correspond¬ 
ing  reduction  in  the  displacement  of  the  beam  from  the  axb 
of  symmetry.  However,  thb  conclusion  b  not  universally 
valid  for  the  reversed-field  configuration,  and  we  find  that 
reductions  in  the  level  tff  beam  transport  occur  when  the 
Larmor  period  associated  with  the  reversed  axial  fidd  b 
comparable  to  the  wiggler  period.  Thb  so-called  antirvso- 
nance  abo  results  in  substantial  reductions  in  the  output 
power  of  the  FEL. 

ARACHNE  and  the  experimental  results  are  m  agree¬ 
ment  as  to  tte  exbtence  tit  a  marked  reduction  m  the  sat¬ 
uration  ^ciency  near  the  antiresonance  (see  Fig.  6  in  Ref. 

3)  at  axial  field  magnitudes  between  approximately  7-8.5 
kG.  The  cause  of  thb  decrease  in  the  efficiency  b  the  trans¬ 
verse  inhomogenrity  in  the  wiggler.^  ’’  For  thb  particular 
exainple,  the  radius  of  the  wiggler-induced  motion  b  ap¬ 
proximately  0.04  cm  while  the  beam  radius  b  0.25  cm.  As 
a  cons^uence,  electrons  at  the  outer  regions  of  the  beam 
•re  quite  sensitive  to  the  wiggler  inhomogeneity,  and  expe¬ 
rience  a  sinusoidally  varying  wiggler  field  during  the 
course  of  their  trajectories.  The  effect  of  these  orbital  b- 
regulanties  b  twofold.  In  the  first  place,  substantia]  oscil¬ 
lations  are  found  in  the  axial  veloci^  which  act  to  degrade 
the  wave-particle  resonance  driving  the  intenctioa.  In  the 
second  place,  these  irr^ularities  lead  to  increased  loss  of 
the  electron  beam  to  the  walb  of  the  waveguide.  The  effect 
of  the  ^Hating  axial  velocity  has  been  extensively  db- 
cussed  in  Ref.  3,  and  we  shall  focus  attention  here  on  the 
question  of  particle  loss. 
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FIG.  1.  Plot  of  the  evolution  beam  tnntmiasion  ti  •  percenUfe  of  the 
uutial  beam  canent  and  the  power  venua  axial  poaition  near  the  andres- 

onanoe  for  an  ideal  beam  in  which  the  axial  energy  spread  at  the  entrance 

to  the  wiggler  ia  zero. 


no.  1  Plot  rf  the  evduttoo  beam  tranamiision  aa  a  percentage  of  the 
mitral  beam  current  and  the  power  venut  axial  poaition  near  the  antitea- 
Oftfcnce 


We  now  consider  an  axial  field  of  5o= -7.2  IcG  which 

is  in  the  center  of  the  antiresonant  region.  The  current  at 
the  entrance  to  the  wiggler  in  this  case  is  approximately 
248  A  and  the  wiggler  field  magnitude  is  1.47  kG.  We 
first  treat  the  case  of  an  ideal  beam  in  which  the  initial  (i.c., 
at  the  entrance  to  the  wiggler)  axial  energy  spread  is  zero, 
and  plot  the  evolution  of  the  power  and  the  transmitted 
current  venus  axial  position  in  Fig.  1,  It  is  clear  from  the 
figure  that  substantial  particle  loss  is  found  over  the  course 
of  the  interaction.  Virtually  no  particle  loss  occurs  in  the 
«try  taper  r^on  (le.,  the  first  19  cm  of  the  wiggler),  but 
is  rapid  thereafter.  Saturation  at  a  power  level  of  approxi¬ 
mately  10  kW  occurs  after  a  distance  of  approximately  85 
cm  at  which  point  50%  of  the  beam  has  been  lost  to  the 
wav^de  wall.  The  total  beam  loss  over  the  full  150  cm  of 
the  interaction  r^on  is  predicted  to  be  approximately 
60%. 

If  we  consider  the  more  realistic  case  in  which  the 
initial  axial  energy  spread  of  the  beam  is  1.5%,  then  we 
find  that  these  results  are  not  substantially  altered.  The 
beam  transmission  and  power  versus  axial  position  for  this 
case  is  shown  in  Rg.  2.  Again,  we  find  no  particle  loss  in 
the  entry  Uper  region,  but  rai^  loss  thereafter.  Saturation 
at  a  power  level  of  slighUy  less  than  10  kW  occurs  after  a 
distance  of  awiroximately  90  cm.  Beam  loss  at  this  point  is 
approximately  60%,  and  total  beam  loss  over  a  150  cm 
interactirm  length  b  approximately  70%.  Thus  the  effect  of 
the  realistic  choice  in  the  axial  energy  spread  results  in  a 
small  decrease  in  the  saturated  power  and  a  somewhat 
more  rapid  loss  of  the  beam. 

III.  THE  GROUP  I  CASE 

As  shown  in  Ref.  3,  the  agreement  between  arachne 
and  the  experimental  measurements  in  the  group  I  and  II 
regimes  is  not  as  good  as  that  found  for  the  reversed-field 
configuration.  In  the  cases  in  which  the  axial  guide  field  is 
oriented  parallel  to  the  wiggler  field,  a  much  larger  energy 
spread  than  that  estimated  for  the  experiment  is  required 
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in  order  to  account  for  the  measured  power  levels.  Indeed, 
we  find  that  the  assumption  of  an  energy  spread  of  1.5% 
results  in  efficiencies  comparable  to  that  found  for  the  field- 
reversed  configuration,  and  we  note  that  the  efficiency  pre- 
di^  in  simulation  does  not  vary  appreciably  for  either 
onenution  iff  the  magnetosutic  fields  for  comparable 
beam  energy  spreads.  In  order  to  account  for  the  group  I 
data  we  must  assume  an  energy  spread  of  greater  ♦»««»  6% 
to  account  for  the  measured  power.  The  group  II  data  are 
more  difficult  to  explain  and  will  be  di!icu«sfd  in  the  fol¬ 
lowing  sectim. 

We  have  no  definitive  explanation  for  this  discrepancy, 
but  merdy  suggest  that  there  is  some  misalignment  or 
other  beam  transport  problem  from  the  gun  to  the  wiggler 
which  is  exacerbated  by  the  orientation  of  the  axial  guide 
field.  A  possible  source  for  such  a  discrepancy  could  be  the 
existence  of  irregularities  in  the  wiggler  field  upstream 
from  the  entrance  due  to  the  sudden  termination  of  the 
Such  uregularities  might  give  rise  to  orbital  instabil¬ 
ities  for  a  parallel  alignment  of  the  wiggler  and  »ii«i  guide 
fields  which  result  in  enhanced  emittance  growth.  A  de¬ 
tailed  evduatkm  of  these  suggestions,  however,  can  only  be 
accomplished  by  means  of  a  thorough  analysis  iff  the  ex¬ 
perimental  configuration. 

With  aO  of  thb  in  mind,  we  plot  the  evolution  of  the 
beam  transmission  and  power  versus  axial  position  as  mea¬ 
sured  in  the  experiment  and  as  determined  with  arachne 
in  Fig.  3  for  wiggler  and  axial  ^de  fields  of  0.63  and  4.06 
kG,  respectively,  and  for  an  axial  energy  spread  of  6.25%. 
TTiese  fields  coireqxnid  to  group  I  operation,  and  the  ini¬ 
tial  current  at  the  entrance  to  the  wi^er  is  to  be 

90  A.  Note  that  this  initial  current  differs  from  that  used  in 
Ref.  3  {i.e.,  which  was  119  A)  due  to  a  further  refinement 
m  the  current  meiuurements  used  in  the  experiment. '♦  As 
shown  in  the  figure,  arachne  is  in  substantial  agreement 
with  the  experiment  for  the  presumed  energy  spread  of 
6.25%  both  as  regards  the  linear  growth  rate  and  the  sat¬ 
uration  efficiency. 
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PIG.  3.  Plot  of  the  evolutioo  of  the  trumiitted  betni  power  et  •**** 
both  in  AKAOINE  and  in  the  experiment  (ai  indicated  by  the  dots)  veniia 
axial  poaitioa  for  froup  I  parameter!. 

®  It  is  evident  from  Fig.  3  that  a  substantial  fraction  of 

the  beam  is  lost  m  the  entry  toper  region,  but  that  little 
beam  is  lost  thereafter  until  the  electromagnetic  power 
reaches  a  level  of  approximately  4-5  MW  after  which  tvnim 
loss  occurs  at  a  faster  rate.  This  implies  that  the  saturation 
mechanism  is  not  phase  trapping  in  the  ponderomotive 
•  wave,  as  in  the  reversed-field  example  at  Sq-  — 10.92  kG. 

Rather,  saturation  occurs  in  this  case  through  loss  of  the 
beam  to  the  waveguide  wall. 

This  effect  of  saturation  by  particle  loss  is  more  evident 
if  we  consider  the  case  of  an  ideal  beam  with  an  initial 
energy  spread  Ay/ypsO.  The  evolution  of  the  transmitted 
^  beam  and  the  power  as  a  function  of  axial  position  for  thk 

case  is  shown  in  Fig.  4.  In  this  case,  since  the  initial 
energy  spread  is  zero,  the  entire  beam  is  transmitted 
through  the  entry  toper  r^on.  The  power  is  then  seen  to 
grow  exponentially  until  it  reaches  a  level  of  ^proximately 

10  MW,  after  which  beam  loss  is  rapid.  Saturation  is  found 
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FIG.  4.  Plo(artbeev«datx»oftlietniitiiihtedbeuiiuidpower,M*ecD 

in  AXACHNE  vermt  wdal  porition  for  an  ided  bemn  with  xao  mhul 
energy  fpicnd  for  group  I  panunetm. 
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FIG.  S.  Plot  of  die  evoludoo  of  die  transmitted  beam  and  power,  at  seen 
in  AKAOiNE  venut  axial  position  for  an  ideal  energy  qmad  of  3.3%  for 
group  I  parameters. 


at  a  power  level  of  approximately  16  MW,  at  which  point 
the  bulk  of  the  beam  has  been  l<»t  to  the  waveguide  wall. 

An  intermediate  case  is  shown  in  Fig.  5  corresponding 
to  an  initial  axial  energy  spread  of  Ay/yo=3.5%.  In  this 
case,  a  small  fraction  of  the  beam  is  1m  in  the  entry  toper 
r^on  after  which  the  power  grows  exponentially  During 
this  phase  of  the  interaction  the  loss  rate  of  the  beam  is 
relatively  small.  However,  the  loss  rate  of  the  heam  in¬ 
creases  sharply  when  the  power  levd  reaches  approxi- 
matdy  8-9  MW.  Subsequent  beam  loss  is  both  rapid  and 
massive  culminating  in  the  loss  of  78%  the  beam  over  an 
inter^on  length  of  150  cm.  The  ultimate  saturated  power 
m  this  case  is  approximately  1 1  MW. 

A  summary  of  the  effect  of  the  initial  axial  energy 
spread  upon  both  the  saturation  efficiency  is  shown  in  Fig. 
6.  It  is  evident  from  this  figure  that  the  iwm  transmission 
increases  and  the  saturation  efficiency  decreases  with  in¬ 
creases  in  the  initial  axial  energy  spread.  This  is  a  novel 
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PKi.  6.  Variatioa  m  the  beam  trantmiition  and  aatniaiiaa  efficiency  aa 
fiinctiopg  of  the  tnitial  energy 
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no.  7.  Variatioa  in  the  beam  transmission  and  saturation  efficiency  as 
functions  of  the  initial  beam  radius. 


no.  8.  Plot  of  the  evolution  of  the  transmitted  beam  and  power,  as  seen 
toth  mAaAcmrt  and  m  the  experiment  (as  indicated  by  the  dots)  versus 
axial  position  for  aroup  II  parameteis. 


result  since  the  initial  axial  energy  spread  (which  is  as¬ 
sumed  to  be  due  to  a  pitch-angle  spread)  causes  an  increase 
in  the  transveree  electron  velocities  at  the  entrance  to  the 
wiggler.  This,  in  turn,  gives  rise  to  increasing  electron  dis¬ 
placements  from  the  symmetry  axis.  In  most  cases  studied, 
therefore,  the  effect  of  increasing  the  initial  axial  energy 
spread  is  a  reduction  in  the  beam  transmission.  In  the 
present  case,  however,  the  wall  radius  is  sufficiently  greater 
than  the  beam  radius  that  beam  loss  is  not  primarily  due  to 
this  auxff  spread-induced  loss  mechanism.  Instead,  since 
increases  in  the  beam  loss  rate  are  correlated  with  increases 
in  the  saturation  efficiency,  it  may  be  concluded  that  beam 
loss  is  due  to  the  effect  of  the  high-power  TE„  mode.  Since 
the  magnitude  of  this  mode  is  greatest  along  the  axis  of 
symmetry  and  decreases  to  zero  at  the  waveguide  wall,  it 
has  the  effect  of  driving  the  beam  away  from  the  axis  to¬ 
ward  the  wall. 

The  fact  that  massive  beam  loss  resulting  in  the  satu¬ 
ration  of  the  power  occurs  in  the  group  I  case  but  not  in 
tlM  reversed-field  case  can  be  attributed  to  the  fact  that  the 
wiggler-induced  transverse  velocity  is  higher  for  the  group 
I.  as  opposed  to  the  reversed-field  example.  Therefore,  the 
wiggler-induced  beam  displacement  from  the  axis  of  sym¬ 
metry  is  higher  for  the  group  I  case  which,  in  turn,  results 
m  a  greater  sensitivity  by  the  beam  to  the  effects  of  a  high- 
power  electromagnetic  wave.  Note  also  that  the  wiggler- 
induced  displacement  from  the  symmetry  axis  is  greater 
near  the  magnetic  resonance  for  the  group  I  (and,  for  that 
matter,  the  group  II)  case;  hence,  the  beam  loss  rates  will 
also  be  more  sensitive  to  the  high-power  electromagnetic 
waves  for  the  group  I  and  II  regimes  in  the  vicinity  ot  the 
resonance. 

Of  course,  the  issue  of  beam  loss  due  to  the  electron 
displacement  from  the  symmetry  axis  is  related  to  the  issue 
of  the  effect  of  the  initial  beam  radius  on  the  saturation 
efficiency  and  beam  transmission.  In  order  to  illustrate  this 
effect,  the  variation  in  the  efficiency  and  the  beam  trans¬ 
mission  IS  plotted  versus  the  initial  beam  radius  in  Fig.  7. 

As  shown  in  the  figure,  the  efficiency  decreases  monoton- 


ically  adth  increasing  beam  radius  for  0.15  cm<ffA<0.45 
m.  decrease  in  the  efficiency  is  due  primarily  to  the 
fact  that  a  smaller  beam  is  less  sensitive  to  wiggler  inho- 
mogeneibes  and  so  exhibits  a  smaUer  variation  in  velocity 
(tod,  hence,  the  wave-particle  resonance)  across  the 
However,  the  effect  of  the  variation  in  the  initial 
beito  radius  on  the  beam  transmission  is  more  complex 
tod  IS  rontrolled  by  two  competing  effects.  On  the  one 
hand,  the  mwasing  beam  radius  means  that  a  relatively 
greater  fraction  (ff  the  beam  is  closer  to  the  wall.  On  the 
othw  hand,  the  decrease  in  the  efficiency  means  that  the 
to^-power  electromagnetic  wave  will  be  less  effective  in 
dnvmg  the  beam  toward  the  wall.  In  view  of  this,  the 
mCTease  in  the  electron  displacements  in  the  initial  beam 
radius  over  0.15  cm<jt^<0.20  cm  shown  in  Fig.  7  is  still 
tro  smaU  to  cause  significant  beam  loss  and  the  increase  in 
the  beam  transmission  is  due  to  the  decrease  in  the  TE„ 
mode  power.  As  the  initial  beam  radius  increases  further 
however,  the  increasing  electron  displacements  from  the 
symmetry  axis  become  more  important,  and  the  beam 
transmission  falls  until  ff*~0.3S-0.40  cm.  As  the  initial 
radius  mcreases  further,  the  substantial  decreases  in 
the  TE„  mode  power  cause  a  small  increase  in  the  beam 
transmission  until  the  initial  beam  radius  begins  to  ap¬ 
proach  the  wall  radius. 


iV.  THE  GROUP  II  CASE 

The  group  II  daU  are  more  difficult  to  explain  than  the 
group  I  case.  The  assumption  of  a  comparable  energy 
spread  of  6.4%  results  in  reasonable  agreement  for  the 
power  at  the  end  of  the  interaction  region,  but  not  for  the 
detailed  evolution  of  the  signal  (i.e.,  the  launching  loss  and 
tte  mstontaneous  growth  rate)  during  the  course  of  the 
mteraction. 

^mparison  of  arachne  with  experiment  in  the  case 
of  wiggler  and  guide  fields  of  0.63  and  10.92  kG,  respec¬ 
tively,  and  a  transmitted  current  of  300  A  is  shown  in  Fig 
8  in  which  we  plot  the  evolution  of  the  transmitted  current 
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FIG.  9.  Plot  of  the  evolution  of  the  transmitted  and  power,  as  seen 
in  ARACHNE  versus  axial  position  for  an  ideal  beam  with  xen> 
energy  spread  for  group  II  parameters. 
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FIG.  10.  Plot  of  the  evolution  of  the  transmitted  beam  and  power,  as  seen 
in  ARACHNE  versus  axial  position  for  an  initial  energy  spread  of  3.09b  for 
group  II  parameters. 


and  the  power  both  from  arachne  and  from  the  experi¬ 
ment  (shown  by  the  dots).  This  case  shows  rough  agree¬ 
ment  in  the  case  of  a  6.4%  energy  spread  for  the  power 
(sr4  MW)  and  saturation  efficiency  but  not  the  growth 
rate.  In  addition,  the  launching  loss  observed  in  the  exper¬ 
iment  is  much  higher  than  that  seen  in  simulation,  as  evi¬ 
denced  by  the  fact  that  there  is  negligible  growth  in  the 
observed  power  until  after  an  axial  position  of  70  cm  after 
the  wiggler  entrance.  Beam  loss  is  not  found  in  simulation 
to  be  a  major  factor  for  this  case  until  a  power  level  of 
approximately  4  MW  is  reached,  after  which  beam  loss 
occurs  at  a  very  rapid  rate.  Hence,  beam  loss  appears  to  be 
the  saturation  mechanism  for  this  case,  as  well  as  for  the 
group  I  cases. 

The  case  of  an  ideal  beam  for  these  group  II  parame¬ 
ters  reveals  very  different  behavior,  as  shown  in  Fig.  9  in 
which  we  plot  the  evolution  of  the  power  versus  axial  po¬ 
sition  for  an  ideal  beam  with  an  inirial  energy  spread 
Ar/yo=0.  Hence,  the  power  saturates  at  a  power  level  of 
approximately  37  MW  over  a  distance  of  150  cm.  The 
transmitted  beam  as  a  function  of  axial  position  is  not 
plotted  in  the  figure  because  no  beam  is  lost.  Hence,  satu¬ 
ration  in  this  case  is  due  to  phase  trapping  in  the  ponder- 
omotive  wave. 

An  intermediate  case  is  shown  in  Fig.  10  which  corre¬ 
sponds  to  an  initial  axial  energy  spread  of  Ay/yo=3.0%. 
In  this  case,  no  beam  is  lost  in  the  entry  taper  region  and 
exponential  growth  is  found  up  until  the  power  level 
reaches  approximately  10-20  MW.  Subsequent  beam  loss 
is  rapid,  but  the  saturated  power  level  is  comparable  to  that 
shown  in  Fig.  9  for  the  case  of  an  ideal  beam.  We  mncludf 
that  for  this  case  beam  loss  can  contribute  only  partially  to 
the  saturation  mechanism  unless  the  initia]  ««i«i  energy 
spread  exceeds  3%. 

V.  SUMMARY  AND  DISCUSSION 

In  this  paper,  we  have  presented  an  analysis  of  beam 
transmission  in  a  high-power  collective  FEL’’*  which  op¬ 


erated  with  both  parallel  and  reversed  guide  field  configu¬ 
rations.  Beam  transmission  was  not  found  to  be  a  problem 
in  the  reversed-field  configuration  unless  the  magnitude  of 
the  guide  field  was  in  the  vicinity  of  the  magnetoresonance 
for  which  the  Larmor  period  associated  with  the  guide  field 
is  comparable  to  the  wiggler  period.  However,  beam  trans¬ 
mission  was  a  problem  for  the  parallel  orientation  of  the 
wiggler  and  guide  magnetic  fields. 

In  the  case  of  group  I  parameters  (i.e.,  weak  Avrai 
magnetic  fields),  ARACHNE  was  found  to  be  in  substantial 
agreement  with  the  experiment  under  the  assumptimi  of  an 
initial  axial  energy  spread  of  6.25%.  However,  the  princi¬ 
pal  saturation  mechanism  was  found  to  be  beam  loss  which 
occurs  when  the  wave  power  reaches  approximately  10 
MW.  This  was  found  to  be  the  case  for  aU  values  of  the 
initial  axial  energy  spread.  The  case  of  group  II  parameters 
(i.e.,  strong  axial  magnetic  fields)  was  more  difficult  to 
characterize.  It  was  found  that  a  chmce  of  an  initial  axial 
energy  spread  of  6.44%  resulted  in  good  agreement  with 
the  measured  power,  but  not  the  measured  growth  rate.  In 
addition,  the  initial  launching  loss  found  in  the  experiment 
was  much  greater  than  that  predicted  in  simulation. 
Hence,  there  are  many  unanswered  questions  regarding 
group  II  operation  in  this  experiment.  Be  that  as  it  may, 
however,  particle  loss  was  not  found  to  be  a  major  problem 
in  the  group  II  regime  until  the  initial  axial  energy  spread 
exceeded  3%,  after  which  it  was  a  contributing,  but  not  the 
sole  influence  on  the  saturation  mechanism. 
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Space-charge  effects  in  free-electron  lasers 

H.P.  Freund  ' 

Naual  Research  Laboratory,  Washington,  DC  20375,  USA 


The  questions  of  the  importance  and  proper  description  of  space-charge  effects  in  free-electron  lasers  are  addressed.  The 
collective  Raman  regime  occurs  in  free-electron  lasers  when  the  electron  charge  density  is  sufficiently  high  that  the  space-charge 
potential  associated  with  the  beam  space-charge  waves  becomes  dominant  over  the  ponderomotive  potential.  The  theoretical 
nonlinear  treatment  of  collective  effects  in  three-dimensions  is  discussed,  and  four  intense  electron  beam  experiments  are  analyzed 
with  the  objective  of  determining  the  importance  of  Raman  effects  on  the  interactions.  Three  of  these  experiments  used  a  Miral 
wiggler  and  an  axial  guide  field,  while  the  fourth  used  a  planar  wiggler.  For  each  of  these  experiments,  the  usual  well-known 
Raman/Compton  criterion  predicts  that  space-charge  effects  will  be  important.  However,  a  three-dimensional  analysis  of  therr 
experiments  indicates  that  only  two  of  these  experiments  were  in  the  Raman  regime.  Three  essential  conclusions  are  drawn.  First, 
the  usual  Raman/Compton  criterion  which  was  derived  via  an  idealized  one-dimensional  analysis  must  be  used  with  caution  since 
three-dimensional  effects  can  alter  the  relative  importance  of  the  ponderomotive  and  space-charge  potentials.  In  addition,  1)  the 
Raman  shift  in  the  resonance  condition  must  be  greater  than  the  FEL  linewidth,  and  2)  Landau  damping  of  the  space-charge  waves 
must  be  small  in  order  for  space-charge  effects  to  be  important. 


The  free-electron  laser  (FEL)  operates  subject  to 
two  mechanisms.  In  the  Cbmpton  regime,  the  electron 
beam  interacts  with  the  ponderomotive  potential 
formed  by  the  beating  of  the  wfggler  and  radiation 
fields.  For  high  currents,  the  electrostatic  potential  due 
to  the  beam  space-charge  waves  is  dominant  over  the 
ponderomotive  potential,  and  the  interaction  proceeds 
by  stimulated  Raman  scattering  of  the  negative -energy 
space-charge  wave  off  the  wiggler.  Of  course,  there  is 
also  an  intermediate  regime  in  which  both  of  these 
mechanisms  are  operative.  However,  some  controversy 
still  exists  as  to  the  transition  between  these  regimes, 
and  as  to  the  importance  of  space-charge  effects  in 
various  FEL  experiments.  The  purpose  of  this  paper  is 
to  explore  the  nature  of  the  Raman  interaction  by 
studying  the  importance  of  space-charge  effects  in  a 
selection  of  FEL  experiments  [1-4], 

The  Compton/ Raman  transition  was  first  studied 
with  an  idealized  one-dimensional  formulation  151,  for 
which  the  condition  required  for  the  dominance  of  the 
Raman  regime  is 


where  oij  -  4irc^/ib/yo"«e  » the  square  of  the  plasma 
frequency,  11^  is  the  ambient  beam  density,  yg  is  the 
relativistic  factor  corresponding  to  the  bulk  beam  en- 

'  Permanent  address;  Science  Applications  International 
Ci)rp.,  McLean,  Virginia  22102,  USA. 


ergy,  and  y/  ■  (1  -  for  a  bulk  axial  velocity 

V,.  In  addition,  p,  ■  is  the  transverse 

wiggle-velocity,  where  /J„  ■  eB^/yom,c  for  a  wiggler 
amplitude  B.,  and  is  the  wig^er  wavenumber  for  a 
period  For  a  planar  wiggler,  the  rms  wiggler  ampli¬ 
tude  must  be  used  in  While  this  criterion  (1)  is 
widely  used  in  characterizing  FEL  experiments,  its 
application  to  a  real  »)^em  is  clouded  by  several 
factors.  Firstly,  the  boundary  conditions  imposed  by 
the  drift  tube  walls  reduce  the  effective  plasma  fre¬ 
quency.  Secondly,  the  bulk  characteristics  of  the  elec¬ 
tron  orbits  are  modified  by  wiggler  inhomogeneities, 
beam  thermal  effects,  and  the  use  of  an  axial  guide 
magnetic  field.  Planar  wiggler  configurations  introduce 
further  difficulties  since,  in  contrast  to  a  helical  wig- 
gler,  the  axial  and  transverse  electron  velocities  are 
oscillatory.  Due  to  these  difficulties,  a  foil  3-dimen¬ 
sional  nonlinear  analysis  is  often  required  to  character¬ 
ize  space-charge  effects  in  any  given  erqreriment. 

A  second  criterion  required  for  space-charge  effects 
to  be  important  is  that  foe  Raman  frequency  shift  be 
comparable  to  or  greater  than  the  linewidth.  The  phys¬ 
ical  interpretation  of  this  criterion  is  that  foe  wiggler 
must  be  long  enough  for  several  plasma  oscillations 
during  the  course  of  the  interaction.  Of  course,  realis¬ 
tic  3-dimensional  effects  can  be  expected  to  modify  this 
condition  as  well. 

Finally,  a  third  criterion  required  for  space-charge 
effecu  to  play  an  important  role  is  that  Landau  danq>- 
ing  of  foe  space-charge  waves  due  to  the  thermal 
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Table  1 


A  tumfflaiy  of  the  operational  parameters  for  the  experiments  under  consideration 


Fajans  et  al.  [1] 

Orzechowski  et  al.  (2] 

Kirkpatrick  et  al.  [3] 

Conde  and  Bekefi  |4] 

[MeV] 

0.155 

3.6 

2.3 

0.75 

/blA] 

4.1 

850 

930 

300 

R,,[cm] 

0.25 

1.0 

0.41 

0.25 

fl,  [kG] 

0.176  (H) 

3.6  (P) 

1.275  (H) 

147(H) 

/.(cm] 

3.3 

9.8 

3.14 

3.18 

BolkGJ 

1.45 

N/A 

N/A 

-10.92 

FIMW] 

0.08 

185 

18 

61 

itl%] 

12 

6 

0.8 

27 

/[GHz] 

9J18 

34.6 

470 

33.4 

A  [GHz] 

0.72 

2.2 

55 

5.2 

f/h 

0.077 

0.063 

0.012 

0.156 

-b /(<*«) 

0.069 

0.25 

0.25 

0J5 

(y,V8)  (i'5/c^) 

0.0023 

0J3 

0.079 

0.01 

Raman 

yes 

no 

no 

yes 

spread  of  the  beam  must  be  small.  In  general,  Landau 
damping  of  space-charge  waves  is  important  for  wave¬ 
lengths  less  than  the  Debye  length. 

In  order  to  elaborate  on  the  importance  of  space- 
charge  effects  in  FELs,  we  shall  consider  four  etqxri- 
ments.  The  operational  frequencys  of  these  experi¬ 
ments  extended  from  9  to  500  GHz,  and  the  beam 
parameters  ranged  frxmi  currents  of  4  to  900  A  and 
energies  ranging  from  150  keV  to  35  MeV.  Three  of 
the  oqteriments  [U,4]  employed  a  helical  wiggler  and 
two  also  used  an  axial  guide  field  [1,4].  Of  these  two, 
one  used  a  guide  field  oriented  parallel  with  the  wig¬ 
gler  [1],  while  the  other  used  a  reveised-guide  field 
(mentation  [4].  The  remaining  experiment  used  a  pla¬ 
nar  wiggler  configuration  [2J.  Thus,  these  experiments 


cover  a  wide  range  of  parameter  space.  It  is  interesting 
to  observe  that  only  two  of  these  experiments  were 
unequivocally  in  the  Raman  regime,  and  that  these 
were  the  two  with  the  lowest  currents.  A  summary  of 
these  etqreriments  is  given  in  table  1. 

The  experiments  are  analyzed  using  the  3-dimen¬ 
sional  nonlinear  simulation  codes  ARACHNE  [6]  and 
WIGGLJN  [7],  which  arc  slow-time-scalc  formulations 
where  the  electromagnetic  field  is  expanded  in  a  super¬ 
position  of  the  TE  and  TM  nuxles  of  either  a  cylindri¬ 
cal  (n  rectangular  waveguide,  and  the  space-charge 
field  is  expanded  in  a  superpositkm  of  the  Gould-Tri- 
velpiece  iiKxies  of  the  beam.  Skrw-titne-scale  equatkms 
govern  the  evolution  of  the  amplitude  and  phase  of 
each  TE,  TM,  and  Could-Trivelpiece  mode  due  to  the 


Rg  1.  Variation  in  the  output  phase  versus  beam  energy  as  determined  in  the  ejqieiiment  (IJ  and  with  ARACHNE  [61  TE„  tn~<» 

(R,-1.27cin;f*i,-27kW(lin.)). 
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interaction  with  the  beam  and  wiggler/ axial  guide 
field.  These  equations  are  integrated  simultaneously 
with  the  3-dimensionaI  Lxirentz  force  equations  in  the 
complete  ensemble  of  electromagnetic,  electrostatic, 
and  magnetostatic  fields.  We  omphasize  that  no  aver¬ 
aging  procedure  is  imposed  on  the  orbit  equations. 
This  is  an  essential  feature  of  the  formulation  required 
to  explain  many  aspects  of  the  experiments,  including 
the  behavior  of  the  electron  trajectories  in  the  re- 
versed-guide  field  configuration  and  the  accurate  de¬ 
scription  of  the  bulk  motion  of  the  electron  beam  in 
the  planar  wiggler  configuration.  The  distinctions  be¬ 
tween  WIGGLIN  and  ARACHNE  are  1)  that 
ARACHNE  deals  with  a  helical  wiggler/ axial  guide 
field  with  a  cylindrical  waveguide,  while  2)  WIGGLIN 
deals  with  a  planar  wiggler  with  parabolic  pole  faces 
and  a  rectangular  waveguide,  and  3)  that  the  Gould- 
Trivelpiece  space-charge  modes  are  not  included  in 
WIGGLIN.  As  shall  be  shown  later,  this  last  distinc¬ 
tion  is  no  impediment  as  space-charge  effects  were  not 
important  to  the  single  planar  wiggler  experiment  un¬ 
der  consideration.  The  four  experiments  under  consid¬ 
eration  deal  with  both  helical  and  planar  wiggler  con¬ 
figurations;  hence,  ARACHNE  has  been  used  to  ana¬ 
lyze  the  experiments  described  in  reff.  (13.4]  while 
WIGGLIN  was  used  to  analyze  the  experiment  de¬ 
scribed  in  ref.  [2]. 

The  first  experiment  conducted  [1]  was  an  amplifier 
driven  by  a  traveling  wave  tube.  As  shown  in  table  1, 
criterion  (1)  places  this  experiment  in  the  Raman 
regime,  as  was  also  demonstrated  by  the  observation 
that  the  gain  scaled  as  the  fourth  toot  of  the  current 
[8].  Further,  the  wiggler  length  of  «  150  cm  permitted 
S-6  plasma  oscillations  over  the  course  of  the  interac¬ 
tion.  Finally,  the  low  energy  spread  (Ay^/yp  ■  0.3%) 
minimized  the  effect  of  Landau  damping.  Note  that  at 
4.1  A  this  experiment  had  the  lowest  current  in  the 
group.  A  comparison  of  the  variation  in  the  phase  of 
the  output  signal  with  beam  energy  from  the  experi¬ 
ment  and  as  determined  with  ARACHNE  is  shown  in 
fig.  1.  The  phase  measurement  is  equivalent  to  a  tuning 
curve  which  is  the  most  sensitive  test  of  the  space- 
charge  effect  (as  opposed  to  absolute  power  measure¬ 
ments).  It  is  evident  in  the  figure  that  substantial 
agreement  exists  between  the  experiment  and 
ARACHNE;  hence,  we  conclude  that  the  collective 
interaction  is  treated  correctly  in  this  formulation. 

The  second  experiment  is  the  ELF  experiment  (2} 
which  operated  as  a  35  GHz  amplifier  driven  by  a  50 
kW  magnetron  with  a  planar  wiggler  and  a  rectangular 
waveguide.  As  shown  in  table  1,  this  experiment  is 
transitional  between  the  Cfompton  and  Raman  regimes 
on  the  basis  of  the  idealized  criterion  (1),  and  it  might 
be  expected  that  space-charge  effects  play  some  role. 
However,  the  calculated  linewidth  [9]  is  «  15  GHz 
which  is  much  greater  than  the  plasma  frequency  ( «  2.2 
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Fig.  2.  Comparison  of  the  tuning  cuives  for  the  ELF  experi¬ 
ment  [2]  shown  as  circles  and  WIGGUN  over  a  2  m  interac¬ 
tion  length. 


GHz).  In  addition,  the  axial  energy  spread  (Ay^/yo^ 
2%)  yields  a  Debye  length  of  *  0.8  cm.  This  is  compa¬ 
rable  to  the  space-charge  wavelength  of  «  0.8  cm; 
hence,  the  space-charge  waves  are  strongly  damped 
(10).  This  issue,  therefore,  is  not  whether  this  experi¬ 
ment  is  in  the  Raman  regime  (it  b  not),  but  the  extent 
to  which  space-charge  effects  were  important.  Thb 
question  can  be  addressed  by  comparison  of  WIG- 
CLIN  with  a  detailed  experimental  spectrum. 

Such  a  comparison  b  shown  in  fig.  2  where  we  plot 
output  power  after  2  m  as  calculated  by  WIGGLIN 
(for  three  choices  of  the  axial  energy  spread)  with  an 
experimentally  measured  tuning  curve  [2].  Note  that  I) 
since  the  experiment  was  a  34.6  GHz  amplifier  driven 
by  a  magnetron,  the  tuning  is  accomplished  by  varying 
the  magnetic  field,  and  2)  saturation  was  found  to 
occur  over  a  length  of  1.4  m.  In  view  of  the  latter  point, 
a  detailed  comparison  of  the  spectral  width  is  not  valid 
because  sidebands  are  expected  to  result  in  spectral 
broadening  after  saturation,  and  WIGGLIN  does  not 
include  sidebands  in  the  formulation.  Be  that  as  it  may, 
the  agreement  between  the  spectral  peak  predicted  by 
WIGGLIN  and  found  in  the  experiment  b  excellent 
and  does  not  vary  greatly  with  the  choices  of  axial 
energy  spread.  The  agreement  between  these  peaks 
from  WIGGLIN  and  the  experiment  is  *  30  G,  which 
is  within  the  experimental  uncertainty.  As  a  result,  it  is 
concluded  that  space-charge  effects  did  not  play  a  role 
in  this  experiment. 

It  should  be  remarked  for  comparison  purposes  that 
the  FRED  simulation  code  was  also  compared  with 
this  spectral  data  [11].  The  principal  differences  be¬ 
tween  WIGGLIN  and  FRED  are  1)  that  FRED  uses  a 
field  solver  rather  than  a  modal  superposition,  2)  that  a 
wiggler-averaged  orbit  approximation  b  made  in 


FRED,  and  3)  that  the  approximation  for  space-charge 
is  treated  differently  than  by  the  Gould-Trivelpiece 
superposition  used  in  ARACHNE.  The  results  of  this 
comparison  between  FRED  and  the  spectral  data  arc 
that  FRED  is  detuned  from  the  experiment  by  « 1% 
without  space-charge,  and  the  inclusion  of  the  space- 
charge  is  necessary  for  agreement  with  the  data  Since 
this  contrasts  with  WIGGLIN,  it  is  of  interest  to  con¬ 
sider  the  source  of  the  discrepancy. 

The  use  of  a  field  solver  as  opposed  to  a  modal 
superposition  is  not  expected  to  result  in  a  significant 
discrepancy  between  these  formulations.  Since  WIG¬ 
GLIN  is  in  agreement  with  the  spectral  data  without 
the  cjqrlicit  inclusion  of  space-charge  effects,  it  is  rea¬ 
sonable  to  suppose  that  the  principal  source  of  the 
discrepancy  lies  in  the  wiggler-averaged  orbit  approxi¬ 
mation  used  in  FRED  but  not  WIGGLIN,  and  not  in 
the  space-charge  algorithm.  Thus,  consider  the  limite 
of  accuracy  imposed  by  the  orbit  average. 

Since  the  axial  veloaty  in  a  planar  wiggler  is  oscilla¬ 
tory,  the  tuning  will  be  sensitive  to  this  average  This  is 
typically  done  with  a  Bessel  function  correction  factor 
that  is  derived  under  the  assumption  of  a  sinusoidal 
variation  in  v,.  However,  the  variation  in  v,  is  given  by 
an  elliptic  function  for  large  displacements  of  the  orbit 
from  the  symmetiy  plane  of  the  wiggler.  Furthermore 
m  a  3-dimensional  analysis  the  magnitude  of  the  wig¬ 
gler  varies  over  an  electron  orbit,  which  also  acts  to 
break  ^e  sinusoidal  variation  in  p,.  Each  of  these 
effects  limit  the  accuracy  of  the  wiggler-averaged  orbit 
approximation.  In  addition,  the  effect  of  a  large  ampli- 
tu*  electromagneUc  wave  (i.e..  near  saturaUon)  is 
included  m  the  transverse  components  of  the  electron 
tnweetones  in  WIGGLIN  (but  not  FRED),  and  is 
observed  to  modify  the  electron  orbits.  Hence,  we 
mtU***'  <*'«reiwncy  between  the  spectral  dau 
and  FRED  a^s  from  the  wiggler-averaged  orbit  ap¬ 
proximation.  This  discrepancy  is  to  within  •  7%  in 
which  IS  equivalent  to  an  « 15%  error  in  v  .  For 
most  purpo^  this  is  a  reasonable  approximation,  and 
agreement  between  FRED  an  the  experimental  data 
hM  ^en  typically  good.  However,  we  conclude  that  the 
wiggler-averaged  orbit  approximation  is  not  good 
enough  to  resolve  the  importance  of  space-charge  ef¬ 
fects  m  the  ELF  ei^riment 

The  third  e^riment  was  a  superradiant  amplifier 
(i.e..  the  si^al  grew  from  noise)  employing  a  helical 
w^cr  without  an  axial  field  [3].  As  shown  in  teble  1 
this  ex^nment  k  expected  to  be  in  the  Raman  regime 
OT  the  bwis  of  the  idealized  criterion  (1).  However,  the 
hnewidth  oHO  GHz  was  much  greater  than  the  plasma 
equenQT.  The  beam  energy  spread  of  Ay,/y-  m  0  25% 
was  coj«istent  with  an  analysis  of  the  ^un  geometry 

predicted  with 

ARAC^.  Hence,  the  Debye  length  here  is  •  0.09 
cm  while  the  space-charge  wavelength  is  •  0.06  cm. 
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Fig.  3.  Comparison  of  the  experimental  output  spectrum  131  as 
represented  by  the  dots  with  ARACHNE  TE„  and  TM 
modes  (R,- 0.8  cm).  " 


and  we  expect  that  space-charge  waves  will  be  damped, 
and  that  Raman  effecte  will  be  unimportant.  This  con¬ 
clusion  IS  supported  by  ARACMNE.  The  output  power 
versus  frequency  from  ARACMNE  and  the  experiment 
IS  shown  m  fig.  3.  Evidently.  ARACHNE  accurately 
reproduces  the  observed  spectrum.  It  should  be  noted 
*P““-<*»r*e  waves  can  be  disabled  in 
ARAOINE.  and  that  the  predicted  plectrum  it  OMf- 
fected  by  the  inclusion  of  tpace-chaige  waves.  We 

ratclude  that  3-dimensional  affeas  (such  as  the  plasma 

reductioo  and  realistic  orbits)  modify  the 
idealized  criterion  (I). 

fourth  experiment  [4]  (grated  as  an  amplifier. 

^  shown  m  ta^  1.  this  experiment  it  alto  in  the 
regime  based  on  criterion  (1).  In  addition,  the 
wig^er  length  of  •  150  cm  permitted  28-29 
osallat^  during  the  course  of  the  interaction.  Fi- 
nalJy.  the  Debye  length  for  this  experiment  was  ■  0.14 

Tn  space-charge  waves  w 

0.80  cm.  Hence.  Landau  damping  of  the  space-charie 
waves  IS  not  important.  Hence,  we  expect  this  experi¬ 
ment  to  ^  m  the  Raman  regime,  and  this  conclusion  is 
supplied  by  simulations  with  ARACHNE  which  shows 
«ood  agmment  with  the  experiment  (12].  A  maximum 
^er  of  «  61  MW  was  found  for  a  revetsed-guide 
field  onenution.  A  comparison  of  the  evolution  of  the 
power  versus  axial  position  as  determined  in  the  exper- 
«^t  and  computed  with  ARACHNE  is  shown  in  fig. 

4.  T>vo  wives  ^  ARACHNE  arc  shown  coirregpo^ 

mg  to  the  nominal  oqierimental  parameters  (A  ■  300 
A  B,  -  1.47  kG.  Md  Ffc,-8.5  kW)  as  weU  as  the 
ui^r  limits  due  to  experimental  uncertainties.  It  b 
evident  from  the  figure  that  ARACHNE  is  in  agree¬ 
ment  with  the  experiment  to  within  the  experimental 
uncertamty.  Note  that  this  agreement  cannot  be  ob- 
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Fig.  4.  The  evolution  of  the  power  with  axial  position  as 
determined  with  ARACHNE  and  from  the  experiment  (dots) 
for  a  field-reversed  configuration.  TE„  mode  {R  -  0.51  cm- 
/- 33.39  GHx). 


tained  with  ARACHNE  if  the  space-charge  inodes  are 
disabled. 

In  conclusion,  we  have  examined  the  detailed  effect 
of  space-charge  on  four  experiments  with  the  purpose 
of  determining  criteria  for  the  importance  of  Raman 
effects  on  the  PEL  interaction.  In  the  first  place,  it  is 
concluded  that  the  wiggler-averaged  orbit  approxima¬ 
tion  can  lead  to  a  sufficiently  large  error  in  the  bulk 
axial  velocity  that  no  reliable  determination  of  the 
importance  of  space-charge  effects  can  be  made.  It  is 
also  concluded  that  the  idealized  Raman  criterion  (1) 
must  be  used  with  caution  since  3-dimensional  effects 
alter  the  relationship  between  the  pondeiomotive  and 
space-charge  potentials.  It  should  be  pointed  out  here 
that  improved  models  of  the  interaction  in  the  linear 
regime  have  been  developed  which  treat  the  Raman/ 
Compton  regime  with  more  precision  than  is  given  in 
the  one-dimensional  Raman  criterion  (1).  For  MampU 
a  complete  three-dimensional  solution  to  the  eigen¬ 
value  problem  posed  by  the  propagation  of  a  thin 
electron  beam  through  a  cylindrical  waveguide  in  the 
presence  of  a  helical  wiggler  and  an  axial  guide  field 
has  been  developed  [13],  and  successfully  applied  to 
the  analysis  of  a  Raman  FEL  [8].  Simflar  analyses  have 
also  been  conducted  using  a  hybrid  one-dimensional 
electron  orbit/  three-dimensional  waveguide  model 
[14].  Unfortunately,  while  such  models  are  in  good 
agreement  with  FEL  etperiments,  they  are  often  too 
complex  to  yield  a  simple  Raman/  Compton  criterion. 
In  addition,  two  other  criteria  must  be  considered  as 
well.  Specfically,  1)  the  Raman  shift  in  the  resonance 
condition  must  be  greater  than  the  FEL  linewidth,  and 
2)  Landau  damping  of  the  space-charge  waves  must  be 
small  in  order  for  space-charge  effects  to  be  important. 


It  should  be  noted  that  an  alternate  approach  to  the 
development  of  a  usable  Raman/Compton  criterion  is 
to  use  an  ad  hoc  model  for  such  factors  as  the  space- 
charge  reduction  factor  for  the  plasma  frequency  or 
the  filling-factor  of  the  beam  and  radiation.  However, 
these  descriptions  must  be  used  with  some  caution.  For 
example,  it  was  shown  that  the  beam  space-charge 
wave  itself  can  be  driven  unstable  for  helical  wiggler/ 
axial  guide  field  configurations  in  the  strong  guide  field 
regime  [15).  Hence,  the  inclusion  of  the  wiggler  dynam¬ 
ics  can  have  a  significant  dielectric  effect  on  the 
space-charge  wave  which  must  be  included  in  any  self- 
consistent  estimate  of  the  effects  of  the  plasma  reduc¬ 
tion  factor.  Further,  attempts  to  include  the  effects  of 
the  filling-factor  must  also  be  approached  with  caution 
due  to  the  optical  guiding  of  the  radiation.  For  these 
reasons,  it  was  judged  preferable  to  employ  the  simpli¬ 
fied  one-dimensional  form  for  the  Raman/ Compton 
criterion  in  this  work. 
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A  wiggler  design  has  been  developed  which  ii  «e>Uhi.  n 
•«PUnce.  ud  exceUent  trMsve,«  SLing  and  bel^  •mplitude.  high  beam  enrrem 

«*»*•«»  of  a  coaxial  arrangement  of  alternating  ferromaaBJ^**^*”**  Th«  coaxial  hybrid  iron  (CHI)  wiggler  deu*n 

pent^  field.  FEL  oonfiguratioiu  using  this  wiggler  desien  hav»  '**“'•*  •  cylindrically  symmetric 

-  ^ 


1.  htroductioa 

Free^lectron  Usen  (FELi)  are  attractive  as  tunable 
•ouroes  of  coherent  radiation.  However,  the  voltages 

SSSt— «‘*“tion  are  often  beyond  the 
d^le  limit  for  mny  applications.  Harmonic  opera- 
«««^J  a^  small  period  wigglers  (3-lOJ  are  two 
Vproac^  being  tested  for  reduced  voltage  (or  en- 
^uen^)  Deration.  Each  has  advantages  and 
d«dvantages  depending  on  the  parameters  and  per- 
^^r^t^menu  of  the  particular  applicatioror 
By  uulmng  mioo-wigglers  (A.  <  5  mm).  FEL 
oi^tmg  voltages  can  be  reduced  <o  with  re- 
reduc^  in  shielding,  size,  and  cost.  The 
with  this  abroach  lies  in  fabricating  small 
^figlers  which  wfll  provide  high  field  strength 
a^un^muty  wuh  reasonable  gap  spacing  and  gtSd 
^focusing.  Several  micro-wiggler  configurations 
investigated  (3-101  Each  of 
^configurations  has  advantages  and  disadvantages 

Z  «rength  and  unifonn- 

i^^abriMtwn.  control,  tuning,  coat,  and  beam  accep¬ 
tance  and  focusmg.  The  coaxial  hybrid  iron  (Cm 
higgler  design  presented  in  this  paper  has  a  number  of 
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2.  CHI  wiggler  cenflguraliM 

^  be  generated  by  munening  a  periodic  array  of 
fcrroma^tic  material  in  a  solenoidal  magnetic  fkid 

by  geometiK  factors  and  saturation  of  the  ferro- 
n^Uc  matend.  The  strengths  of  this  anangeroent 
•re  simplKity  and  the  relative  ease  of  teneratine  !>»* 
^enmdal  fields.  Disadvanuges  include  a  lar^  peri- 
com^wm  m  the  axial  field  within  the  stroemm 

tudes  aw^  from  the  symmetry  axis,  and  potential  beam 

£wT.‘r,T''"“.  fyromsonan.^ 

fe  d  gradient  effects.  In  addition,  although  the  wiggler 

en^to  lower  opeiatin,  voltages  significantly  S 
out  saenfiang  gaiii  md  power. 

overcomes  many  of  these 

jSrii  thl^nfT’**^*’*  "0"-fc™«»»«netic  rings 

inth  tl«  central  portion  of  the  coax  shifted  relative  to 

the  outer  by  one  half  period,  see  Fig.  1.  The  entire 
vrangement  is  then  immersed  in  a  solenoidal  field 
rwuhmg  m  a  periodic  radial  magnetic  field  and  a 
reduc^  tolenoidal  field  with  a  iTmnpS  rile 
«nd  alternating  gradients.  One  period  in  the  CTH  wit- 

periods.  Daks  and  rings  of  magnetic  and  non-magnetic 
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roiteriils  only  fractions  of  a  milliffleter  thick  can  be 
fabricated  with  very  high  precision.  Stacks  of  such  disks 
can  be  brazed  or  otherwise  formed  into  mechanically 
robust  wigglers.  The  most  obvious  materials  for  the 
construction  of  the  ferromagnetic  disks  are  iron  alloys 
However,  other  materials  which  have  beneficial  mag-’ 
netic  properties  (e.g.  high  saturation  field  at  cryogenic 
temperatures)  could  be  used.  TTie  non-ferromagnetic 
disks  can  be  fabricated  from  a  wide  range  of  materials 
(or  combinations  of  materials)  Including  non-magnetic 
metals,  ce^cs.  plastics,  air.  superconducting  materi¬ 
als,  etc.  The  two  different  rings  which  make  up  a 
period  need  not  be  identical  in  thickness,  height,  or 
shape.  Also,  it  is  possible  to  use  different  ring  proper- 
Ues  for  the  central  element  as  long  as  the  period 
remains  the  same.  Tlie  key  to  the  enhanced  perfor- 
mance  of  the  Off  wiggler  is  the  addition  of  the  antral 
element.  The  reasons  for  this  wfll  be  bdow 

(A  linear  wiggler  system  utilizing  Immersed  shifted  iron 
poles  has  been  under  investigation  by  a  group  at  Stan¬ 
ford  University,  see  ref.  [12]  for  deuils.) 

3.  Analytic  field  approximation 

^  analy^  representation  for  the  Ofl  wiggler  field 
can  be  obtained  by  the  solution  of  Laplace's  equatioo 
subject  to  the  appropriate  boundary  conditions  at  the 
surfa^  of  the  magnetic  and  ooiMnagnetic  rings.  A 
m^lete  derivation  of  this  lepresenution  will  be  given 
in  det^  m  a  fature  woit  [131,  and  «e  merely  sutftS 
resuh  here.  The  CHI  wiggler  field  is  azimuthsOy  «ym- 

metne  radial  and  axial  componentt  of  this  field 
are  given  by 

B,(r,  z)  -  2B„  i  —  _ 

+«i(*.0/o(*,««)j|.  (,) 

cos*,z 


and 


B,(r,  z)~Bo  +  2Bot 


\  (*-4, 


'.-l 


^/2) 

(2) 


Fig.  1.  Schematic  of  Coaxial  Hybrid  iron  (CHI)  wialcr 
geometry. 

«agnitude  of  the  axial 

Go(x,.  *2)*/o(Si)^o(X2)-4(X2)Ao(x,).  (J) 

Observe  that  for  most  applications  -d  -A  /2- 
CHI  .i„k, 

for «  - 1, 3  are  shown  in  Figs.  2  ami  3 
J^re  the  field  ampfatudes  within  the  coaxU  gap  are 

-  05.  The  plots  show  field  coropcoent  am- 

ttnictiE^Jiih  the 
^  “"‘tal  piece,  the 

fcid  con^nts  hare  good  focusing  properties  at  the 

Also,  the  axial  field 

oetter  ^  focusing  and  transport  characteristics.  A 
relative^  Imge  section  of  the^d-gap  re^^t 

r^ably  uMora  radial  and  axial  field  strength.  Thus 
^  beam  will  hare  less  velocity  spread  induced  bv 

^ure^for  b«h  power  FELs  employing  small  period 


4.  PcrformaDce  chanctcristics 


POISSON  codes  were  used  to  i-vanijm.  y,, 
nonlinear  magnetic  properties  of  the  CHI  wigeler  (the 

^  vanatwo  of  a  number  of  pa- 
^^to^fon  dm^  of  afi  the  calculation  tesSL 

J?  2“  P^*  wai  be  given 

elsewhere  I13.14J.  Both  the  radial  and  axial  fields 
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the  gap  were  calculated  and  compared  with  the  ana¬ 
lytic  results.  Both  qualitative  and  quantitative  agree¬ 
ment  is  excellent,  and  the  results  are  substantially  the 
same  as  shown  in  Figs.  2  and  3.  Magnetic  flux  line  plots 
from  simulations  of  the  CHI  wiggler  show  the  enhance¬ 
ment  caused  by  the  center  element.  The  central  rings 
act  to  pull  the  flux  lines  down  as  the  upper  rings  pull 
the  flux  lines  up  resulting  in  strong  radial  fields  at  the 
edges  of  the  rings.  These  radial  fields  are  two  times 
larger  than  without  the  central  rings  when  measured  at 
the  same  radius.  (The  difference  is  even  larger  if  the 
field  is  measured  at  the  peak  field  radius  of  the  TE., 
waveguide  mode  where  the  electron  beam  would  be 
placed.)  In  addition,  field  perturbations  due  to  end 
eflects  are  much  lower  in  the  CHI  wiggler  configura¬ 
tion. 

The  aspect  of  wiggler  performance  of  most  interest 
IS  the  dependence  of  the  peak  radial  field  on  various 
geometric  and  operational  parameters.  An  operating 
curve  for  a  CHI  wiggler  with  a  gap  to  period  ratio  of 


OJ  is  shown  in  Fig.  4.  This  figure  plots  radial  field 
amplitude  against  applied  solenoidal  field,  i.e.  the 
solenoidal  field  which  would  exist  in  the  absence  of  the 
CHI  wiggler  structure.  The  radial  field  increases  lin¬ 
early  with  the  applied  solenoidal  field  until  the  ring 
material  begins  to  saturate  around  8  kG.  In  this  linear 
^gc.  a  substantial  fraction,  about  36%.  of  axial  field 
is  converted  into  radial  field.  As  the  applied  field  is 
hinher  increased,  the  wiggler  field  amplitude  levels  off 
and  then  decreases  slowly.  The  peak  wiggler  field  gen¬ 
erated  is  substantial,  «  3.2  kG,  and.  it  should  be  noted. 
IS  folly  compatible  with  dc  operation.  Numerous  simu¬ 
lations  have  shown  that  the  initial  slope  of  the  CHI 
wiggler  performance  curve  is  dependent  on  details,  but 
the  peak  is  mainly  determined  by  the  coaxial  gap  to 
period  ratio  and  the  saturation  field  of  the  ring  mate¬ 
rial. 

respect  to  two 

CHI  wiggler  geometric  parameters  is  shown  in  Figs.  5 
and  6  for  gap  to  period  ratio  and  magnetic  ring  width 
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Fig.  6.  Pe»k  radial  wiggler  field  at  a  function  of  normalized 
central  element  pole  thickneu  (outter  ring  widih/A.  -  OJ, 
■*  0.5,  field  measured  in  the  middle  of  gap). 


to  period  ratio  respectively.  Fig.  5  shows  the  expected 
exponential  drop  in  field  strength  as  the  gap/period 
ratio  increases.  A  pole  width/ period  ratio  of  0.5  was 
assumed.  For  small  gap  values,  corresponding  to  high 
beam  energy  or  long  wavelength  radiation,  extremely 
high  fiel^  are  possible,  approaching  14  kG.  The  effect 
of  variation  of  the  magnetic  ring  thickness,  central  ring 
elements  only,  is  shown  in  Fig.  6  for  a  gap/period 
ratio  of  0.5.  A  peak  occurs  when  there  is  a  small  axial 
overlap  of  the  outer  and  inner  magnetic  rings,  i.e.  the 
inner  magnetic  rings  are  slightly  wider  than  one  half 
period,  ring-width/A,  -  0i5.  For  smaller  gaps,  the 
peak  field  is  achieved  with  greater  pole  overlap,  e.g.  at 
gap/A,  -  0.25  peak  field  is  achieved  at  ring-width/A, 
-  0.6.  These  results  also  apply  to  width  variation  of  the 
outer  rings  or  to  simultaneous  variation  of  both  inner 
and  outer  rings.  Other  factors  such  as  ring  height,  etc. 
have  been  varied  with  similar  results. 

Although  the  CHI  parameters  at  which  the  peak 
field  is  achieved  are  highly  dependent  on  particulars, 
peak  value  is  almost  independent  of  any  factors 
other  than  the  relative  gap  size  and  ring  material 
magnetic  saturation  characteristics.  In  all  calculations 
performed  to  date,  the  peak  field  has  fallen  somewhere 
in  the  3.2-3.3  kG  range  for  low  carbon  steel  rings  with 
gap/A.  -  0.5.  Rings  construaed  from  the  best  avail¬ 
able  iron  alloys  (Hiperco  or  Permendur)  would  in¬ 
crease  the  maximum  wiggler  field  by  up  to  20%,  i.e.  to 
approximately  4  kG.  Note  that  variations  of  the  period, 
gap,  material,  ring  height,  applied  axial  field,  etc.  pro¬ 
vide  ample  opportunities  for  tapering  and  tuning  of 
CHI  wiggler  fields. 


S.  Summary  and  discussion 

wiggler  configuration  has  several  advan¬ 
tages  for  applications  in  FEL  systems.  It  is  a  simple. 


low  cost  wiggler  structure  which  is  easy  to  hbricate 
and  assemble,  and  is  capable  of  producing  multi-kilo- 
gauss  fields  even  at  millimeter  wiggler  periods.  Be¬ 
cause  cooling  considerations  involve  only  the  solenoid, 
CHI  wigglers  are  compatible  with  dc,  ac  and  pulsed 
operation.  The  “effective”  wiggler  field  amplitude  is 
hinable  over  a  broad  range  in  both  the  linear  and 
saturated  domains  (in  the  latter  due  to  gyroresonance 
effects,  see  ref.  {14].)  The  CHI  configuration  also  pro¬ 
vides  a  number  of  parameters  which  can  be  axially 
upered  to  control  or  enhance  various  FEL  interaction 
characteristics.  In  addition,  the  coaxial  nature  of  the 
(THI  configuration  greatly  increases  the  level  of  beam 
current  which  can  be  propagated  with  sufficient  quality 
for  the  FEL  interaction. 

To  be  sure,  the  CHI  wiggler  also  has  potential 
disadvantages  such  as  mechanical  support  of  the  cen¬ 
tral  element,  increased  mode  competition  and  uncon¬ 
ventional  beam  and  resonator  geometries.  Although 
these  details  must  be  addressed,  they  do  not  appear  to 
be  insurmountable.  With  proper  attention  to  details, 
CM  wigglen  will  enable  the  development  of  compact, 
low  voltage  FELs  able  to  deliver  high  power  at  mil¬ 
limeter  and  IR  wavelengths. 
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A  three-dimensional  nonlinear  formulation  of  a  free-electron  laser  based  upon  a  hybrid 
iron  (CHI)  wiggler  is  described.  The  CHI  wiggler  is  created  by  insertion  of  a  central  rod  and 
an  outer  ring  [composed  of  alternating  ferrite  and  dielectric  spacers  in  which  the  ferrite 
(dielectric)  spacer  on  the  central  rod  is  opposite  to  the  dielectric  (ferrite)  qiacer  on  the  outer 
mg]  along  the  axis  of  a  solenoidal.  An  analytic  model  of  the  CHI  wiggler  is  developed  which 
is  in  good  agreement  with  the  Poisson/Superfish  group  of  codes.  The  free-dectron  laser  (PEL) 
formulation  is  a  slow-time-scale  analysis  of  the  interaction  of  an  annnUr  electron  h«H»n  with  the 
CHI  wiggler  in  a  coaxial  waveguide.  The  electromagnetic  field  is  iqmsented  as  the 
superposition  of  the  vacuum  transverse  electric  (TE),  transverse  magnetic  (TM),  and 
transverse  electromagnetic  (TEM)  modes  of  the  waveguide,  and  a  set  of  ncmlinear  second-order 
dififerential  equations  is  derived  for  the  amplitudes  and  phases  of  these  modes.  These  equations 
are  solved  simultaneously  with  the  three-dimensional  Lorentz  force  equations  for  the  <vnnbinfd 
magnetostatic  and  electromagnetic  fields.  An  adiabatic  taper  is  used  to  modd  the  injection  of  the 
beam,  and  an  amplitude  taper  is  included  for  eflSciency  enhancement.  Simulatkms  are  presented 
for  Kg-,  Ky-  and  IP-band  operation.  Multimode  operation  is  also  studied.  The  results  indicate 
that  operation  over  a  wide  bandwidth  is  practical  with  the  CHI  wiggler,  and  that  the  bandwidth 
ill  the  tapered-wiggler  cases  is  comparable  to  that  for  a  uniform  wiggler.  Therefore,  relatively 
high  field  strengths  can  be  achieved  with  the  CHI  wiggler  at  shorter  wiggler  periods  than  is 
possible  in  many  other  conventional  wiggler  designs. 


I.  INTRODUCTION 

The  free-dectron  laser  (FEL)  has  demonstrated  oper¬ 
ation  over  virtually  the  entire  electromagnetic  spectrum.'"* 
The  FEL  operates  by  means  of  the  beating  of  a  periodic 
magnetostatic  field  (called  a  wiggler)  and  an  electromag¬ 
netic  fidd  to  produce  a  slowly  varying  ponderomotive 
wave  in  phase  with  the  dectron  beam.  The  wavelength  A  of 
the  resonant  electromagnetic  wave  depends  both  upon  the 
beam  energy  and  the  wiggler  parameters  approximatdy  as 
As  ( 1  -f-«i)A^yoi  where  A^  is  the  wiggler  period,  Yo  “ 
the  bulk  relativistic  factor  of  the  beam,  and 
a„c0.0934R^^  for  a  RMS  wiggler  amplitude  By,  in  kG 
and  a  wiggler  period  in  cm.  Further,  in  the  exponential 
Compton  regime  in  which  the  collective  space-charge  ef¬ 
fects  of  the  beam  are  negligible,  both  the  gain  and  satura¬ 
tion  efficiency  scale  as  o^/Yq-  Hence,  the  wavelength, 
gain,  and  efficiency  of  the  interaction  all  decrease  as  the 
beam  energy  increases  for  fixed  wiggler  parameters.  A 
great  deal  of  effort  has  been  devoted,  therefore,  to  the  de¬ 
sign  of  short  period  wigglers  in  order  to  operate  at  short 
wavelengths  with  low  beam  energies.  However,  this  is  an 
ultimately  self-defeating  process,  since  reductions  in  the 
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wiggler  period  often  result  in  a  corresponding  reduction  in 
the  wig^er  amplitude  as  well  with  a  deleterious  impact  on 
the  efficiency  and  gain  of  the  FEL. 

It  is  our  intention  in  this  paper  to  analyze  the  perfor¬ 
mance  of  a  FEL  amplifier  based  upon  a  coaxial  hybrid 
wiggler.^  This  novel  wiggler  design  is  based  upon  a  config¬ 
uration  in  which  a  central  rod  and  a  coaxial  ring  of  alter¬ 
nating  ferrite  and  dielectric  spacers  is  inserted  into  a  sole¬ 
noidal  magnetic  field.  Further,  in  this  design  the  ferrite 
(dielectric)  spacers  on  the  central  rod  are  aligned  opposite 
to  the  dielectric  (ferrite)  spacers  on  the  outer  ring.  For 
convenience,  we  refer  to  this  design  as  the  coaxial  hybrid 
iron  wiggler,  or  CHI  wiggler  for  short  A  schematic  illus¬ 
tration  of  this  configuration  is  shown  in  Fig.  1.  The  geom¬ 
etry  of  this  design  produces  an  azimuthally  symmetric  pe¬ 
riodic  field  in  which,  for  a  fixed  period,  the  amplitude  can 
be  increased  by  the  relatively  simple  expedient  of  increas¬ 
ing  the  strength  of  the  solenmd.  Since  solenoidal  magnets 
are  readily  available  with  amplitudes  of  many  tens  of 
the  CHI  wiggler  is  capable  of  producing  relatively  high- 
amplitude  but  short  period  wiggler  fields.  It  is  important  to 
observe  that  the  radial  component  of  the  field  in  the  CHI 
wiggler  has  a  minimum  at  the  center  of  the  gap;  hence,  the 
field  tends  to  focus  the  electron  beam  against  the  effects  of 
self-field-induced  spreading.  In  addition,  the  aTimntbiii 
symmetry  of  the  field  in  the  CHI  wiggler  results  in  a  bulk 
wiggler-induced  transverse  velocity  in  the  azimuthal  direc¬ 
tion;  hence,  the  beam  interaction  is  strongest  for  electro¬ 
magnetic  waves  with  an  azimuthal  component. 

The  organization  of  the  paper  is  as  follows.  An  analyt¬ 
ical  representation  of  the  CHI  wiggler  is  derived  in  Sec.  II, 
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HG.  1.  Schematic  illustration  of  the  CHI  wijgler  configuration. 

bas^  upon  a  solution  of  Laplace’s  equation  and  boundary 
conditions  appropriate  to  the  coajiial  geometry  of  the  CHI 
wiggler.  This  analytic  representation  is  in  substantial 
agreement  with  results  of  a  simulation  of  the  CHI  wiggler* 
using  the  Poisson/Superfish  group  of  codes  (see  Ref.  7  for 
a  discussion  of  the  ^orithm  employed  by  these  codes).  A 
formulation  of  the  interaction  of  the  beam  and 
the  cm  wig^er  with  the  transverse  electric  (TE),  trans- 

transverse  electric  and  mag- 
waveguide  is  derived  in 
III.  In  this  section  a  slow-time-scale  formulation  of  the 
dynarmcal  equations  for  the  electromagnetic  fields  is  de¬ 
rived  for  the  coaxial  waveguide  geometry.  These  equations 
must  be  solved  simultaneously  with  the  Lorentz  force 
^uati^  for  the  electron  trajectories  in  the  combined 
fields  of  the  CHI  wi^er  and  the  TE,  TM,  and/or  TEM 
m^es  of  the  waveguide.  A  numerical  analysis  of  the  gain  \  \  d  f  d  \  \  , 

Md  saturadon  efficiency  for  various  representative  sets  of  {''Tr^r(r)]+j-^^ZAz)]=0 

peters  is  described  in  Sec.  IV,  and  a  summary  and  ‘  ^  ^  ^  ^  1 

discussion  is  given  in  Sec.  V. 


ofLfh  ^  However,  m  most  wiggler  designs  this  is 

J^t  by  the  fact  that  shorter  wiggler  periods  typically  re¬ 
sult  m  lowCT  ^^er  amplitudes  and  increased  wiggler  field 
padients.  This  is  not  necessarily  the  case  for  the  CHI  wta- 
per,  “““  wiggler  amplitudes  can  be  achieved  by  us- 
^  a  stronger  solenoid.  Also  note  that  the  gyroresoimnce 

Penodic  and  axial  components  can  enhance 
the  FEL  mteraction  as  well. 

In  a  source-free  region  the  divergence  and  curl  of  the 
m^edc  field  vanish,  and  the  field  in  coaxial  gap  of  the 
^  wiggler  can  be  found  by  solution  of  Laplace’s  equa- 

V*B(r,z)=0, 

for  the  appropriate  boundary  conditions.  Since  the  geom¬ 
etry  is  azunuthally  symmetric,  we  assume  that 

^(r^)  =  B,(r^)e,+  BAr^)e,.  (2) 

whw  Bf[r^)=R^{r)R^iz),  and  B^(r^)z=ZJr)Z  (z) 
Each  a^er  juried,  denoted  by  corresponds  to  the 
combmed  length  of  one  ferrite  and  dielectric  spacer,  and 
we  ^ume  that  the  length  of  each  spacer  is  As  a 
rcsulL  the  wig^er  field  exhibits  an  axial  periodicity  of  the 

*'bere  A^is  an  integer.  Finally, 
we  s^  use  to  denote  the  radius  of  the  central  rod,  and 
"oui  for  the  inner  radius  of  the  outer  ring. 

SubsUtution  of  this  field  into  Laplace’s  equation  yields 
two  equations:  ' 

I  [si;)  ) -?]  +  5  j  .0, 

(3) 

and 


II.  THE  CHI  WIGGLER 

The  CHI  vriggler  is  formed  by  the  insertion  of  a  central 
rod  and  a  coaxial  ring  of  alternating  ferrite  and  dielectric 
spacers  within  a  solenoidal  magnetic  field.  A  schematic 
lUustration  of  this  configuration  is  shown  in  Fig.  1.  The 
a^gement  of  the  ferrite  and  dielectric  spacers  are  such 
that  the  femte  (dielectric)  element  on  the  central  rod  b 
‘^electric  (ferrite)  element  on  the  outer 
rmg.  TJe  magnetic  field  produced  by  this  arrangement  is 
a^uthally  sy^etric,  and  the  radial  component  of  the 
field  has  a  mmimum  in  the  center  of  the  gap.  Hence,  the 
field  provides  a  focusing  force  on  the  electron  beam.  Ad- 
ditionid  focusing  is  provided  by  the  bulk  axial  component 
ot  the  field. 

The  ease  of  construction  of  this  design  permits  the 
development  of  wigglers  with  extremely  short  periods  by 
the  simple  expedient  of  using  thin  dielectric  and  ferrite 
s,»ars  The  advantage  of  a  short  period  wiggler  is  that 
relatively  low  beam  energies  are  required  for  resonance  at 

Ptiys.  Plasmas.  Vd.  1,  No.  4^  ,994 


(4) 

Since  the  radial  and  axial  components  of  the  fields  should 
mdependently  vanish,  we  use  nkj  slm/Aj  as  the  sepa¬ 
ration  constant  where  /i  is  an  integer,  and  write 


(5=+"’*’.)(z;SJ=ft 

Id  /  ^  ni 


Equations  (5)-(7)  have  the  general  solutions 
ZAz)  =A„  cos  nk^+  B„  sin  nk^, 

Bz(^)  cos  nk^+B„  sin  nk^, 

Zr(>’)=C^Q(nku/-)  -I- 

BAf) = ,  ( nk^)  -f-  D^i  (nk^) . 


(5) 


(6) 


(7) 


(8) 


Freund  at  a/. 


1047 


Under  the  requirement  that  ▼•BsQ,  the  coefficient!  aat- 
iafy  A„C„+B„C„^0,  B„C„-A„C„^0,  A„D„ 

—  “d  B„D„+AaD„=0.  As  a  result,  the 

field  may  be  written  as  a  sum  over  spatial  harmonica, 

«» 

BAr^)  =  Bo+  I  lBJo(nk^)+C^o(nkj’)] 

■  b1 

XcosIiiA:„(r-r,)]  (9) 

and 


X  («*,/)] 

*•1 

XsinIiiA:„(z-zJ].  (10) 

The  relaticHis  between  the  remaining  coefficients  can  be 
determined  by  plication  of  the  boundary  conditions.  We 
now  assume  that  the  effect  of  the  ferrite  spacers  results  in 
a  step  function  in  the  axial  field  at  r=R^  and  Rg^,  such 
that  B^(Rjg^a)  =  Bjg  and  ^,(iloui»*)*=-®out  •long  the  sur¬ 
face  of  the  dielectric  and  zero  along  the  surface  of  the 
femte.  Therefore,  for  the  n=0  spatial  harmonic, 

(II) 

and 


FIG.  2.  niustratioB  of  the  rsdisl  eompoaent  of  the  CHI  wiggler. 


BAr^)  =  Bo+Bg,  X  cos(Bit^) 

^^lSJo(nk^)^Tj:o{nk^)] 
C7(  ) 

and 


A.A=£^<fee,(Ji«.»)=if=.  (12) 

This  implies  that  Bjg= Bf^ss2B0.  We  can  now  Fourier 
decompose  the  ii>  1  spatial  harmonics.  Under  the  assump¬ 
tion  that  the  dielectric  spacer  along  the  surface  of  the  cen¬ 
tral  rod  is  found  over  the  first  half-period  of  the  wiggler,  we 
find  that 


Br(ra)  —  B„  X  ain(«Jk^) 

«<b| 

[SJi(nky)  +  TgKtlHky)] 
where  B^mlBo, 

w(s,f)*/o(|)^(f)-/o(f)Ao(^),  (17) 


+CgKQ[nkJt^) 

(13) 

where  we  choose  z,=0  under  the  assumption  that  the  first 
spacers  are  half  the  ty|^  length.  This  implies  that  the 
didectric  spacer  is  found  over  the  second  half-period  trfthe 
wiggler  along  the  outer  ring;  hence 


Bgloinky^ggf)  -j-  CgR^inkfiRgg^) 

/  rv* 


(14) 


Using  Eqs.  (13)  and  (14),  we  can  now  write  the  field 
in  the  form 


+^o(«Moo.)  ]. 

(18) 

and 

^ f^o(«M»)  +/o(«Mo«)  ].  (19) 

This  field  has  the  form  of  a  superposition  of  an  aiiai  pijdf 
field  and  an  azimothaUy  symmetric  wiggler  with  a  large 
number  of  odd  qwtial  harmonics. 

The  CHI  wig^  field  described  in  Eqs.  (15)  and  (16) 
r^resents  a  reasonable  approximation  to  the  realistic  field 
within  the  limits  of  the  assumptions  made  in  solving  La¬ 
place’s  equatioa.  The  radial  and  axial  components  <rf  the 
fidd  normalized  to  B^  m  shown  in  Rgs.  2  and  3  for 
1.0  and  using  the  fundamental  and 

third  spatial  haimomc  components,  and  is  in  good  agree¬ 
ment  with  the  sdution  for  the  fidd  obtained  in  this  geom¬ 
etry  using  the  Pdsson/Superfish  group  of  codes.*  The  cf- 
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"0,1 

j::— •‘'="-----2 

III.  THE  NONLINEAR  FORMULATION 

are  neglected  in  the  analysiTln  KneSf^v**"*' 
long  as  <Ui/cyfc  <v^t? /Rv^  ».  **"*™^’  “  vahd  as 

imparted  by  the^ggler  v^iTth/h^.^  t^verse  velocity 
the  beam,  and  y  in 

velocitv  c  ”  u  ^  streamina 

vcloaty  v„  .  Space^harge  effects  can  also  be  negl^  J 

r.“T,  '“xitdibf 

or  (2)  the  bandwidth  of  thi*^ten^"*-^‘**“  damping, 
plasma  frequency  T}.«r  “‘«»«ion  is  greater  than  the 

space<har^e  eS^^i:.Sr“  f 

current  electron  beams.*  '  ™i**ively  high- 

Within  the  context  of  the  analvsuL  th<. 
dition  of  the  fields  at  the  walls  boandaiy  con- 

satisfied  by  an  expansion  ofTi^Ti  *  '^*''«««*de  can  be 

waveguide.  As  such,  the  vector’ ^ 
m  cylindrical  coordinates  as  ^  ^  expressed 


^A(x,r): 


uo  ai„ 

m«l 


/ 

~;;^^/('f/«r)lesinai., 

Ki„  \ 


(22) 


(23) 


,  (21) 

Jq  ^  ^iit(x^)+/0 — H}/, 
and  the  dispersion  of  the  modes  is  given  by 

wavenmXn'^.SLmS^^  md 

leap!,. 

equation.,  which  are  P  *>1“K>»  of  the  diepetsion 

for  the  TE  modes,  and 

for  the  TM  modes,  where  7,  anH  v 
Bessel  and  Neumann  functions  of  oJdef3“?ie*^%T^" 
lanzation  functions  are  composed  of  i7  ^  P°* 

the  Bessel  and  Neumann  fuSis  of 


where 

[  •^(x*„A) 


A/mS 


^“odes, 
J^Axiet^)’  ™®odes. 


(26) 


(27) 


by 


n«  vwttor  potential  for  the  TEM  mode  b  prea  .top,, 

fiA(*,f )=SA (z)  -  fip  cos  a. 

''  (28) 

Since  the  TEM  mode  is- not  cut  off,  the  dic»^- 
phase  are  given  by  a=ck.  and  ^  dispersion  and 


SA(a.„=  f 

Mas  t 


1=  rdz'k(z’)-a>t. 

Jo 


+^;(w)fisCosa/„.j,  ^20) 

for  the  TE  modes. 
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(29) 

AsinthecaseoftheTEandTMmodes,theamnHt..i 

wave  number  of  the  TEM  mode  is  assumed 
in  z  over  a  wavelength.  ^ 

The  dynamical  equations  for  the  amolitiiHm. 
^  of  each  mode  are  obtained  h,  subetfifof 
ficW  representauons  into  Maxwell’s  equations  Ld  »».^ 
performing  an  orthogonalization  in  r  and  6,  as  well  ****** 
average  over  the  wave  period.  Derivations  iff  th^“  ““ 
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uons  lor  cyiindncii  and  rectangular  waveguides  have  been 
described  in  detail,*  and  the  derivation  for  the  fv^fi^ial 
waveguide  follows  analogously.  The  dynamical  equations 
that  result  are 


0>l  !  '>r  I 

Vg  I 

+j;^^/('fW’)cosa4„), 


fi>*  I  '>r  I 

Be  _  \ 

—|;g^(w)8in  <**»), 


for  the  TE  modes, 


0)1  I  V, 


(30) 


(31) 


(32) 


*fin  \ 

+J^2:/(ae,/)8ina4„l, 

0)1  /  V, 

=  -p  ^4n  ^  Z;(a4,/)8in  o,„ 

Ken  \ 

—j^2iiK,^)ct»ai„h 

for  the  TM  modes,  and 

(34) 

(35) 

for  the  TEM  mode.  In  Eqs.  (30)-(33),  &e„se 

is  the  normalized  amplitude  of  the  modes,  and  we  have 

defined  the  TE/TM  mode  coupling  coefiScients  as 


(33) 


2)cLil^-a^) 


TE  modes, 

(36) 

The  electron  beam  is  assumed  to  be  monoenergetic  with  an 
axial  energy  spread  determined  by  an  initial  (i.e.,  at  z=0) 
pitch  angle  spread,  and  the  averaging  operator  is  defined 
over  the  initial  beam  parameters. 


((  •)>! 


A  fir  ffo 

■is;  Jo  ‘'*’Jo 

Xexp[-(p^-;^)V^2] 
xJJ  dxodyoiTi  (xoJ>o) 


X  mv 


•), 


(37) 


where  Ag=ir(bi^—a^)  is  the  cross-sectional  area  of  the 
waveguide,  ^jqEBjo/c  for  the  initial  velocity  Bjq, 
^Etan  (^jOtPyo^jo)  denote  the  initial  beam 

momenta,  and  denote  the  initial  total  momentum  of 
the  beam  and  the  initial  axial  momentum  qiread,  respec- 
tfto(  =  ~~o>tQ,  where  tg  is  the  time  at  which  the  par¬ 
ticle  crosses  the  z=0  plane)  is  the  initial  ponderomotive 
phase,  o^  and  are  the  initial  distributions  of  the 
in  cross  section  and  phase,  and 


(38) 


is  a  normalization  constant.  This  results  in  an  a=i«i  energy- 
spread  given  by 


Ay,  1 _ 

yo  ^l+2(Yi-l)  (Vy^po)' 


(39) 


The  equations  for  the  fields  must  be  solved  simulta¬ 
neously  with  the  orbit  equations  for  an  ensemble  of  elec¬ 
trons.  Since  this  is  an  amplifier  formulation,  we  integrate 
the  complete  three-dimensional  Lorentz  force  equations, 


d  e 

*'*  ^  P=  -e  SE—  vX  (B«-|-6B), 


(40) 


for  each  electi^  where  B„,  is  the  magnetostatic  field  due 
to  the  CHI  wig^er,  and  fiE  and  5B  denote  the  aggregate 
electromagnetic  fields  for  all  the  wave  modes. 


«E=--  X 

*  bS  Bodci 


and 


6B=  X  VXfiAfa. 

■D  I 


(41) 


(42) 
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Further,  the  eJectron  coordinates  obey  the  equations 
d 


(43) 


(44) 


and 


^  <a 


(45) 


for  the  ponderomotive  phase. 

By  spwifying  the  initial  beam  conditions  to  the  en¬ 
tice  of  the  wiggler  and  integrating  the  complete  Lorentz 
force  equations,  we  obtain  the  advantage  of  modeling  the 
mjecuon  of  the  beam  into  the  wiggler.  Tins  describi*! 

m  the  effective  beam  emittance  due  to  the  injection 
mwh^sm  m  a  self-consistent  way.  For  this  purpose  we 
m^el  the  anabatic  injection  region  by  means  of^red 

of  efficiency  enhancement.  In  or- 
der  to  d^nbe  these  effects  within  the  CHI  wiggler  model 
m  ^s.  (15)  and  (16)  we  assume  that  the  overall  coelB- 
v^LV  ^  component  of  the  magnetostatic  field 


oki— 

^  modes, 

TM  modes,  (47) 

ciAfi*  fb\ 

18-^&lnM;  TEMmode. 

mtial  wave  numbers  are  chosen  by  the  vacuum  state, 

on  •iggkr  is  io  mi- 
«^««ron  beam  is  chosen 
to  model  ^e  mjection  of  a  continuous,  axisymmetric  beam 
with  a  ^orm  ^ty  and  annular  cross  Son,  so^t 
<ri  =1  for  -ir<^<^  and  o,  =  1  for 

wvefl^H^ \  of  the 

waveguide;  hence,  R^=a  and  R^=b.  While  we  shall  be 

fimdamental  resonance  fi  e 
«=(*-!- *,,)!;,  ]  m  this  paper,  both  the  first  and  third  sna- 

ysis  The  t^d  harmomc  interaction  will  be  treated  sena- 
rately  m  a  future  worL  ^ 

A.  #r„-band  operation 


2So;  ^w^„<z<Zo, 
2HB[l-t-A:,je^(7— 2o)];  z>zq, 


(46) 


Wh«  A-„  <taow  tks  nmnte  of  ,ia^„  periods  to  the 
toper  repoo,  ^  e.  is  the  nonnsltoed  slope  of  the 
taper  for  purposes  of  efficiency  enhancement. 

IV.  NUMERICAL  ANALYSIS 

The  d)^cal  equations  for  the  particles  and  fields 
^solved  for  an  amplifier  configuration  in  which  several 
mt^es  may  propagate  at  a  fixed  frequency  c.  The  numer- 
^  teeatrnent  involves  the  solution  of  6Nr-i-4N„  ordinary 
t^erential  equations  (where  Nr  is  the  total  numbTof 
e  «^ons  and  N^  is  the  total  number  of  modes)  as  an 
mtid  value  p^lem,  and  we  use  a  Runge-Kutta-<H11  al- 

K  is  accom¬ 

plished  by  the  )Yth-order  Gaussian  quadrature  in  each  of 

i^thf  r  in  the  use  of  1000  particlj 

parties  when  the  axial  energy  spread  is  nonzero. 

The  mitial  conditions  on  the  fields  are  chosen  to  model 

“Ode.  We 

each  **  time-averagcd  Poynting  flux  in  GW  for 
wave  numU^rsT”  “  ““ 
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The  first  case  we  consider  deals  with  a  200  kV/IOO  a 
electron  beam  with  inner  and  outer  radii  of  j?  =l  o  cm 
and  R^«2.3  cm  propagating  through  a  cou^  wave 
gmde,  witii  a= 1.4  cm  and  fi=2.8  cm.  The  CHI  wiggler  is 
charectenzed  by  a  solenoidal  field  of  u  kG,  .period 
A«,-2.54  cm,  and  an  overall  length  of  35  wiggler 
wito  a  five  period  entry  Uper  re^.  Tins 
field  at  the  center  of  the  gap  of  approximately  800*G 

ft~0.685.  For  these  parameters,  a^ck^^o.051  which 

068  gT*a° * ^ of approidmatolj 
0.68  GHz.  As  will  be  discussed,  this  is  much  lower  th«n 

nther  the  resonant  frequency  or  bandwidth  of  the  interac 
bon,  and  we  are  folly  justified  in  the  neglect  of  the  diUec- 
bve  space-charge  modes  in  the  analysis. 

jr  K?!  “Ode  for  this  waveguide  is  resonant  in  the 
A,  band  with  frequenaes  in  the  range  of  15-19  GHz  in  .n 
cas^  we  shall  assume  that  the  drive  power  is  1  kW  Th 
variation  in  the  TEo,  mode  gain  as  a  function  of  frequenev 
A  dJe  case  of  an  ideal  bS^  with 

Ay  -0.  It  is  evident  from  the  figure  that  the  gain  is  rela 
lively  constant  at  approximately  30  dB  fixan  13.17 
and  falls  off  rapidly  at  the  edges  of  the  band.  We  n^ 
examme  the  variation  in  the  gain  at  the  center  of  this  banri 
(i.e.,  at  15  GHz)  in  more  detail. 

The  evolution  of  the  power  as  a  function  of  axial  Hic. 
tance  is  shown  in  Fig.  5  for  the  case  of  the  ideal  beam  The 
power  is  s^  “  Sflure  to  remain  relatively  constant 
over  the  inhid  ten  wiggler  periods,  which  includes  the  en¬ 
try  taper  region,  and  to  grow  exponentially  thereafter  A 
rapid  oscillation  is  also  found  to  occur  with  a  period  f 
^«/2,  which  corresponds  to  the  lower  beat  wave  interar 
tion.  Such  an  oscillation  has  also  been  found  to  occur  in 
PltotoT  .ijgfcr  FEf,. '»  A«  oulput  po,„  of  .ppioSlely 
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1  i-gi  ftiixic  vu  =  i.H  cm,  o  =  cm,  =  i  kWj 


FIG.  4.  PkN  ct  the  gun  ai  •  ftmctkiB  of  frequency  ower  •  tied  length  of 
35  wiggler  pehodt. 


1.05  MW  is  reached  at  the  end  of  the  interaction  region  for 
an  overall  efficiency  of  5.3%,  but  saturation  is  not  found 
and  more  power  can  still  be  extracted  with  a  longer  wig¬ 
gler. 

The  variation  in  the  average  beam  velocity  over  the 
interaction  length  is  shown  in  Figs.  6-8.  The  evolution  of 
the  average  axial  velocity  is  shown  in  Fig.  6.  The  injection 
of  the  beam  is  clearly  indicated  by  the  initial 
the  axial  beam  velocity  over  the  first  five  wiggler  periods, 
which  corresponds  to  the  increasing  transverse  compo¬ 
nents  of  the  velocity  due  to  the  wiggler.  The  average  ve¬ 
locity  remains  relatively  cemstant  thereafter  until  zslSX^, 
after  which  the  rapid  decrease  in  the  axial  velocity  is  due  to 
the  extraction  of  energy  from  the  beam.  The  bulk  of  the 
transverse  motion  due  to  the  wiggler  is  in  the  ■vimntii.i 
motion  of  the  beam,  which  is  shown  in  Fig.  7.  Again,  the 
“spin-up”  of  the  beam  in  the  entry  taper  region  is  cleariy 
shown  along  with  the  primary  oscillaticm  at  the  wiggler 
period.  The  RMS  compement  of  the  arimnfhpl  velocity  of 
approximately  (vg)/cz:0.l.  The  average  radial  velocity  is 
shown  in  Fig.  8,  and  is  seen  to  be  substantially  «m«iw  than 
the  azimuthal  component 


TEoi  Mode  (a  =  1.4  cm;  6  =  2.8  cm;  /  =  15  GHz) 


FIG.  5.  Evolutian  of  the  power  u  a  function  of  axial  distance  for  an 
ideal  beam. 


FIG.  6.  Evolution  of  the  average  axial  velocity  of  the  beam. 


Figures  6-8  for  the  evolution  of  the  average  beam  ve¬ 
locity  show  existence  of  velocity  components  at  higher  har¬ 
monics  of  the  wiggler  period.  This  is  shown  more  clearly 
by  taking  fast  Fourier  transforms  c€  the  average  velocity 
components.  The  Fourier  transform  of  the  average  «»i«i 
velocity  is  shown  m  Fig.  9  and  indicates  the  existence  of  a 
second  harmonic  component  which  is  some  50  dB  below 
the  amplitude  of  the  average  velocity.  This  second  har¬ 
monic  component  is  due  to  the  fact  that  as  in  the  case  of 
planar  wig^ers,  the  magnitude  the  transverse  velocity  is 
not  constant  The  Fourier  transform  of  the  azimuthal  ve¬ 
locity  is  shown  in  Fig.  10,  and  the  predominant  nacillariftn 
is  clearly  at  the  fundamental  wiggler  period.  However, 
smaller  oscillatory  components  are  also  seen  at  the  second 
harmonic  and  at  the  subharmonic,  although  these  compo¬ 
nents  are  about  35  dB  lower  than  the  bulk  wiggler  oscilla¬ 
tion.  Similar  behavior  b  seen  for  the  average  radial  veloc¬ 
ity,  as  shown  in  Fig.  11.  In  the  case  of  the  average  radial 
velocity,  however,  the  subharmonic  b  relatively  larger  than 
for  the  average  azimuthal  velocity. 

As  in  the  case  of  more  convendohal  F£L  designs,  the 
interaction  efficiency  b  very  sensitive  to  the  axial  energy 
spread  of  the  beam.’  Observing  that  the  resonance  condi¬ 
tion  b  osi(k+k^)Vf,  thermal  effects  become  important 
when  AVf/VfSiliD  k/{'Rt  k•^•kg).  In  the  present  case, 
<Im  k)/ky,s0.015  and  (Re  k)/k„s0.88;  hence,  we  expect 
that  thermal  effects  will  be  important  when  Aiz/v, 
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-0  *0%  and  Ay/yo=0.74%.  The  variation  in  the  output 
power  as  a  function  of  the  initial  axial  energy  spread  is 
shown  ui  Fig.  12.  It  is  evident  in  the  figure  that  there  is  a 
rapid  decrease  in  the  output  power  as  the  axiai  energy 
spread  increases  from  zero.  This  decrease  remains  rela¬ 
tively  linear  until  thermal  efiects  become  important,  after 
which  the  power  decreases  somewhat  less  rapidly.  Overall, 
however,  the  output  power  decreases  by  more  than  an  or¬ 
der  of  magnitude  as  the  initial  axial  energy  spread  increases 
to  1.5%. 

We  now  turn  to  the  study  of  efllciency  enhancement 
with  a  tapered  field.  Note  that  with  a  drive  power  of  I  kW 
Md  a  configuration  of  35  wiggler  periods  in  length  with  a 
five  wi^er  period  entry  taper  this  system  did  not  teach 
^turation  at  15  GHz.  Allowing  for  an  arbitrary  length,  we 
find  that  saturation  in  the  case  of  an  ideal  beam  with 
Ay,=0  occurs  at  z/A„s:40  at  a  power  level  of  1.8  MW, 
which  cotropwids  to  an  eflSciency  of  i7s:9.0%.  This  satu¬ 
ration  efliciency  can  be  enhanced  by  tapering  of  the  ampli¬ 
tudes  of  the  bulk  axial  component  of  the  CKI  wiggler,  or 
the  amplitude  and/or  period  of  the  periodic  componente  of 
the  cm  wiggler.  This  can  be  accomplished  by  tapering  the 
solenoidal  field  or  varying  the  thickness  and  width  of  the 
spacers.  Of  cour^  the  specific  design  of  the  Upered  com¬ 
ponents  in  any  given  system  can  result  in  a  field  tapering  in 
which  the  amplitude  of  the  bulk  axial  field  as  weU  as  the 
amplitude  and  period  of  the  periodic  component  of  the 


no.  10.  Fast  Fourier  tnnsfonn  of  the  average  azimuthal  velocity. 


CHI  wig^er  vary  in  complicated  ways.  The  description  of 
My  specific  t^ed  configuration,  therefore,  requires  the 
detailed  description  of  each  of  these  components.  For  sim- 
phcity,  howevCT,  we  shall  assume  that  the  solenoid  and 
spacCT  dimensions  an  chosen  in  such  a  way  that  only  the 
amphtude  of  the  periodic  component  of  the  CHI  wimtler 
vanes,  as  given  in  Eq.  (46). 

The  basic  physical  mechanism  underlying  the  tapered- 
wiggler  interaction  depends  upon  the  fact  that  the  elec¬ 
trons  decelerate  in  the  axial  direction  as  they  lose  energy  to 
the  wave.  If  the  wiggler  is  tapered,  it  is  possible  to  reaccel¬ 
erate  the  electrons  and  so  prolong  the  resonant  interaction 
Md  extract  more  energy  from  the  beam.  The  specific  per- 
fon^ce  of  a  tapered  wiggler  configuration,  however,  de¬ 
pends  upon  numerous  considerations.  For  example,  the 
s^-teper  pomt  must  be  chosen  to  correspond  to  the  po- 
smon  at  which  the  bulk  of  the  beam  becomes  trapped 
the  ponderomotive  weU.  A  choice  of  the  start-taper  point 
ih^  IS  either  too  early  or  too  late  results  in  a  degraded 
I«rformance.  In  addition,  the  slope  of  the  taper  must  be 
cbi^  properly  to  counter  the  rate  of  deceleration  of  the 
beam.  Fmally,  the  magnitude  of  the  efficiency  enhance¬ 
ment  depends  upon  the  magnitude  of  the  wiggler-induced 
transverse  velocity. 

As  shown  in  Fig.  6,  the  average  axial  electron  velocity 
begins  to  decrease  rapidly  for  z/A„s25,  which  cone- 


FIG.  9.  Fast  Fourier  traiuform  of  the  average  axial  velocity. 
Phys.  Rasmaa.  Vol.  1.  No.  4,  April  1994 


FIO.  1 1.  Fourier  transform  of  the  average  radial  velocity. 


Freund  of  a/.  1053 


ffi 


16 


1  to,  Moac  (fl  =  1 .4  cm;  b  =  2.8  cm;  =  1  kW) 


fl  =  1 .4  cm;  *  =  2.8  cm;  /»„  =  1  kW;  =  35^ 


O 


FIG.  12.  Variation  in  the  output  power  aa  a  fiinction  of  the  initial  axial 
energy  spread  of  the  beam. 


Si  •  “d  ■re.,  modes  for  the  same 

wiggler,  and  waveguide  parameters  as  shown  for  the  TE„,  mode  in 


spends  to  the  trapping  of  the  beam  in  the  ponderomotive 
potential,  and  we  find  that  the  optimal  start-taper  point  for 
the  TEoi  mode  interaction  discussed  above  occun  for  a 
start-taper  point  of  13.  Similarly,  the  optimal  slope 
of  the  taper  is  found  to  be  -0.002.  A  comparison  of 
the  evolution  of  the  power  with  axial  position  for  these 
tapered-wig^er  parameters  and  for  the  uniform  wiggler  is 
shown  in  Fig.  13  for  the  case  in  which  the  wiggler  ampli¬ 
tude  is  tapered  to  zero.  The  maximum  efficiency  found 
with  the  tapered  wiggler  in  this  case  is  1/2:10.3%.  This 
corresponds  to  a  Ai/s  1.3%  due  to  the  tapered  wiggler 
The  reason  for  this  relatively  smaU  efficiency  enhance- 
ment  is  that  the  wiggler-induced  transverse  velocity  is  also 
small.  The  bulk  t^verse  velocity  for  the  CHI  wiggler  is 
^«trf  in  the  azimuthal  direction,  and,  as  shown  in  Fig. 
7.  <V9>RMs/^s:0.1.  However,  the  efficiency  enhancement 
predicted  from  an  idealized  one-dimensional  model  of  the 
tapered-wiggler  interaction  is  given  by’ 


.M4S 


(48) 
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The  maximum  tapered-wiggler  extraction  efficiency  is 
found  for  -1  and  is  por 

^  spwific  example  (see  Fig.  6),  <t;,>/c=0.69;  hence 

yf  2:1.9  and  This  is  in  reasonable  agree¬ 

ment  with  the  simulation 


The  TEqi  mode  is  the  dominant  mode  for  the  CHI 
wggler  interaction  because  it  is  polarized  in  the  azimuthal 
dtfection,  which  corresponds  to  the  predominant  direction 
of  the  wiggler-induced  transverse  motion.  However,  the 
rest^ce  condition  can  be  satisfied  for  other  modes  as 
weU.  Of  these,  the  TEM  mode  has  a  resonance  at  a 
quency  of  approximately  26  GHz  for  these  beam  and  wig- 
gler  parameters.  However,  the  TEM  mode  couples  to  the 
radial  component  of  the  velocity,  and,  as  indicated  in  Fig. 

(Vr>RMs/‘^»0.04,  which  is  much  less  than  the  uTimn.!..) 
velocity.  Hence,  the  gain  found  in  simulation  for  the  TEM 
mode  is  negligible.  The  TM  modes  are  also  polarized  pre- 
dom^Uy  m  the  radial  direction,  and  these  modes  are 
also  found  to  have  negligible  gain  for  these  beam,  wiggler 
and  wavegiude  parameters.  However,  the  TE  modes  can 
result  in  gain  at  other  frequencies. 

We  TOtrict  the  discussion  to  the  high-frequency  upper 
intersections  between  the  TE  mode  dispersion  curves  and 
the  beam  resonance  line.  For  the  specific  choice  of  param¬ 
eters  used  to  study  the  TEo,  mode,  there  are  four  other  TE 
modes  that  can  interact  resonantly  with  the  These 
are  the  TE,,  mode,  which  has  an  intersection  with  the 
b^  r^nance  line  at  a  frequency  of  approximately  25.4 

Su  V  **  *  approximately  24.8 

uHz,  the  TE3,  mode  at  a  frequency  of  about  23.5  GHz, 

md  the  TE4,  mode  at  a  frequency  of  about  21.6  GHz.  It 
should  be  remarked  at  this  point  that  our  single-mode  anal¬ 
ysis  of  the  TEo,  mode  is  valid,  since  the  resonant  frequen- 
aes  for  these  modes  are  much  higher  that  the  13-18  GHz 
found  for  the  TEo,  mode. 

A  summary  of  the  variation  of  the  gains  of  these  modes 
with  frequency  is  shown  in  Fig.  14,  corresponding  to  the 
beam,  wggler,  and  waveguide  parameters  used  in 
Kg.  4.  It  is  eiddent  from  the  figure  that  the  gain  for  each  of 
these  modes  is  in  the  neighborhood  of  12-15  dB  which  is 


1054  Phys.  Plasmas,  Vol.  1.  No.  4.  AprH  1994 


Freund  «f  at 


TEq,  Mode(fl  =  0.6cm;i>=  l^cm;/  =  35GH2) 


FIO.  17.  Evolution  cf  the  power  with  udal  podtion  it  33  GHz. 


much  less  than  the  30  dB  found  for  the  TEq,  mode  The 
reason  for  this  is  that  while  the  TEo,  mode  is  polarized 
entirely  m  the  azimuthal  direction,  the  TE„  modes  have  a 
component  in  the  radial  direction  and  thus  couple  less 
strongly  to  the  beam  for  a  given  set  of  wiggle  parameten. 
Note  ^t  each  mode  was  considered  individually  in  tjje 
analysis  in  Fig.  14.  However,  there  is  some  overlap  be¬ 
tween  the  TE,i  and  TEji  modes  at  approximately  25  GHz 
Md  between  the  TEjj  and  TE31  modes  at  approximately  24 
GHz.  In  these  frequency  regions,  therefore,  a  multimode 
analysis  is  required. 

In  order  to  examine  the  issue  of  multimode  operation 
we  now  consider  the  growth  of  the  TE„  and  TEj,  modes  at 
W  GHz  and  the  TEj,  and  TE3,  modes  at  24  GHz.  The 
beam,  wi^er,  and  waveguide  parameten  are  the  same  as 
used  previously,  but  we  now  initialize  each  mode  at  500  W 
rather  than  the  1  kW  used  for  the  single-mode  analyses. 

results  for  the  TE„  and  TEj,  modes  at  25  GHz  are 
shown  m  Fig.  15,  and  indicate  that  the  TE„  mode  sup- 
presses  the  growth  of  the  TEj,  mode.  A  similar  suppres¬ 
sion  of  the  higher-order  mode  is  seen  in  Fig.  16  for  the 
TEji  and  TEj,  modes  at  24  GHz, 
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FIO.  16.  Evolution  of  the  power  for  •  multimode  TE„/TEj,  cue. 


J^,®!^“‘*‘^'^«‘»“>deristhatofoperationinthe 
band.  The  electron  beam  parameten  in  this  case  are 
assumed  to  have  an  energy  of  230  keV,  a  current  of  40  A 
Md  inner  and  outer  radii  of  0.814  and  0.986  cm,  resoec- 
higgler  is  characterized  by  a  solenoidal 
field  of  5  2  kG,  a  period  of  1.09  cm.  and  an  entry  taper  of 
five  wg^er  periods  in  length.  The  gain  band  is  extremely 
bro^  and  amplification  is  found  for  operation  in  the  TEn. 
mode  over  the  frequency  range  from  28  through  46  GHz 
with  inner  and  outer  radii  of  0.6  and  1.2  cm,  respectively, 
rurther,  we  shall  assume  an  input  power  level  of  1  kW  in 
all  subsequent  simnlaHnng 

The  evolution  of  the  power  as  a  ftmction  of  axial  po¬ 
sition  IS  shown  in  Fig.  17  for  the  case  of  an  ideal  beam  (i  e 

“u  Power  of 

I  kW.  ^  shown  m  the  figure,  saturation  occurs  at  a  power 
l^el  of  approximately  768  kW  for  an  efficiency  of  8.35% 
The  saturation  point  occurs  at  z/^,„~47.6;  hence,  the  av¬ 
erage  gam  over  the  uniform  wiggler  region  is  approxi¬ 
mately  0.62  dB/cm.  ™ 

The  35  GHz  example  is  near  the  center  of  the  gain 
^d  and  IS  close  to  the  peak  efficiency.  TTie  maximum 
dfiaency  (at  varying  axial  distances)  is  plotted  as  a  fonc- 
turn  of  frequency  in  Fig.  18.  As  shown  in  the  figure,  am- 
pMcalron  B  found  for  frequencies  ranging  from  28 
^ugh  47  GHz,  with  the  maximum  efficiency  of  approx- 
unately  9.4%  found  at  33  GHz.  This  does  not.  however 
wrespond  to  the  peak  gain.  The  variation  in  the  gain  with 
ft^uency  is  illustrated  in  Fig.  19.  Two  peaks  are  clearly 
evident,  corresponding  to  the  high-  and  low-frequency  in- 
ters^ons  between  the  TEq,  mode  dispersion  curve  and 
the  beam  resonance  line.  The  low-(Wgh-)  frequency  max¬ 
imum  occurs  at  30  GHz  (43  GHz)  with  a  gain  of  approx¬ 
imately  0.82  dB/cm  (0.71  dB/cm).  Oearly,  this  repr^ts 
an  extremely  broadband  interaction. 

Tie  sensitivity  of  the  interaction  to  the  axial  energy 
spread  is  shown  in  Fig.  20  at  a  frequency  of  35  GHz  It  is 
clew  from  the  figure  that  the  efficiency  decreases  from  the 
peak  of  8.57%  to  approximately  2.84%  for  an  axial  enerev 
spread  of  1.0%.  WhUe  this  may  seem  to  be  a  steep  declin^ 
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FIG.  18.  Varutioii  in  the  dficiency  with  frequency. 


it  should  be  recognized  that  designs  of  electron  guns  that 
produce  axial  energy  spreads  of  less  than  0.5%  are  fairly 
standard  at  these  voltages  and  has  been  achieved  in  several 
experiments  to  date.""'^  Therefore,  the  peak  efficiencies 
predicted  in  simulation  should  be  achievable  in  the  labora¬ 
tory. 

We  now  turn  to  the  question  of  efficiency  enhancement 
with  a  tapered  field.  As  discussed  previously,  the  efficiency 
enhancement  is  sensitive  to  both  the  slope  of  the  taper  and 
to  the  start-taper  point.  In  particular,  the  start-taper  point 
must  be  chosen  to  correspond  to  a  point  after  which  the 
beam  has  become  trapped  in  the  ponderomotive  potential 
but  before  the  beam  has  had  a  chimce  to  execute  one-half 
of  its  oscillation  within  the  potential  well.  This  corresponds 
to  a  point  before  saturation  is  reached.  In  order  to  deter¬ 
mine  the  optimal  start-taper  point,  therefore,  we  consider 
the  variation  in  the  average  axial  velocity  of  the  h«nti  with 
axial  position.  This  is  shown  in  Fig.  21  for  the  case  of  the 
uniform  wiggler  interaction  at  35  GHz.  The  figure  illus¬ 
trates  the  decrease  in  the  axial  velocity  over  the  injection 
process  during  the  first  five  periods  of  the  entry  taper  re¬ 
gion,  as  well  as  the  decrease  in  the  axial  velocity  after  the 
beam  becomes  trapped  at  2/A,s30.  It  is  clear  from  the 
figure  that  saturation  is  found  for  r/A„s:47;  hence  the 
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FIG.  20.  Vtriation  in  the  efficiency  with  an  «»■«!  energy  spread. 


Start-taper  point  must  be  chosen  within  the  range 
30<z/A,„<47.  Note  that  the  oscillations  in  the  average  ax¬ 
ial  velocity  for  z/A,p> 40  correspond  to  the  n«gillntir>n«f  of 
the  beam  in  the  ponderomotive  well.  A  more  precise  de¬ 
termination  of  the  optimal  start-teper  point  must  be  deter¬ 
mined  by  simulations  with  a  tapered  wiggler. 

We  now  consider  operation  at  35  GHz  and  assume 
that  we  have  an  ideal  beam  with  a  vanishing  «»tiil  energy 
spread.  The  optimal  start-Uper  point  for  this  case  is  found 
to  be  z/A„2:42.2,  and  the  optimum  slope  is  —0.0005. 
The  evolution  of  the  power  for  this  tapered  wiggler  field  is 
shown  in  Fig.  22  akog  with  the  result  for  the  untapered 
wiggler  for  comparison.  As  shown  in  the  figure,  the  output 
power  can  be  substantially  enhanced  for  this  example  with 
a  tapered  wiggler,  and  the  maximum  output  power  rises  to 
approximately  1.41  MW  at  z/A„a:235.  This  corresponds 
to  a  maximum  efficiency  of  15.3%.  Thus,  in  contrast  to  the 
Ar„  band  example,  the  higher  wiggler  field  used  in  this  case 
permits  a  larger  efficiency  enhancement 

As  illustrated  in  Figs.  18  and  19,  the  uniform-wiggler 
interaction  has  an  extremely  broad  bandwidth.  In  contrast 
it  is  generally  believed  that  the  bandwidth  for  a  tapered- 
wiggler  interaction  must  be  narrow,  due  to  the  sensitivity 
of  the  efficiency  enhancement  to  the  start-taper  point  and 
the  slope  of  the  taper.  While  this  belief  may  hold  in  specific 
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FIO.  22.  Evolution  of  the  power  for  a  tapered  wiggler. 

ca^  it  is  not  gtmerally  valid.  Indeed,  the  tapered-wiggler 
interaction  can  exhibit  a  broad  bandwidth.  In  order  to  U- 
lustrate  thu,  we  take  the  optimized  tapered-wiggler  inter- 
action  at  35  GHz,  as  shown  in  Fig.  22  as  a  starting  point, 
and  consider  a  tapered-wiggler  amplifier  with  the  same 
P^eto  and  a  length  of  z/A„=235  (corresponding  to 
the  peak  m  the  output  power  at  35  GHz).  The  essential 
pur^  here  is  to  consider  a  tapered-wiggler  amplifier  op- 
tu^  for  operation  at  35  GHz,  and  to  study  the  variatiM 
m  tte  output  powtf  as  the  drive  frequency  is  varied. 

The  variation  in  the  output  power  with  frequency  for 
t^  e^ple  IS  shown  in  Fig.  23.  It  is  clear  from  this  figure 
hat  the  bandwidth  of  the  tapered-wiggler  interaction  for 
^  example  is  comparable  to  the  uniform-wiggler  case 

»PP«>xi- 

ma^y  750  kW-1.4  MW.  However,  if  the  band  is  restricted 
shghtly  to  between  31-81  GHz,  then  the  output  power 
^es  over  a  much  smaller  range  of  frmn  1.2-1.4  MW 
Thus,  we  conclude  that  using  a  tapered  wiggler  in  this 
device  will  not  compromise  the  bandwidth. 

C.  W-band  operation 

consideration  is  operation  in  the 
c  **  between  approximately  80  and  100 

OHz.  For  this  purpose,  we  assume  the  electron  beam  is 
ch^tenzed  by  an  energy  of  500  keV,  a  current  of  50  A. 
Md  ^  and  onto  radii  of  0.4  and  0.5  cm,  respectively. 
The  CHI  wiggler  has  Bo=6.0  kG  and  has  a  period  of  0  9 
cm  with  a  five  wiggler  period  entry  taper  and  inner  and 
outer  radu  of  0.31 1  and  0.622  cm,  respectively.  It  should  be 
remarked  here  that  this  produces  a  periodic  wiggler  field  of 
approximately  3  kG  at  the  center  of  the  gap.  While  this 
constitutes  a  high-amplitude  wiggler  field,  it  should  be 
noted  tlmt  simulations  with  the  Poisson  code  indicate  that 
wiggler  fields  as  high  as  3.5  kG  at  the  center  of  the  gap  are 
possible  usmg  standard  low  carbon  steel.  Hence,  this  rep- 
rcsente  a  conservative  choice  for  the  wiggler  field,  which 
has  been  made  to  ensure  that  no  beam  intercepts  the  wave- 
guide  walls. 

The  mode  of  interest  here  is  again  the  TEq,  mode,  and 
we  assume  the  drive  power  is  1  kW.  Wave  amplification  is 
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»  the  output  power  venu.  for  . 


f^d  ovtt  a  frequency  hand  of  from  approximately  70 

m  the  r  band  from  8(^100  GHz.  This  is  illustrated  in  Fig 
24.  m  which  we  plot  the  variation  m  the  saturation  effi - 
^cy  (ovtf  a  variable  interaction  length)  with  frequency 
for  an  ideal  beam  with  Ay,=0.  As  is  evident  in  thefigun^ 
the  m^um  efficiency  for  this  choice  of  parametoTfa 
ai^^tely  10.3%  at  a  frequency  of  85  GHz  for  an 
ou^ut  p^er  of  almost  2.6  MW.  However,  the  efficiency 
van«  relativdy  little  over  the  entire  IF  band  and  the  in- 
teraction  exhibits  a  bandwidth  of  about  33%. 

at  interaction  at  the  peak  efficiency 

in  The  evolution  of  the  power  with  axial  distance 

m  Ous  case  IS  shown  in  Fig.  25.  and  exponential  growth  is 
witot,  starting  at  the  end  of  the  entry  taper  r^n  and 
extending  out  to  the  saturation  point  at  z/X  -56  Note 
^t  this  givra  a  total  interaction  length  of  only  »  cm  The 
dechne  m  the  efficiency  with  increases  in  the  initial  axial 
raergy  spread  of  the  beam  is  much  less  severe  in  this  case 
than  m  the  two  preceding  examples  due  to  the  relatively 
i^er  strength.  A  plot  of  the  decline  in  the  inter^ 
a^on  effiaency  with  mcreases  in  the  axial  energy  spread  is 
shown  m  Fig.  26.  As  shown  in  the  figure,  the  efficiency 
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FIG.  24.  Vtrittion  of  the  efficiency  with  frequency  in  the  IP  band. 
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FIG.  25.  Evolution  of  the  power  with  mUI  position  at  80  GHz. 


decreases  by  less  than  a  factor  of  2  as  the  axial  energy 
spread  increases  to  somewhat  beyond  /^y/Yo~^-2S%. 
Thus,  good  operational  efSciencies  are  expect^  for  «vi«l 
energy  spreads  less  than  approximately  O.S%. 

We  now  turn  to  the  case  of  a  tapered  wiggler.  As  men¬ 
tioned  above,  the  performance  of  a  tapered  wiggler  ampli¬ 
fier  is  sensitive  to  both  the  start-taper  point  and  the  slope  of 
the  taper.  Optimization  of  the  interaction  eflSciency  for  the 
case  of  operation  at  80  GHz  indicates  that  peak  efficiency 
is  found  for  a  start-taper  point  at  V^u.J=52  and  a  slope  of 

—0.003.  A  plot  of  the  evolution  of  the  power  with 
axial  distance  for  this  case  is  shown  in  Fig.  27.  For  this 
choice  of  parameters,  it  is  evident  that  the  output  power 
peaks  at  approximately  4.2  MW  over  a  total  length  of  88 
wiggler  periods.  This  translates  into  a  total  wiggler  length 
of  only  79  cm,  including  the  five  wiggler  period  entry  taper 
region. 

The  variation  in  the  output  power  as  a  function  of 
frequency  over  the  IF  band  is  shown  in  Fig.  28.  The  choice 
of  parameters  here  is  made  to  optimize  the  device  for  op¬ 
eration  at  80  GHz.  Hence,  we  have  chosen  a  start-taper 
point  of  Zo/A„=52,  a  slope  of  e„=— 0.003,  and  a  total 
length  of  88  wiggler  periods.  As  shown  in  the  figure,  the 
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FIG.  26.  Variation  of  the  efSdoicy  with  axial  energy  spread  at  85  GHz. 
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FIG.  27.  Evolntion  of  the  power  with  axial  distance  for  an  optimized 
taper  at  85  GHz. 


curve  of  the  efficiency  versus  frequency  is  double  peaked. 
The  larger  peak  is,  as  might  be  expected,  at  85  GHz  and 
the  secondary  peak  is  at  the  upper  end  of  the  IFband  at  95 
GHz,  representing  an  output  power  of  about  3.5  MW. 
Hence,  we  conclude  that  it  is  possible  to  design  a  IF-band 
MW  amplifier  using  the  CHI  wiggler. 

V.  SUMMARY  AND  DISCUSSION 

In  this  paper,  we  have  presented  a  complete  analytical 
description  of  a  FEL  amplifier  based  upon  the  CHI  wig¬ 
gler.  The  nonlinear  analysis  makes  use  of  an  analytical 
representation  for  the  CHI  wiggler  derived  in  Sec.  II, 
which  is,  despite  certain  idealizations  made  in  the  interests 
of  achieving  an  analytic  representation,  in  close  agreement 
with  the  results  of  nonlinear  magnetics  code  calculations.* 
The  nonlinear  FEL  simulation  represents  a  slow-time-scale 
model  for  the  self-consistent  evolution  of  the  TE,  TM,  and 
TEM  modes  of  a  coaxial  waveguide  along  with  the  trajec¬ 
tories  of  an  ensemble  of  electrons.  It  should  be  emphasized 
that  no  wiggler-period-averaging  process  is  applied  to 
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FIG.  28.  Varixtioo  in  the  efficiency  as  a  function  of  frequency  in  the 
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mooth  the  orbital  dynamics.  Hence,  we  treat  the  full  par¬ 
ticle  dynamics  and  model  the  injection  of  the  beam  into  the 
wiggier. 

Tiaee  specific  examples  have  been  discussed  corre- 
spondmg  to  amplifier  operation  in  the  AT,,  K..  and  fV 
^  uniform  and  tapered  wigglers.  The  sim- 
lUations  have  been  performed  primarily  for  cases  in  which 
^  mt^tion  IS  with  the  TEo,  mode  of  the  coaxial  wave- 
multimode  operation  in  the  band  is  also 
studied.  For  multimode  operation,  it  was  found  that  the 
lowerK)^  mode  had  the  effect  of  suppressing  the  higher- 
order  mode  for  each  specific  case  studied.  Operation  over  a 
wide  bMdwidth  is  found  to  be  practical  for  the  CHI 
wig^er-based  FEL’s  for  both  the  uniform  and  tapered- 
wiggler  examples. 

It  is  particular  interest  to  observe  that  the  band¬ 
width  of^e  mteraction  for  a  Upered  wiggier  is  found  to  be 
^parable  to  that  of  the  uniform  wiggier.  This  is  in  con- 
tmt  to  the  commonly  accepted  belief  that  the  sensitivity  of 
the  tapered-^ggler  interaction  to  the  start-taper  point  and 
the  slope  of  the  taper  would  result  in  a  narrow  bandwidth. 
We  note  here  that  this  conclusion  that  the  tapered-wiggler 
mter^tion  does  not  necessarily  sacrifice  bandwidth  holds 
pother  wgglw  designs  as  well,  and  is  not  confined  to  the 
OTI  wiggier.  In  support  of  this,  we  refer  the  interested 
to  •  pap«  by  Levush  e/al'"  dealing  with  the  tun- 
^foty  of  a  tapered-wiggler  PEL  based  upon  a  planar  wig- 

Our  overall  conclusion  is  that  the  CHI  wiggier  repre- 
SMts  a  design  m  which  the  limitations  of  conventional  wie- 
^  to  reach  high  field  strengths  at  short  wiggier  period! 
are  oyert^e  to  some  degree.  Ihe  CHI  wiggier.  tlSore. 

of  high-frequency  PEL  amplifiers 
at  relabvdy  low  beam  voltages.  In  addition,  it  should  also 
be  noted  that  the  CHI  wiggier  contains  substantial  compo- 


?  principaUy  at  the  third  har- 

this  harmonic  component  was  included  in 

^  “Ot  study  the 

resonance  with  the  beam.  We  expect 
t^t  ^  will  permit  stUl  further  reductions  in  the  b^ 
requirements  for  high-frequency  operation;  how¬ 
ever,  this  issue  is  now  under  study. 
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ABSTRACT 

A  G-band  free-electron  laser  designed  for  plasma  heating  is  described  using  a 
coaxial  hybrid  iron  (CHI)  wiggler  formed  by  insertion  into  a  solenoid  of  a  central  rod  and 
an  outer  ring  of  alternating  ferrite  and  nonferrite  spacers  positioned  so  that  the  central  ferrite 
(nonferrite)  spacers  are  opposite  the  outer  nonferrite  (ferrite)  spacers.  The  CHI  wiggler 
provides  for  enhanced  beam  focusing  and  the  ability  to  handle  intense  beams  and  high 
power  CW  radiation.  Simulations  indicate  that  a  power/efficiency  of  3.5  MW/13%  are 
possible  using  a  690  kV/40  A  beam.  No  beam  loss  was  found  in  simulation. 
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Sources  of  plasma  heating  for  thermonuclear  fusion  reactors  employ  both  ion  and 
electron  cyclotron  schemes.  Electron  cyclotron  heating  requires  approximately  20  MW  of 
CW  power  at  frequencies  of  140-280  GHz  depending  upon  whether  the  fundamental  or 
second  harmonic  resonance  is  utilized.*  No  source  currently  under  consideration,  or  even 
anticipated,  is  expected  to  produce  the  full  power  requirement  in  a  single  module,  and  a 
system  composed  of  several  sources  is  envisioned.  In  this  paper,  we  describe  the  design  of 
a  G-band  (140-150  GHz)  free -electron  laser  (FEL)  amplifier  based  upon  a  coaxial  hybrid 
iron  (CHI)  wiggler^-^  which  can  meet  these  requirements. 


Ferromagnetic 


-H  h-  V2 
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The  CHI  wiggler  is  produced  by  insertion  into  a  solenoid  of  a  central  rod  and  an 
outer  ring  composed  of  alternating  ferromagnetic  and  non-ferromagnetic  (or  dielectric) 
spacers.  A  schematic  representation  of  the  structure  is  shown  in  Fig.  1.  The  position  of  the 
spacers  is  such  that  the  ferrite  (nonferrite)  spacers  on  the  central  rod  are  opposite  the 
nonferrite  (ferrite)  spacers  on  the  outer  ring.  The  field  is  cylindrically  symmetric  and 
exhibits  minima  in  the  center  of  the  gap  providing  for  enhanced  beam  focusing. 

The  CHI  wiggler  has  two  major  advantages  for  the  application  of  interest.  First, 
even  a  small  amount  of  beam  loss  in  a  high  power  CW  design  can  result  in  catastrophic 
failure.  For  example,  the  average  beam  power  under  discussion  is  =  28  MW,  and  a  beam 
loss  of  1%  implies  that  28  kW  is  dissipated  in  the  drift  tube  walls.  This  poses  a  difficult 
design  problem.  Hence,  the  favorable  focusing  properties  of  the  CHI  wiggler  are  ideally 
suited  to  high  power  CW  applications.  Indeed,  no  beam  loss  was  observed  in  simulation. 
Second,  short  wiggler  periods  are  desireable  to  minimize  the  required  beam  energy,  while 
high  wiggler  fields  are  required  for  high  gains.  This  is  difficult  to  achieve  in  conventional 
wiggler  designs.  However,  high  fields  at  short  wiggler  periods  can  be  achieved  with  the 
CHI  wiggler  by  using  narrow  spacers  and  a  ferrite  with  a  high  saturation  level  in  a  strong 
solenoid.  Hence,  a  CHI  wiggler-based  FEL  is  capable  of  producing  high  power  at  the 
required  wavelengths  with  a  relatively  low  energy  beam. 

An  analytic  form  for  the  CHI  wiggler  field  can  be  found  by  solution  of  Laplace's 
equation  V2B(r,z)  =  0  for  appropriate  boundary  conditions.  The  solution  is  cylindrically 
symmetric  and  has  the  form^-^ 


and 


[SJoink^)  -  T„Ko{nk^)\ 
Ginkji„^nk^i„) 

[SJiirik^)  +  T^Kjjnkj')] 
G{nkJR„^nkJii„) 

where  By,  =  2Bq,  G(^,C)  =  fo(^^o(0  “ 

=  im) (t)  J  +  K„(nM-)] . 


B^(r,z)  =  Bo  +  fiw  S  cos  (nk^) 

n  =  I 

BXr,z)  =  £  sin  (nkjz) 


n  =  1 
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=  .  (4) 

This  solution  is  in  substantial  agreement  with  the  results  of  the  Poisson/Superfish  family  of 
magnetics  codes.'^ 

We  consider  propagation  within  a  coaxial  waveguide  with  inner  and  outer  radii  a 
and  b  respectively.  Space-charge  effects  are  negligible  as  long  as  ab/ck^  < 
where  cOb  denotes  the  beam  plasma  frequency,  Vy^,  is  the  bulk  transverse  wiggler  velocity, 
)t)  is  the  bulk  relativistic  factor  of  the  beam,  and  =  (1  -  r;||2/c2)-i/2  for  a  bulk  streaming 
velocity  U||.  Space-charge  effects  can  also  be  neglected  if  (1)  the  wavelength  is  less  than  the 
Debye  length  and  the  space-charge  waves  are  subject  to  strong  Landau  damping,  or  (2)  the 
bandwidth  of  the  interaction  is  greater  than  the  plasma  frequency.  These  conditions  for  the 
neglect  of  space-charge  effects  are  valid  even  for  relatively  high-current  electron  beams.^ 

The  boundary  conditions  of  the  fields  at  the  coaxial  waveguide  walls  (inner  radius  a 
and  outer  radius  b)  are  satisfied  by  a  superposition  of  the  TE,  TM,  and  TEM  modes  of  the 
waveguide  which  constitute  a  complete  and  orthogonal  set  of  basis  vectors.  The  interaction 
strength  depends  both  upon  the  wave-particle  resonance  and  upon  the  polarization  of  the 
moeds.  The  CHI  wiggler  induces  an  oscillation  which  is  predominantly  in  the  aziumthal 
direction;  hence,  the  modes  with  the  highest  gains  are  those  which  are  largely  polarized  in 
that  direction.  For  the  present  case,  the  predominant  resonance  is  with  an  azimuthally 
polarized  TEqi  mode.  The  other  modes  are  farther  from  resonance  and  have  less  favorable 
polarizations.  Hence,  we  limit  the  discussion  here  to  the  case  of  the  TE  modes.  As  such, 
the  vector  potential  can  be  expressed  in  cylindrical  coordinates  as^ 

•c  r 

6A(x,r)  =  2  SA,„iz)  Z,^K,„r)  e, sin  a,„  +  Z'{k^)  Cg cos  ,  (5) 
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where  the  phase  for  angular  frequency  co  and  wavenumber  kim  is 


f  dz'kg„iz')  +  ie-cot  , 
Jo 


where  O)^  =  c'^kim^  +  c^Kim^  for  a  given  cutoff  Ki^.  The  amplitudes  and  wavenumbers  are 
assumed  to  vary  slowly  in  z  over  a  wavelength.  The  cutoffs  are  given  by  solution  of  the 
dispersion  equation  Ji{Kima)Yi{Kimb)  =  Ji(Kimb)Yi\Ki„a),  where  7/  and  T/  denote  the 
regular  Bessel  and  Neumann  functions,  and  ZiiKi^r)  s  JiiKi^r)  +  AimYiiKimr),  where 
^-J{{Ki„,b)IY{iKiJ>). 


The  dynamical  equations  for  the  modes  in  coaxial  waveguides  have  been  described 
in  detail,^  and  the  results  for  the  TE  modes  are 


dz^ 


^2  '‘toi 


&/m  = 


-  ^2  ^Im 


!  tj  1 

(  r^\  itr  *■'»"'•)  sin  ^  Z,\K,„r)  cos  a, 

kzl 

^  (^/m  &/m)  =  Z,(K,„r)  COS  Z/( K,„r)  sin  or, 


(7) 

(8) 


where  Saim  =  edAyJmeC^  is  the  normalized  amplitude  of  the  modes,  and 

/  K'~.  I 


2Ki(b^-a^) 


(9) 


-  l‘)Z;(K-J,)  -  (<0=  -  h  Zj(K,.<i)  ■ 

The  beam  is  assumed  to  be  monoenergetic  with  an  axial  energy  spread  determined  by  an 
initial  [i.e.,  at  z  =  0]  pitch  angle  spread,  and  the  averaging  operator  is  defined  over  the 
initial  beam  parameters 

”  4^  Jo  expKp^  -  PoflApW 

^jjdx^yoa^_{xo,yo)j_  dyfo(Tniy/o)[-]  ,  (10) 

where  Ag  is  the  cross-sectional  area  of  the  waveguide,  =  v^q/c  for  an  initial  axial 
velocity  v^q,  =  tan“i(pyo/Pxo).  (PxQ^PyO,Pzo)  denote  the  initial  beam  momenta,  pQ  and 
denote  the  initial  total  momentum  of  the  beam  and  the  initial  axial  momentum  spread 
respectively,  ipo  [=  -  qXq,  where  to  is  the  time  at  which  the  particle  crosses  the  z  =  0  plane] 
is  the  initial  ponderomotive  phase,  and  Oji  are  the  initial  distributions  of  the  beam  in 
cross-section  and  phase,  and 


CPQ 

k\  dp^  exp[-(/7:0  -  Po) 
Jo 


ni) 


is  a  normalization  constant. 

The  field  equations  must  be  solved  simultaneously  with  the  orbit  equations  for  an 
ensemble  of  electrons.  We  integrate  the  complete  3D  Lorentz  force  equations  for  each 
electron  in  the  aggregate  fields  of  the  CHI  wiggler  and  electromagnetic  fields  for  all  the 
wave  modes.  No  orbit  average  is  imposed,  and  we  treat  the  injection  of  the  beam  into  the 
wiggler.  This  describes  any  increase  in  the  effective  beam  emittance  due  to  the  injection 
mechanism.  For  this  purpose,  we  model  the  adiabatic  injection  region  by  means  of  a 
tapered  wiggler  amplitude.  In  addition,  we  also  consider  amplitude  tapering  for  the  purpose 
of  efficiency  enhancement.  In  order  to  describe  these  effects  within  the  CHI  wiggler  model, 
we  assume  that  the  overall  coefficient  of  the  periodic  component  of  the  field  varies  as 

2B,sin=(^j  ;z<N^ 

=  l  2Bo  •,Nj^<z<Zo  ,  (12) 

2Bo[\  +^^f„(z-Zo)]  ;z>2o 
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where  denotes  the  number  of  wiggler  periods  in  the  entry  taper  region,  and  Cw  is  the 
normalized  slope  of  the  taper  for  purposes  of  efficiency  enhancement. 

The  wiggler  amplitudes  and  periods  which  can  be  achieved  are  determined  using  the 
POISSON  codes.^  To  this  end,  we  specified  vanadium  permendur  spacers  and  found  that  a 
6  kG  solenoid  saturates  the  ferrite  for  spacers  with  inner  and  outer  radii  of  a  =  0.7  and  b  = 
1.5  cm,  and  a  wiggler  period  of  =  1-5  cm.  We  also  assume  that  a  and  b  are  the  inner 
and  outer  radii  of  the  waveguide.  Using  these  dimensions,  we  operate  with  a  10  kG 
solenoid  which  provides  a  maximum  periodic  field  of  4  kG  and  a  uniform  axial  field 
component  of  «  6  kG.  Note  that  a  magneto-resonant  enhancement  in  the  gain  and  efficiency 
is  also  present  when  the  Larmor  period  associated  with  the  uniform  axial  field  component  is 


close  to  the  wiggler  period.  We  assume  that  =  5  to  preserve  the  initial  beam  quality 
through  injection. 

Since  FEL  performance  is  critically  dependent  upon  beam  quality,  we  must  have  an 
electron  gun  which  produces  an  annular  beam  with  a  low  energy  spread.  The  design  tool 
we  used  for  this  is  the  EGUN  code.^  Since  operation  in  G-band  is  desired,  we  chose  an 
electron  beam  voltage  in  the  neighborhood  of  690  kV  and  a  current  of  40  A.  Assuming  that 
the  inner  and  outer  radii  of  the  beam  at  the  exit  of  the  gun  were  1.05  cm  and  1.15  cm 
respectively,  it  is  possible  to  design  a  gun  which  produces  an  axial  energy  spread  of 
substantially  less  than  0.1%.  The  results  from  the  gun  calculation  were  used  as  initial 
conditions  in  the  FEL  simulation. 


Frequency  (GHz) 


Fig.  2  Efficiency  and  saturation  distance  versus  frequency  at  690  kV. 


We  first  address  the  interaction  for  a  uniform  wiggler,  and  consider  the  case  of  an 
ideal  beam  in  which  the  axial  energy  spread  -  0.  We  also  deal  with  the  TEqi  mode  at 
an  injected  power  of  1  kW.  The  efficiency  and  saturation  distance  versus  frequency  are 
plotted  in  Fig.  2.  It  is  clear  that  the  efficiency  decreases  with  frequency  over  the  resonant 


band  from  140-150  GHz.  Observe  that  the  maximum  efficiency  occurs  at  the  minimum 
minimum  resonant  frequency  and  does  not  correspond  to  the  peak  gain.  This  is  a  common 
feature  of  the  interaction  in  FELs7  and  stems  from  the  fact  that  the  efficiency  varies  with 
the  difference  between  the  beam  velocity  and  the  phase  velocity  of  the  ponderomotive 
wave  formed  by  the  beating  of  the  wiggler  and  radiation  fields  [Av  =  Vb  -  Q)/(k  +A:h.)]. 
Since  the  saturation  distance  is  relatively  constant  over  the  range  of  142-147  GHz,  the  peak 
gain  of  =  0.5  dB/cm  occurs  at  =  142  GHz  for  an  efficiency  of  =  2.2%.  As  such,  we 
assume  a  frequency  of  142.5  GHz  in  the  remainder  of  the  paper.  It  is  possible,  however,  to 
remne  to  higher  frequencies  using  higher  voltages  or  shorter  wiggler  periods. 

Before  proceeding  to  the  study  of  the  tapered  wiggler  interaction,  we  turn  to  the 
effect  of  the  axial  beam  energy  spread.  The  variation  in  the  efficiency  as  a  function  of  Ay,  is 
shown  in  Fig.  3.  Observe  that  the  efficiency  falls  from  about  2.24%  to  2.10%  as  the  axial 
energy  spread  increases  to  0.10%.  This  is  a  relatively  modest  decrease  in  efficiency,  and  a 
beam  quality  within  this  range  has  been  demonstrated  in  the  gun  design  code. 


Mode  (a  =  0.7  cm;  b  =  1.5  cm;  f  =  142.5  GHz) 
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Fig.  3  Variation  in  the  efficiency  and  saturation  distance  versus  beam  thickness. 


Finally,  it  is  important  to  note  that  no  beam  loss  was  found  in  the  simulation  prior 
to  saturation  for  the  uniform  wiggler  cases  studied. 

Turning  to  a  tapered  wiggler,  it  should  be  noted  that  there  is  an  optimum  both  in  the 
start-taper  point  and  in  the  slope  of  the  taper.  Optimizing  in  both  of  these  parameters,  we 
find  that  for  1  kW  input  power  the  optimal  start-taper  point  is  zqIXw  =  46  and  the  optimal 
slope  is  Ew  -  -0.001.  The  evolution  of  the  power  with  axial  distance  for  this  choice  is 
shown  in  Fig.  4  for  the  cases  of  an  ideal  beam  [Ay^  =  0]  and  for  Ayjy^  =  0.2%.  Note  that 
the  interaction  length  is  «  200^  which  is  the  length  required  to  taper  the  wiggler  amplitude 
to  zero  [note  that  the  uniform  axial  field  component  does  not  vanish].  It  is  clear  that  the 
efficiency  does  not  change  greatly  with  the  decrease  in  beam  quality  over  this  range,  and 
rises  to  over  13%  for  an  output  power  of  better  than  3.5  MW. 
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Fig.  4  Evolution  of  the  power  with  axial  position  for  two  choices  of  the  energy  spread. 

The  bandwidth  of  the  tapered  wiggler  interaction  is  quite  large.  Consider  the  case  of 
the  optimum  parameters  for  the  interaction  at  142.5  GHz,  including  the  total  length  of  the 
system.  The  bandwidth  is  determined  by  the  response  of  this  system  at  different  drive 


frequencies.  In  Fig.  5  we  plot  the  tapered  efficiency  versus  frequency.  It  is  evident  that  the 
efficiency  remains  high  over  a  frequency  range  of  -  142.5-160  GHz,  for  a  large 
instantaneous  bandwidth.  This  agrees  with  an  earlier  study  using  a  simpler  FEL  model.* 
Finally,  note  that  despite  the  extended  interaction  length  for  the  tapered  wiggler  cases 
shown,  no  beam  loss  was  found  in  simulation  for  any  of  these  parameters. 
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Fig.  5  The  bandwidth  for  the  tapered  wiggler  interaction. 

Our  results  can  be  summarized  rather  simply.  In  the  first  place,  no  beam  loss  was 
found  to  occur  for  either  the  uniform  or  tapered  wiggler  runs.  This  is  required  for  the 
design  of  a  CW  device.  In  the  second  place,  the  efficiencies  were  found  to  be  fairly  high. 
The  tapered  wiggler  interaction  produced  efficiencies  of  13-14%.  These  conclusions  hold 
for  both  an  ideal  beam  and  for  one  with  the  more  realistic  beam  energy  spread  of  <  0.2%.  It 
should  be  remarked  that  such  beams  are  quite  reasonable  with  careful  gun  design. 

The  major  source  of  concern  is  the  length  of  the  interaction.  At  200  wiggler  periods 
in  length,  the  support  of  the  central  rod  becomes  a  serious  issue.  However,  we  feel  that  it  is 
not  insurmountable,  and  can  be  addressed  in  several  ways.  Firstly,  a  vertical  mount  is 


necessary  in  which  the  central  rod  is  supported  from  the  top  by  the  collector.  Secondly,  it  is 
not  necessary  to  taper  the  wiggler  to  saturation.  A  shorter  tapered  wiggler  would  sacrifice 
some  power  but  facilitate  the  support  of  the  central  rod.  Lastly,  this  design  is  for  an 
amplifier  configuration;  however,  an  oscillator  can  also  be  constructed  which  would  be 
more  compact  without  sacrifice  of  efficiency.  The  only  drawback  to  an  oscillator  would  be 
a  narrower  bandwidth.  Tuning  of  an  oscillator  would  have  to  be  accomplished  by  varying 
the  voltage,  and  whether  the  bandwidth  would  be  sufficiently  narrow  to  impair  the  device's 
usefulness  depends  upon  the  Q  factor  of  the  cavity.  This  is  an  area  of  future  study.  Note, 
however,  that  we  do  not  expand  the  bandwidth  to  be  less  than  that  of  the  current  generation 
of  gyrotrons  which  are  used  for  this  purpose.  It  should  be  emphasized  that  this  study 
represents  an  initial  design  only,  and  higher  gains  and  shorter  lengths  are  likely  with  proper 
optimization  of  parameters.  Preliminary  estimates  of  the  efficiency  and  interaction  length 
made  on  the  basis  of  simple  scaling  laws^  indicate  that  it  should  be  possible  to  shrink  the 
interaction  length  by  «  50%  with  only  a  minor  reduction  in  the  efficiency  using  a  somewhat 
shorter  wiggler  period  and  a  beam  with  a  lower  voltage  but  a  higher  current.  Operation 
closer  to  the  magneto-resonance  is  also  an  attractive  means  of  achieving  this  goal. 

Cooling  is  not  expected  to  be  a  major  problem  even  for  long  pulse/CW  operation 
since  this  is  a  low  loss  mode.  Estimates  indicate  that  loading  on  the  central  rod  is  =  10 
W/cm2  at  a  power  of  5  MW,  and  that  the  loading  on  the  outer  conductor  is  even  less.  As  a 
result,  cooling  would  be  required  only  near  the  end  of  the  interaction  region  using  relatively 
narrow  water  passages  in  the  rod. 

In  summary,  the  CHI  wiggler  based  PEL  is  attractive  for  a  high  power  CW 
radiation  source.  It  is  a  robust  design  in  which  high  efficiencies  are  possible  over  a  wide 
parameter  range,  and  the  required  beam  quality  is  well  within  current  gun  technology. 
Finally,  overall  system  efficency  can  be  substantially  increased  by  incorporation  of 
depressed  collectors  for  energy  recovery. 


This  work  was  supported  by  the  Department  of  Energy  and  the  Office  of  Naval 
Research. 
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ABSTRACT 

Design  and  performance  calculations  for  a  Coaxial  Hybrid  Iron  (CHI)  wiggler  firee- 
electron  laser  configuration  are  presented.  The  capability  of  generating  high  fields  at  short 
periods,  as  well  as  good  beam  focusing  properties,  make  it  a  desirable  configuration  for 
high  power  coherent  radiation  sources  in  relatively  compact  systems.  In  addition  to  a 
description  of  the  geometry,  numerical  calculations  detailing  the  magnetostatic  wiggler 
fields,  the  beam  dynamics,  and  interaction  of  the  beam  with  electromagnetic  waves  in  Ka- 
band  (26-40  GHz)  will  be  presented.  Key  considerations  for  the  experimental  design  will 
be  outlined  and  discussed. 
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INTRODUCTION 


Fast-wave  interaction  devices,  i.e.  gyrotrons  and  FEL/ubitrons,  have  many 
attractive  properties  for  the  generation  of  high  power,  high  frequency  microwaves. 
However,  practical  devices  have  been  elusive  because  of  magnetic  field,  voltage,  and  size 
requirements.  For  FEL/ubitrons  the  disadvantage  can  be  partially  overcome  by  the 
utilization  of  short  period  (A^.  <  5  mm)  magnetic  wigglers.  Several  micro-wiggler 
configurations  have  been  investigated,  each  having  its  own  advantages  and  disadvantages 
in  the  areas  of  achievable  field  strength  and  uniformity,  ease  and  cost  of  fabrication, 
control,  tuning,  and  beam  acceptance  and  focusing  (see  (1),  (2),  and  references  therein). 

The  coaxial  hybrid  iron  (CHI)  wiggler  is  a  short-period  compatible  configuration 
which  offers  several  advantages  relative  to  the  above  issues.  This  paper  will  present  design 
and  performance  calculations  for  a  CHI  wiggler  based  Ka-Band  FEL  amplifier  under 
development  at  the  Naval  Research  Laboratory.  The  goal  is  an  output  power  of  100  kW  at 
35  GHz  while  reducing  the  voltage  to  approximately  150  kV. 

CHI  WIGGLER  CONFIGURATION 

The  CHI  wiggler  consists  of  alternating  rings  of  feiro-  and  nonferromagnetic 
materials,  surrounding  a  central  rod  consisting  of  cylinders  of  the  same  materials  as  the 
rings  but  shifted  axially  by  half  a  period.  As  shown  in  Fig.  1 ,  a  wiggler  period  consists  of 
only  two  ferromagnetic  pieces  (an  inner  cylinder  and  an  outer  ring)  along  with  their 
respective  non-ferromagnetic  spacers.  The  width  of  the  two  ferromagnetic  pieces  need  not 
be  the  same,  as  long  as  the  combined  length  is  the  same  for  both  inner  and  outer  sections. 
This  entire  stmcture  is  placed  inside  a  solenoid  (the  axes  of  the  solenoid  and  the  wiggler  are 
coincident)  and  causes  a  deformation  of  the  solenoidal  field  into  a  combination  of  periodic 
radial  and  axial  components.  Having  the  magnetic  field  source  external  to  the  wiggler  offers 
advantages  for  coil  cooling  and  field  tapering.  Large  wiggler  fields  are  possible  while 
maintaining  a  relatively  simple  and  low-cost  design. 
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The  electron  beam  is  annular  and  travels  down  the  gap  between  the  outer  rings  and 
the  central  piece.  The  radially  undulating  magnetic  fields  cause  this  annular  beam  to  wiggle 
azimuthally.  The  electrons  may  then  exchange  energy  with  coaxial  modes  which  contain  an 
azimuthal  electric  field  component,  for  example  the  TEqi  mode. 


Fig.  1  CHI  wiggler  geometry. 

The  magnetic  fields  in  the  gap  can  be  found  analytically  by  solving  Laplace's 
equation  with  the  boundary  conditions  that  the  axial  component  of  the  magnetic  field  be 
zero  along  the  faces  of  the  ferromagnetic  pieces  and  some  constant  value  along  the  faces 
of  the  non-ferromagnetic  ones.  The  resulting  equations  for  both  the  axial  and  radial 
components  of  the  field  (and  accompanying  figures)  are  described  in  earlier  publications.**^ 
In  essence,  the  radial  component  varies  sinusoidally  along  the  axial  direction  and  has  a 
minimum  at  the  center  of  the  gap.  The  axial  component  consists  of  a  constant  term  and 
oscillating  terms  which  are  small  at  the  gap  center. 

MAGNETOSTATIC  WIGGLER  ANALYSIS 

The  magnetic  field  profile  of  a  CHI  wiggler  may  be  modified  by  changing  or 
tapering  several  parameters  of  the  basic  configuration.  Multiple  variations  of  the  basic  CHI 
wiggler  geometry  were  studied  in  a  parametric  search  aimed  primarily  at  finding  the 
configuration  which  produced  the  highest  periodic  field.  This  search  also  detailed  ways  in 
which  the  magnetic  fields  may  be  tailored  by  varying  the  parameters  of  the  geometry.  These 


parametric  variations  were  performed  by  running  computer  simulations  with  the  POISSON 
codes.  The  ferromagnetic  material  was  assumed  to  be  low-carbon  steel,  and  the  B-H  table 
provided  with  the  codes  was  used. 

A  schematic  of  the  "standard"  configuration  used  in  the  simulations  is  shown  in 
Fig.  2.  Only  one  quarter  of  the  actual  wiggler  is  input  because  the  codes  take  advantage  of 
its  symmetry  about  the  axis  (bottom  edge)  and  right  edge.  Notice  that  this  configuration 
also  allows  study  of  the  entrance  fields.  Parameters  varied  on  the  standard  configuration 
include:  gap  height;  inner  pole  height,  width,  taper  angle;  outer  pole  height,  width,  taper 
angle;  and  axial  phase  offset  of  inner  and  outer  pieces. 


Fig.  2  Standard  POISSON  input  file  for  the  magnetostatic  field  study. 


Fig.  3  Peak  radial  magnetic  field  versus  gap  height. 
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Sample  results  are  shown  in  Figs.  3-4.  Fig.3  shows  the  dependence  of  the 
maximum  radial  magnetic  field  on  the  gap  height,  and  Fig.  4  shows  how  varying  the  height 
of  the  outer  rings  can  be  used  to  change  the  value  of  the  peak  radial  field.  These  and  other 
results  show  that  variations  of  pole  shapes  increased  the  peak  radial  field  by  only  a  few 
percent,  and  also  show  various  ways  to  taper  the  field. 


Fig.  4  Peak  radial  field  versus  the  height  of  the  outer  rings. 


BEAM  DYNAMICS 

The  dynamics  of  electrons  in  the  CHI  fields  were  also  studied  both  analyticaUy  and 
computationally.  For  the  analytic  solution,  it  was  assumed  that  the  particle  did  not  stray  far 
from  the  gap  center-its  original  position  (i.e.  5r  «  Xw).  The  simplified  forms  used  for  the 
fields  were: 


B,  -  B„  sin  kjz  , 


In  the  above  equations  =  27i/Ah.  and  5^  and  Bq  are  constants.  Assuming  a  constant  bulk 
axial  velocity  un  and  solving  the  equations  of  motion  to  lowest  order  in  wiggler  amplitude, 
one  obtains  the  quasi-steady-state  solutions: 
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1^1  cos  , 


(2) 


Bl-{PJp„fB} 


v,= 


BoB^ 


B^o-iPMB 


sin  k^z  , 


(3) 


where  -  v\\/c,  Bj  is  a  constant  field  in  the  axial  direction,  called  the  transition  field,  and 
is  given  by: 

(4) 

where  y  is  the  relativistic  factor  and  ^  is  the  magnitude  of  the  total  particle  velocity  (a 
constant)  in  units  of  c.  The  transition  field  is  a  constant  value  of  the  axial  field  which 
delineates  the  transition  from  group  I  orbits  to  group  II  orbits  as  is  increased.  These 
equations  describe  an  electron  performing  an  elliptical  orbit  in  the  r-0  plane  (with  a  period 
equal  to  the  wiggler  period)  while  streaming  at  a  constant  axial  velocity.  These  results  are 
analogous  to  those  of  a  simplified  planar  wiggler  field  with  a  constant  axial  guide  field.3 

Using  energy  conservation  and  the  quasi-steady  state  solutions  for  ve  and  Vr 
obtained  above,  one  may  obtain  a  quartic  polynomial  in  un.  which  may  be  solved 
numerically.  The  existence  of  a  constant  field  in  the  axial  direction  causes  the  transverse 
velocities  to  increase  about  a  certain  resonant  value  of  the  axial  field.  The  azimuthal 
component  of  the  velocity  (Eq.  2)  (as  well  as  the  radial  component)  is  seen  to  depend 
strongly  on  this  gyroresonance  effect,  from  the  fact  that  the  fields  are  squared  in  the 
denominator. 

A  figure  of  merit  of  the  strength  of  the  wiggler  is  a  (the  ratio  of  azimuthal  to  axial 
velocity).  A  plot  of  a  against  the  applied  field  is  given  in  Fig.  5  showing  the  gyroresonant 
gap.  Fig.  5  shows  the  sensitivity  to  the  applied  field,  as  seen  from  the  width  of  this  gap. 
Notice  that  orbits  below  Bj  (Group  I)  are  more  sensitive  as  B^  approaches  Bj  than  those 
above  Bj  (Group  II).  This  sensitivity  indicates  that  tapering  of  parameters  will  be  very 
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important  for  achieving  maximum  performance.  It  also  shows  the  enhancement  possible  in 
the  interaction  due  to  the  existence  of  the  axial  field.  In  preparing  this  figure,  single  and 
multi-particle  three-dimensional  orbits  were  simulated  using  TRACK-3,  a  trajectory 
integrator.  The  fields  were  calculated  using  the  analytic  solutions  •  with  the  field  increasing 
adiabatically  in  the  entrance  into  the  wiggler.  Results  of  the  simulations  agree  very  well 
with  analytic  values  away  from  the  gyroresonant  gap,  as  the  electron  remains  very  near  the 
wiggler  gap  center. 
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Fig.  5  Variation  of  a  versus  the  applied  field  for  BJBj  =  0. 135  (comparison  of  theory 

and  TRACK-3  simulation  results). 


An  examination  of  the  trajectories  shows  a  drift  in  the  0-direction,  but  this  is 
acceptable  in  the  CHI  FEL  case  since  it  remains  in  the  interaction  region  due  to  the 
cylindrical  geometry.  Calculations  have  shown  that  this  drift  can  be  explained  using 
Busch's  theorem  and  depends  on  the  entrance  conditions  used  in  the  simulation.  Actual 
CHI  wiggler  axial  fields  decrease  in  magnitude  at  the  entrance  into  the  wiggler  (due  to  the 
iron  pieces),  and  may  partially  cancel  out  this  drift.  Future  plans  include  running 
simulations  with  PIC  (particle  in  cell)  codes  utilizing  2-D  simulations  of  the  CHI  wiggler 
field  including  entrance  conditions. 


THE  EXPERIMENT 


The  experiment  to  be  built  at  the  Naval  Research  Lab  will  be  a  CHI  wiggler  PEL 
operating  as  an  amplifier  at  a  frequency  of  35  GHz  in  Ka-Band.  The  principal  goal  of  the 
experiment  is  to  operate  at  lower  voltages  while  still  generating  high  power,  high  frequency 
microwaves.  Current  plans  call  for  operation  at  approximately  150  kV  with  an  output 
power  of  100  kW. 

The  major  components  of  the  FEL  are  the  gun,  the  wiggler  section  (including  the 
solenoid  and  the  waveguide),  the  beam  collector,  and  the  input  and  output  couplers.  The 
gun  will  operate  at  around  150  kV  and  produce  a  10  A  annular  beam  for  the  CHI  wiggler. 
The  wiggler  assembly  will  be  placed  horizontally  within  the  bore  of  an  existing 
superconducting  magnet.  The  central  rod  of  the  wiggler  will  be  supported  by  radial  struts 
located  near  the  gun  and  the  collector.  The  coaxial  waveguide  consists  of  the  (electroplated) 
faces  of  the  inner  and  outer  pieces  of  the  wiggler.  This  waveguide  will  contain  a  central 
sever  to  reduce  rf  reflections.  The  diameter  of  the  wiggler,  and  therefore  of  the  waveguide, 
is  limited  by  the  bore  of  the  magnet,  6.4  cm,  and  places  a  lower  bound  on  our  operating 
frequency.  The  wiggler  will  have  a  period  of  about  1  cm  and  will  be  about  60  periods  in 
length. 

A  SLAC  klystron  gun  will  be  modified  to  produce  the  necessary  annular  beam.  The 
superconducting  magnet,  with  an  axial  field  of  up  to  30  kG,  will  permit  an  extensive  study 
of  the  full  performance  range  of  the  CHI  FEL.  The  bore  size  of  the  magnet  is  6.4  cm  and 
its  total  length  is  78.3  cm . 

Preliminary  calculations  using  untapered  configurations  (using  a  previously 
described  nonlinear  three-dimensional  slow-time-scale  formulation^)  have  shown  gains  on 
the  order  of  0.3  dB/cm  and  efficiencies  in  excess  of  10  %  in  this  frequency  range.  Studies 
are  currently  under  way  to  lower  the  voltage  required  while  still  retaining  performance. 
Figure  6  shows  the  gain  profile  for  a  specific  set  of  parameters,  for  which  a  saturated  gain 
of  about  30  dB  (0.26  dB/cm)  with  a  gain  bandwidth  of  around  20%  was  achieved.  In  this 
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figure,  Rmin  and  R^ax  are  the  inner  and  outer  radii  of  the  coaxial  waveguide  (i.e.  the 
wiggler  gap),  and  Nw  is  the  number  of  adiabatic  entrance  periods.  It  must  again  be  stressed 
that  these  results  are  very  preliminary  since  optimization  of  parameters  was  not  performed. 


Fig.  6  Preliminary  simulation  results  for  a  Ka-Band 
amplifier  utilizing  a  coaxial  TEqi  mode. 

SUMMARY  AND  CONCLUSIONS 

The  above  results  indicate  interesting  potential  for  high  frequency  amplifiers  based 
on  the  CHI  wiggler  configuration.  Work  is  in  progress  on  the  design  of  a  CHI  wiggler 
ubitron  amplifier  in  Ka-band.  A  Pierce-type  electron  gun  is  being  modified  to  produce  a 
hollow  beam  for  the  device,  which  will  have  a  period  of  about  1  cm  and  will  consist  of 
about  sixty  periods  with  a  central  sever.  An  existing  superconducting  magnet  <  30  kG) 
will  be  used  to  produce  the  axial  field  in  order  to  allow  exploration  of  the  full  performance 
range  of  the  CHI  wiggler. 

This  work  was  supported  by  the  Office  of  Naval  Research. 
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Imprwed  ampbf.er  perfonnance  of  the  NRL  Ku-band  ubitron  is  rtponed  following  several  experimenul  modifications  The 
major  modification  is  the  substitution  of  a  higher-current  (100  A).  higher-quaUty  electron  gun  for  the  original  modified  SLAC 
klystron  gun  (250  kV  37  A).  The  experimental  configurauon  is  otherwise  unchanged;  a  solid,  uniform-density  electron  beam 
propa^ung  Arou^  a  helical  wiggler/axial  guide  field  configuration,  interacting  with  a  co-propagating  circularly  penalized  TF , ,  rf 
wave.  With  these  changes  smaJI-signal  gains  of  23  dB  have  been  observed  in  the  12.6-17.5  GHz  frequency  range.  Good  agreement 

^  ^  ^  obtained  using  a  three-wiggler  model  in  the  3D  nonUn^  FEL 


1.  Introduction 

The  Vacuum  Electronics  Branch  of  the  Naval  Re¬ 
search  Laboratory  has  an  ongoing  program  to  evaluate 
the  potential  of  the  ubitron/FEL  interaction  as  a  high- 
gain,  high-power,  broad-bandwidth  micro  or  millimeter 
wave  source.  Moderate  gain  operation  of  the  NRL 
ubitron  has  been  previously  reported  using  a  modified 
SLAC  klystron  gun  (1,2).  An  improvement  in  the  gain 
has  been  observed  followmg  the  installation  of  a  higher- 
current,  higher-quality  electron  gun  [3],  The  maximum 
gain  for  a  uniform  axial  field  is  20  dB.  and  substantial 
gain  has  been  measured  over  the  12.6  to  17.4  GHz 
frequency  range.  Gain  is  found  to  be  limited  by  the 
onset  of  a  high-power  oscillation.  The  oscillation  can 
reach  high  power  levels  ( «  700  kW)  and  is  dependent 
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on  the  wiggler  field.  Power  is  also  dependent  on  the 
axial  field  profile  and  trim  coil  current.  In  addition,  it 
exhibiu  oscillation  thresholds  dependent  upon  both 
be^  voltage  and  wiggle  velocity.  Both  amplifier  and 
oscillator  experimental  measurements  are  compared  with 
a  fully  three-dimensional  nonlinear  simulation  of  this 
configuration  using  the  code  ARACHNE  (4-7]. 

2.  Experimeiital  configuration 

The  present  amplifier  configuration  is  shown  in  fig. 
1.  The  electron  gun  is  on  the  left.  All  current  emitted 
from  the  gun  is  magnetically  focused  and  injected  into 
the  interaction  region:  no  beam  scraping  is  used.  A 
solenoidal  field,  generated  by  14  individual  coils,  is  used 
for  beam  confinement  and  transport.  Following  the 
direction  of  beam  propagation,  the  major  components 
are:  resistive  injected-current  monitor,  modified  four- 
port  turnstile  junction  input  coupler,  double  uper,  fluid 
cooled  bifilar  helix  (repetitively  pulsed),  resistive  trans¬ 
mitted  current  monitor,  beam  coUector.  four-port  out¬ 
put  coupler,  and  a  combination  water  load/ calorimeter. 


XN»UT  COU^LCn 


Fig.  1.  Schematic  illustration  of  the  NRL  ubitron. 
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The  input  coupler  generally  launches  a  LHCP  TE„ 
fundamental  mode  wave  into  the  interaction  region, 
although  it  can  also  launch  a  linearly  polarized  wave  if 
desired.  The  output  coupler  employs  both  broadwall 
and  narrow-wall  ports  for  TE/TM  mode  selection  pur¬ 
poses.  Essentially  all  of  the  injected  and  amplified  rf 
power  is  absorbed  in  the  water  load/ calorimeter.  The 
parameter  range  over  which  the  ubitron  has  been  oper¬ 
ated  is:  190<Kb<250  kV,  65<4<94A,  1.8<«  < 
2.9  kG,  B^<  575  G,  and  12.6  </<  17.4  GHz.  The 
wiggler  field  has  a  2.54  cm  period  with  effectively  10 
periods  in  the  uniform  region  and  4  and  5  periods  in  the 
entrance  and  exit  tapers,  respectively.  The  device  is 
typically  repetitively  pulsed  in  the  3-6  Hz  range. 


3.  Experimental  results  and  comparison  with  theory 

Ubitron  amplifier  performance  has  been  measured 
as  a  function  of  several  independent  variables:  rf 
frequency,  wiggler  field,  beam  voltage,  and  axial  field. 
Most  measurements  are  in  the  small-signal  regime 
saturation  was  not  reached.  The  major  performance 
results  discussed  below  are  gain  vs  frequency  and  wie- 
gler  field. 

The  RHCP  wiggler  field  is  generated  by  a  multiple- 
turn  bifilar  helix  electromagnet  with  radially  upered 
entrance  and  exit  sections  which  was  wound  on  an 
aluminum  form  in  anticipation  of  dc  operation.  How¬ 
ever.  due  to  cooUng  problems,  the  wiggler  is  operated  in 
a  repeutively  pulsed  mode  to  achieve  high  field 


strengths.  As  shown  in  fig.  2,  the  resulting  transverse 
field  profile  was  measured  only  on-axis.  Due  principally 
to  magnetic  diffusion  effects,  the  field  profile  departs 
considerably  from  the  ideal  profile,  which  would  consist 
of  a  smooth  adiabatic  increase  in  transverse  field  fol¬ 
lowed  by  a  constant  transverse  field  region  and  then  an 
adiabatically  decreasing  field. 

In  addition  to  the  reduced  performance  that  could 
be  expected  from  this  wiggler  profile,  comparison  be¬ 
tween  experiment  and  theory  is  complicated  due  to  the 
difficulty  in  modelling  this  field.  Since  only  the  on-axis 
transverse  field  profile  was  measured,  insufficient  data 
were  obtained  to  directly  incorporate  the  measured  pro¬ 
file  into  the  simulation.  For  simulation  purposes,  there¬ 
fore,  the  wiggler  field  is  approximated  as  the  superposi- 
uon  of  the  fields  of  three  ideal  bifilar  helices  of  different 
amplitude  and  period.  The  fit  is  also  shown  in  fig.  2, 
and  comes  reasonably  close  to  replicating  the  fine  struc- 
turc  in  the  uniform  field  region. 

The  small-signal  gain  is  shown  in  fig.  3  for  the 
following  parameters:  -  232  kV.  -  85  A.  B  ~ 
2.51  kG,  B^  -  294  G,  and  P,„  *  150  W.  The  soUd  ^e 
represents  simulation  results  in  the  Raman  regime  from 

energy  spreads  of  0  and 
0.25%.  For  this  set  of  parameters,  velocity  spread  has 
little  effect  on  gain.  The  simulation  results  arc  in  good 
agreement  with  the  average  measured  gain,  but  arc  less 
accurate  concerning  the  detailed  profile.  Contributing 
factors  to  this  discrepancy  are  the  wiggler  field  model, 
detailed  beam  characteristics  not  included  in  the  code, 
and  treatment  of  ac  space  charge  in  the  code. 


z  (cm) 


on-axis  wiggler  field  and  the  three-wiggler  model  used  in  simulation. 


Fig.  2.  Comparison  of  the  measured  transverse 


The  saturation  behavior  has  not  been  measured  due 
to  an  rf  oscillation  that  limited  the  maximum  gain  to 
approximately  20  dB.  This  value  was  measured  at  14.8 
and  16.6  GHz  for  different  combinations  of  Vy,,  and 


InsufHcient  rf  drive  power  was  available  to  achieve 
saturation  at  this  level  of  gain.  The  maximum  power 
measured  in  the  amplifier  mode  was  200-300  kW  using 
a  uniform  B^  field.  However,  approximately  23  dB  of 


Wiggler  Field  (G) 

Fig.  4.  Dependence  of  the  TE],  small-signa]  gain  upon  the  wiggler  field. 
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gain  has  been  measured  using  a  nonuniform  B,  field. 
Bandwidth  in  the  small-signaJ  regime  exceeds  25*.  and 
the  calculated  peak  gain/ wavelength  is  approximately 
1.6  dB/X. 

To  further  characterize  ubitron  performance,  the  gain 
dependence  on  wiggler  field  was  measured  and  calcu¬ 
lated  for  a  second  set  of  parameters  and  is  shown  in  fig. 
4.  In  this  case,  the  simulation  and  measurements  are  in 
good  agreement  for  the  wiggler  field  required  to  gener¬ 
ate  maximum  gain.  However,  the  values  of  that  maxi¬ 
mum  gain  differ  significantly.  Discrepancies  between 
experiment  and  theory  are  due  to  the  same  factors  listed 
above. 


4.  High  power  oscillation 

In  an  attempt  to  increase  amplifier  gain  by  increas¬ 
ing  the  wiggler  field,  an  oscillation  was  observed  that 
limited  maximum  gain,  and  which  reached  power  levels 
of  approximately  700  kW  (corre^nding  to  an  ef¬ 
ficiency  of  3%)  at  a  frequency  of  approximately  17.4 
GHz.  Severe  beam  disruption  also  occurred  at  high 
power  levels.  Identification  of  the  oscillation  mecha¬ 
nism  remains  elusive  at  this  time.  Experimental  evi¬ 
dence  points  to  either  a  fundamental  ubitron  oscillation 
with  the  TEi,  mode,  or  a  second  harmonic  ubitron 
interaction  with  the  TEjj  mode.  This  ambiguity  results 


from  inadequate  diagnostics  to  discriminate  between 
TE  modes.  The  principal  characteristics  of  the  oscilla¬ 
tion  are: 

(1)  The  oscillation  requires  the  wiggler  field,  and  is 
not  strongly  dependent  on  the  axial  field;  hence  it  is  not 
a  cyclotron  maser.  The  oscillation  would  have  to  switch 
between  the  2nd,  3rd  and  4th  gyrotron  harmonics  to 
maintain  either  a  TEj,,  or  a  TE„  intersection  near  18 
GHz  for  the  parameters  at  which  oscillation  was  ob¬ 
served. 

(2)  Oscillation  power  is  dependent  on  the  axial  field 
profile,  wiggler  field  amplitude,  and  on  gun  trim  coil 
current.  Measurements  of  oscillator  power  dependence 
on  wiggler  field  is  shown  in  fig.  5  for  two  axial  field 
profiles.  The  compression  B,  profile  has  the  effect  of 
slightly  reducing  the  beam  diameter  in  the  wiggler  re¬ 
gion.  The  maximum  power  in  this  case  is  considerably 
reduced  from  the  maximum  power  measured  with  a 
uniform  B,,  for  nominal  values  of  trim  current,  al¬ 
though  the  oscillation  will  start  at  a  lower  wiggler  field. 
Measuremenu  of  oscillator  power  vs  trim  coil  cunent 
for  both  field  profiles  show  a  strong  linear  reduction  in 
oscillator  power  with  increasing  trim  current. 

(3)  High  output  power  is  possible.  However,  at  high 
power  levels,  considerable  pulse-to-pulse  amplitude 
fluctuations  were  observed,  not  correlated  to  macro¬ 
scopic  parameter  variations.  Both  output  coupler/ diode 
detector  and  calorimetric  power  measurements  were 
made. 


Fig.  5.  Dependence  of 


Wiggler  Field  (G) 

the  oscillation  power  on  wiggler  field  for  two  axial  field  profiles,  and 
harmonic  oscillation  calculation. 


comparison  with  the  TEj,  mode  second 
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(4)  The  oscillation  frequency,  which  typically  differs 
from  the  amplifier  frequency,  is  near  the  TEj,  mode 
cutoff.  A  wavemeter  was  used  for  this  measurement. 
The  oscillation  does  not  appear  to  be  a  typical  feedback 
oscillation  at  the  driven  frequency,  but  grows  from 
noise  on  the  beam  at  17.4  GHz.  Examination  of  uncou¬ 
pled  dispersion  curves  for  both  TE„  and  TE^,  combi¬ 
nations  show  possible  intersections  near  17.4  GHz. 

(5)  An  oscillation  threshold  exists  at  an  on-axis 

velocity  ratio,  independent  of  the  axial  field  over  the 
range  of  1.9  to  2.9  kG.  The  wiggler  field  required  to 
initiate  the  oscillation  was  measured  for  a  variety  of 
beam  voltages  and  axial  field  values  and/or  profiles. 
Although  the  initiation  wiggler  field  spans  the  range  of 
250  to  300  G,  the  on-axis  is  found  to  be  ap¬ 

proximately  0.13,  computed  in  each  case  for  an  ideal 
wiggler  field  and  a  uniform  axial  field  of  the  measured 
values. 

(6)  No  oscillation  occurs  for  beam  voltages  below 
approximately  200  kV  —  independent  of  the  wiggler 
field  magnitude.  At  this  voltage,  the  second  harmonic 
TE2,  interaction  occurs  at  a  frequency  of  18.7  GHz 
which  is  considerably  higher  than  observed.  However, 
there  is  no  TE,,  mode  intersection  at  all  at  this  voltage! 

(7)  Output  coupler  characteristics  eliminate  the  pos¬ 
sibility  of  a  TM  interaction. 

The  amplifier  code  ARACHNE  (including  the 
three-wiggler  model),  was  employed  to  model  the  inter¬ 
action.  In  order  to  obtain  a  second  harmonic  ubitron 
interaction  with  the  TEj]  mode  the  waveguide  radius 
was  increased  from  0.815  to  0.844  cm  in  order  to  lower 
the  cutoff  frequency  below  the  measured  17.4  GHz 
oscillation  frequency.  Simulation  results  are  presented 
in  fig.  5,  showing  the  computed  oscillator  power 
(saturated  amplifier  power)  as  a  function  of  wiggler 
field  for  a  uniform  2.76  kG  axial  field.  The  shape  of  the 
curve  is  in  reasonable  agreement  with  measured  data, 
lending  credence  to  the  hypothesis  that  this  is  a  second 
harmonic  interaction  with  the  TEj,  mode.  The  maxi¬ 
mum  computed  oscillator  power  (intracavity)  is  ap¬ 
proximately  1.5  MW,  also  in  reasonable  agreement  with 
the  estimated  maximum  oscillator  output  power  of  700 
kW.  Calculations  of  the  saturated  amplifier  power  for 
the  TE]]  mode  using  ARACHNE  (with  the  nominal 
waveguide  radius  of  0.815  cm)  are  on  the  order  of  4-5 
MW.  This  is  considerably  higher  than  the  measured 
value. 

Factors  favoring  the  TEj]  interpretation  are;  (1)  the 
measured  frequency  is  consistent  with  a  TE,]  intersec¬ 
tion  for  the  nominal  waveguide  radius,  (2)  the  voltage 
threshold  is  consistent  with  no  TE,,  intersection  for 
those  parameters,  and  (3)  no  mode  conversion  is  re¬ 
quired  for  the  free  propagation  of  the  signal.  Arguments 
against  the  TE,,  interpretation  are  less  well  founded  on 
explicit  observations:  (1)  m^urements  of  component 
return  loss  using  linear  polarization  do  not  show  large 


reflections  at  17.4  GHz,  reflectivity  is  actually  higher 
near  17.8  GHz,  (2)  the  rea.son  for  the  power  sensitivity 
to  trim  coil  current  is  not  clear,  and  (3)  the  measured 
power  level  appears  to  be  considerably  lower  than  pre¬ 
dicted  by  simulation. 

The  primary  factors  leading  to  a  TEj,  interpretation 
of  the  observed  oscillation  characteristics  are:  (1)  The 
reflectivity  is  high  near  cutoff  which  facilitates  oscilla¬ 
tion,  (2)  the  dispersion  curve  intersection  frequency  is 
fairly  constant,  not  highly  dependent  on  external 
parameters,  (3)  operation  near  cutoff  is  also  consistent 
with  pulse-to-pulse  power  fluctuations  and  power  sensi¬ 
tivity  to  trim  current,  and  (4)  the  observed  power  is 
consistent  with  the  expected  saturation  level  based  on 
simulations.  The  primary  factors  against  a  TEj,  inter¬ 
pretation  are  related.  While  it  is  possible  that  the  dis- 
p>ersion  curve  is  altered  in  such  a  manner  to  reduce  the 
cutoff  frequency  from  the  vacuum  value  of  17.8  to  17.4 
GHz  in  the  interaction  region,  TE21  propagation  be¬ 
yond  the  beam  collector  is  not  possible  without  mode 
conversion,  since  17.4  GHz  is  below  the  vacuum  wave¬ 
guide  cutoff. 


5.  Summary 

Amplifier  performance  of  the  NRL  ubitron  has  im¬ 
proved  following  the  installation  of  a  higher-current, 
higher-quality  electron  gun.  A  gain  of  20  dB  has  been 
measured,  corresponding  to  a  peak  gain/ wavelength  of 
1.6  dB/A.  The  maximum  output  power  is  200-300  kW. 
3D  nonlinear  simulations  of  the  ubitron  configuration, 
including  a  three-wiggler  model,  arc  in  reasonable 
agreement  with  measured  data.  Small-signal  bandwidth 
has  been  measured  to  exceed  25%.  However,  saturation 
has  not  been  achieved  due  to  gain  limitations  caused  by 
the  onset  of  a  high  power  oscillation.  The  oscillation 
can  be  fairly  powerful;  approximately  700  kW  has  been 
measured.  The  oscillation  mechanism  has  not  been  con¬ 
clusively  identified  at  this  time.  A  major  component 
redesign  is  currently  under  way  in  order  to  improve  the 
wiggler  and  to  enhance  the  diagnostics  available  for 
distinguishing  between  TE  modes. 
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ABSTRACT 

Operation  of  the  Naval  Research  Laboratory  Ku-band  ubitron  has  successfully 
demonstrated  a  high  power/efficiency  and  broad  bandwidth  capability.  This  device 
employs  a  helical  wiggler/axial  guide  field  configuration  with  a  212-255  kV/67-100  A 
electron  beam  and  wiggler  and  guide  magnetic  fields  of  175-320  G  and  1.75-2.54  kG. 
Performance  levels  achieved  at  16.6  GHz  can  be  summarized  as  a  peak  power  of  4.2  MW 
for  an  efficiency  of  17.5%  and  a  gain  of  29  dB,  and  an  instantaneous  bandwidth  of  22%. 
Substantial  beam  loss  was  observed.  The  specific  loss  rate  was  correlated  with  output 
power,  and  reached  a  level  of  50%  beam  loss  at  the  4.2  MW  level.  Nonlinear  simulations 
of  the  experiment  are  in  good  agreement  with  these  observations. 
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1.  INTRODUCTION 

With  several  modifications  to  the  previous  design,  ^  the  NRL  ubitron  has 
demonstrated  operation  as  a  high  power,  broad  band,  and  efficient  amplifier  with  a 
maximum  output  power  of  4.2  MW  for  an  efficiency  of  18%,  a  29  dB  gain,  and  a  large 
signal  bandwidth  (not  saturated)  greater  than  22%.  The  experiement  met  the  performance 
goals  for  the  fundamental  mode  amplifier;  specifically,  an  output  power  of  1-5  MW,  an 
efficiency  greater  than  15%,  a  large-signal  gain  of  25-30  dB,  and  a  large-signal 
bandwidth  greater  than  20%.  Experimental  results  are  in  good  agreement  with  theoretical 
predictions  using  the  3-D  nonlinear  code  ARACHNE.2-4  jt  is  important  to  note  in  this 
regard  that,  in  contrast  to  earlier  devices  operating  in  the  Raman  regime,  3  the  DC  self¬ 
fields  of  the  beam  played  an  important  role  in  the  interaction. 

The  fundamental  mode  amplifier  reported  here  is  only  one  of  several  experiments 
in  the  NRL  ubitron  program  which  includes  integrated  theory,  simulation,  design, 
fabrication,  and  testing  whose  objective  is  the  determination  of  the  potential  of  the 
ubitron/FEL  as  the  basis  for  a  new  class  of  high-power,  broad  band,  micro-  and 
millimeter  wave  amplifiers.  Experiments  include  the  fundamental  mode  amplifier,  a 
harmonic  amplifier  using  rectangular  waveguide  and  a  linear  wiggler,^  and  a  reduced 
voltage  ubitron  using  the  CHI  wiggler.^-^  Three  dimensional  theories  and  simulation 
codes  have  been  developed  for  these  and  other  interaction  geometries. 

n.  EXPERIMENTAL  RESULTS 

A  summary  of  the  basic  parameters  and  recent  alterations  in  the  experiment  is 
reported  here.  An  extensive  description  of  other  experimental  aspects  is  given  in  ref  1. 
The  wiggler  is  a  pulsed  bifilar  helix  with  a  period  of  2.54  cm  and  an  overall  length  33 
wiggler  periods.  Of  this  length,  the  first  five  and  the  last  three  wiggler  periods  represent 
an  adiabatic  entrance  and  exit.  Amplification  was  measured  over  the  following  parameter 
ranges:  wiggler  amplitude  =  175-320  G,  axial  field  =  1.75-2.54  kG,  beam  voltage  «  212- 


254  kV,  and  beam  current  =  67-100  A.  The  beam  radius  upon  wiggler  entry  is  =  0.4  cm 
and  the  waveguide  radius  is  0.815  cm.  The  FWHM  of  the  beam  pulse  is  =  2.4  ^s,  with  a 
flat  top  of  =  1  |is.  Operation  is  largely  in  the  TE|  i  mode  at  Ku  band  (12.4-18  GHz).  The 
experimental  configuration  is  shown  in  Fig.  1  with  the  major  components  identified.  Note 
that  the  solenoid  is  split  to  accommodate  a  gate  valve  separating  the  gun  and  the 
interaction/diagnostics  sections  which  necessitated  additional  solenoid  coils  to  maintain 
the  field  profile.  Vacuum  pumping  has  been  added  to  the  calorimeter  to  accommodate 
any  additional  gas  loading  caused  by  beam  loss  in  the  interaction  region. 


Fig.  1  Illustration  of  the  experimental  configuration. 

Amplification  has  been  measured  over  a  wide  parameter  range.  Although  the 
nom-inal  beam  and  axial  field  values  are  250  kV/100  A  and  2.2  kG,  these  do  not 
necessarily  represent  the  optimal  parameter  range,  and  equivalent  output  power  has  been 
obtained  for  several  different  parameter  sets.  The  maximum  power  measured  to  date  is 
4.2-4.5  MW  at  a  frequency  of  16.6  GHz.  Typical  waveforms  showing  the  essential 
characteristics  of  ubitron  operation  are  given  in  Fig.  2.  In  this  case,  an  output  power  of  = 
4.5  MW  (4.2  MW  from  calorimeter)  was  measured  for  a  245  kV/94  A  beam,  with  axial 
guide  field  and  wiggler  field  amplitudes  of  2.47  kG  and  270  G,  respectively.  This 
represents  a  gain  of  29  dB  and  an  efficiency  18%. 


4  • 
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Fig.  2  Typical  waveforms. 


It  is  important  to  observe  the  presence  of  beam  loss  on  the  rising  and  falling  edges 
of  the  voltage  pulse  as  well  as  high  beam  loss  during  the  interaction.  This  will  be 
discussed  later  in  more  detail.  Note  that  the  ripples  on  the  two  beam  current  traces  are  not 
physical,  but  are  due  to  current  monitor  ringing.  It  should  also  be  noted  that  the  output 
power  shown  in  the  figure  does  not  represent  saturation  of  the  interaction.  Indeed,  for 
most  parameters  we  have  been  unable  to  drive  the  system  to  saturation. 

The  ubitron  has  also  demonstrated  a  wide  instantaneous  bandwidth.  However, 
there  are  two  factors  which  render  this  measurement  difficult.  Specifically  (1)  the 
modulator  exhibits  a  slow  time  scale  voltage  drift,  and  (2)  in  order  to  accommodate  high 
input  power,  the  phase  splitting  circuitry  utilizes  two  sets  of  short  slot  hybrids  to  cover 
most  of  Ku  band  and  several  hours  are  required  switch  between  the  them.  Hence,  the 
bandwidth  measurements  are  not  always  made  with  the  identical  parameters;  however, 
the  measurements  are  indicative  of  ubitron  bandwidth  potential.  Fig.  3  shows  the 
bandwidth  characteristics  for  a  case  in  which  the  output  power  exceeds  600  kW.  This 
represents  a  bandwidth  in  excess  of  22%. 
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Fig.  3  Ubitron  bandwidth  characteristics. 


The  NRL  ubitron  exhibits  a  high  degree  of  sensitivity  to  variations  in  the  beam 
voltage  and  the  axial  and  wiggler  magnetic  fields.  An  example  of  the  sensitivity  of  the 
output  power  to  beam  voltage  is  shown  in  Fig.  4.  Output  power  for  this  case  is  seen  to 
reach  a  maximum  in  excess  of  4  MW  at  a  beam  voltage  of  245  kV,  and  to  increase  from 
2-4  MW  as  the  voltage  increases  about  4.5%  from  234-245  kV.  This  sensitivity  points  to 
the  need  for  very  tight  modulator  voltage  control.  Similar  sensitivity  to  variations  in  the 
axial  and  wiggler  magnetic  fields  are  also  seen.  In  order  to  illustrate  the  sensitivity  of  the 
interaction  to  variations  in  the  axial  magnetic  field,  we  consider  a  250  kV/83  A  beam 
with  a  wiggler  field  amplitude  of  275  G.  Experimentally,  the  output  power  is  found  to 
vary  from  2-4.4  MW  at  16.6  GHz  as  the  axial  magnetic  field  increases  from  2.4-2.54  kG. 
Observe  that  the  output  power  nearly  doubles  for  an  axial  field  increase  of  only  about 
5.5%.  Somewhat  less  sensitivity  is  measured  for  wiggler  field  variations.  With  a  247 
kV/83  A  beam  and  an  axial  magnetic  field  of  7.6  kG,  the  output  power  increases  from  0.4 
to  2.6  MW  at  16.6  GHz  as  the  wiggler  field  increases  from  160-280  G  (i.e.,  a  field 
increase  of  «  25  %  is  required  to  double  the  output  power).  Part  of  the  sensitivity  to  the 


parameters  arises  because  the  system  is  not  driven  to  saturation;  hence,  small  changes  in 
the  growth  rate  can  result  in  relatively  large  variations  in  the  output  power. 


Beam  Voltage  (kV) 

Fig.  4  Variation  in  the  output  power  with  beam  voltage. 

III.  COMPARISON  WITH  THEORY 

A  key  feature  of  the  NRL  ubitron  program  is  the  integration  of  theoretical, 
computational,  and  experimental  efforts  which  leads  to  the  development  and  validation  of 
a  detailed  and  precise  design  and  simulation  capability.  To  demonstrate  this  capability, 
we  of  course  need  to  compare  experimental  measurements  with  theory.  We  use  the  3-D 
nonlinear  simulation  code  ARACHNE,  which  in  its  latest  version3.4  includes  both  RF  and 
DC  beam  space  charge  effects,  under  the  assumption  of  an  initial  axial  energy  spread  of 
1.5  %.  It  is  also  important  to  bear  in  mind  that,  as  pointed  out  in  ref.  3,  the  inclusion  of 
the  DC  space-charge  fields  are  important  for  the  current  experiment 

In  general,  we  find  that  experimental  performance  generally  follows  theoretical 
predictions  as  far  as  trends  with  wiggler  field,  axial  field,  beam  voltage,  and  beam 
transmission  are  concerned.  However,  we  usually  measure  somewhat  higher  power  than 
predicted  theoretically.  Typically,  we  find  that  an  approximately  5  %  increase  in  both  the 


wiggler  and  axial  magnetic  fields  in  ARACHNE  over  the  experimental  calibration  results 
in  good  agreement  between  theory  and  experiment.  Note  that  this  is  slightly  outside  our 
estimated  2-3  %  experimental  uncertainty.  Although  this  is  not  a  large  discrepancy,  it  is 
an  issue  that  is  still  under  investigation,  and  there  are  several  possible  factors  which 
contribute  to  the  discrepancy.  On  the  theoretical  side,  possible  reasons  for  the  discrepancy 
include  unavoidable  differences  between  the  experimental  implementation  and  theoretical 
model,  such  as  mechanical  and  field  misalignments  or  actual  injected  beam  conditions. 
Although  these  factors  would  normally  have  a  deleterious  affect  on  output  power,  we 
cannot  rule  these  out  as  possible  contributing  factors.  Experimentally,  the  presence  of 
internal  reflections  could  increase  the  effective  input  power,  and  thereby  increase  the 
output  power  over  that  expected  for  a  single  pass  amplifier.  In  addition,  although  the 
solenoid  and  wiggler  fields  were  carefully  measured  with  calibrated  diagnostics  and 
compared  with  simulations  prior  to  assembly,  a  final  confirmation  of  the  field  calibrations 
must  await  the  ultimate  dismantling  of  the  apparatus. 

The  first  comparison  between  theory  and  experiment  deals  with  the  dependence  of 
output  power  on  input  power.  To  this  end,  drive  curves  at  16.6  GHz  are  shown  in  Fig.  5 
from  the  experiment  and  from  ARACHNE  for  a  244  kV/82  A  electron  beam  and  for 
wiggler  and  axial  guide  magnetic  fields  of  231  G  and  2.47  kG,  respectively.  Power 
measurements  are  higher  than  predicted  by  ARACHNE  for  single  pass  amplification,  but 
the  system  is  not  driven  to  saturation.  In  order  to  explain  the  discrepancy,  we  first  assume 
the  presence  of  a  small  amount  of  internal  reflections  which  can  increase  the  output 
power  over  that  computed  for  single  pass  amplification.  Note  that  the  beam  flat  top  is 
about  1  p-s  wide  and  the  distance  from  the  input  coupler  to  the  calorimeter  is  =  125  cm. 
Hence,  more  than  100  round  trip  bounces  of  the  radiation  are  possible  during  the  beam 
pulse  and  even  a  small  degree  of  reflection  can  substantially  alter  the  output  power.  In  the 
case  shown,  an  assumed  total  reflection  coefficient  of  0.65%  resulted  in  good  agreement 
between  the  simulation  and  the  experiment.  However,  based  on  cold  tests  and  some 


Output  Power  (MW) 


reflected  power  during  operation,  we  expect  the  round  trip  reflections  of  the  order  of  0. 1  - 
0.3%  at  16.6  GHz.  Therefore,  we  expect  that  other  factors  must  be  involved. 
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Fig.  5  Drive  curve  showing  the  output  power  and  gain  as  a  function  of  the  input  power. 
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Fig.  6  Variation  in  the  output  power  with  beam  voltage  for  several  values  of  wiggler  amplitude. 
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The  dependence  of  the  output  power  on  beam  voltage  for  several  values  of  the 
wiggler  field  is  shown  in  Fig.  6.  The  data  for  this  figure  are  unfolded  from  a  series  of 
acquired  waveforms  and  presented  as  output  power  vs.  beam  voltage,  where  each  point 
represents  a  digitized  value.  The  simulation  results  from  ARACHNE  are  shown  with  the 
solid  curves,  with  the  curve  thickness  matching  the  corresponding  point  thickness  of  the 
experimental  measurement  for  a  given  wiggler  field.  Good  agreement  is  shown  in  the 
voltage  at  which  the  peak  output  power  occurs  and  in  the  overall  voltage  dependence. 
However,  as  mentioned  above,  both  the  wiggler  and  axial  magnetic  field  values  used  in 
the  simulation  were  5  %  higher  than  the  experimental  values. 

In  view  of  these  two  comparisons,  it  is  our  expectation  that  the  discrepancy 
between  theory  and  experiment  can,  in  many  case,  be  accounted  for  by  the  assumptions 
of  (1)  a  small  degree  of  internal  reflections,  and  (2)  a  recalibration  in  the  magnetic  field 
levels. 


Fig.  7  Variation  in  beam  loss  with  output  power. 


One  final  issue  which  is  important  in  a  production  device  is  the  beam  loss.  Both 
simulation  and  experiment  have  shown  high  beam  loss  in  the  interaction  region  at 
multimegawatt  power  levels.  This  is  demonstrated  in  Fig.  7  in  which  we  plot  the  variation 


in  beam  loss  with  output  power  for  a  variety  of  different  beam,  wiggler  and  axial  field 
parameters.  The  solid  triangles  in  the  figure  represent  data  collected  from  experimental 
runs  in  which  the  variation  in  output  power  versus  wiggler  amplitude  was  studied. 
Similarly,  the  solid  circles  (diamonds)  represent  data  collected  from  studies  of  the 
variation  in  the  output  power  versus  the  axial  guide  field  (beam  voltage).  The  hollow 
triangles  represent  ARACHNE  simulations  of  output  power  dependencies  on  wiggler  and 
axial  guide  fields.  The  solid  line  is  simply  a  smooth  fit  to  all  of  these  points.  It  is  evident 
that  the  fraction  of  transmitted  beam  falls  fairly  uniformly  with  output  power  and  reaches 
about  50%  transmission  at  a  4  MW  power  level.  Observe  that  all  the  points  from  both  the 
experiment  and  the  simulation  cluster  fairly  closely  about  the  fitted  curve,  and  represents 
good  agreement  between  the  theory  and  the  experiment 

Although  this  degree  of  beam  loss  is  clearly  undesirable  for  high  duty  factor 
operation,  it  does  not  necessarily  result  in  tube  damage.  The  NRL  ubitron  was 
disassembled  after  many  hours  of  operation  at  6  pps  and  examined  for  damage  in  the 
wiggler  region.  None  was  found.  This  not  to  say  that  the  current  loss  is  not  a  potential 
problem;  rather,  that  the  beam  loss  is  sufficiently  distributed  axially  to  result  in  little  or 
no  tube  damage.  This  effect  could  probably  be  reduced  by  simply  reducing  the  initial 
beam  diameter,  or  operation  further  from  gyroresonance. 

IV.  SUMMARY 

In  conclusion,  results  from  the  NRL  ubitron  experiment  demonstrate  that  the 
performance  potential  of  the  ubitron/FEL  has  been  realized.  A  configuration  using  a 
fundamental  mode  circularly  polarized  rf  wave  and  a  helical  wiggler  results  in  a  relatively 
compact,  high  power,  and  efficient  amplifier  with  wide  instantaneous  bandwidth  and 
without  the  necessity  of  wiggler  field  tapering.  Performance  levels  compare  quite 
favorably  with  those  from  other  pulsed,  high  power  microwave  amplifier  designs. 


In  general,  there  is  good  agreement  between  theory  and  experiment  considering 
output  power  dependence  on  beam  voltage,  wiggler  field,  and  axial  field.  Both  theory  and 
experiment  show  a  high  degree  of  output  power  sensitivity  to  beam  voltage  and  axial 
magnetic  field.  Some  differences  exist,  with  the  experimental  power  levels  typically 
higher  than  predicted.  Work  is  underway  to  determine  the  source  of  this  discrepancy.  At 
the  present  time,  we  are  examining  the  questions  of  internal  reflections,  magnetic  field 
calibrations,  and  beam  modelling  as  sources  of  the  discrepancy.  Further  attention  to  the 
beam  loss  issue  is  required  for  higher  duty  factor  operation.  Future  work  will  include 
more  extensive  measurements  of  noise  and  phase  characteristics,  as  well  as  utilization  of 
our  theory/design  capability  for  designs  at  higher  frequency  and  lower  voltage  regimes. 
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The  first  experimental  demonstration  of  a  harmonic  frec-electron-laser  amplifier  utilizing  a  periodic 
^ition  instabdity  is  described  for  a  planar  wiggler  configuration.  The  interaction  occurs  at  the  even 
f .  A  maximum  gain  of  7  dB  was  observed  over  a  frequency  band  ranging 
from  14  to  ^GHz.  The  experimental  results  are  compared  with  predictions  from  the  three-dimensional 
simulation  code  wigglin  with  excellent  agreement.  Improvemenu  due  to  a  tapered  wiggler  for  this  in¬ 
teraction  are  discussed.  “ 

PACS  numbers;  42.55.Tb 


The  free-electron  laser  (FED  dates  back  over  three 
decades  [1,2],  and  has  been  intensively  studied  for  over  a 
decade.  Recently,  harmonic  generation  has  become  an 
important  topic  for  either  extending  the  frequency  range 
of  fixed-voltage  facilities  or  reducing  the  beam  voltage 
required  at  a  given  frequency.  Reduced  beam  voltage 
would  have  a  significant  impact  on  potential  applications. 
This  paper  describes  the  first  measurement  of  even- 
harmonic  amplification  utilizing  a  periodic  position  insta¬ 
bility  [2,3]. 

For  conventional  planar-wiggler  FELs  the  interaction 
occurs  at  the  fundamental  and  the  odd  harmonics  [4-1 1], 
due  to  the  velocity  harmonics  present  in  the  unperturbed 
undulations  of  the  electrons.  Tbese  harmonics  are  pres¬ 
ent  even  for  ideal  wigglers  with  perfect  beam  injection, 
and  give  rise  to  the  periodic  velocity  instability  of  the 
FEL.  The  even-harmonic  interaction  considered  here, 
however,  requires  no  higher  velocity  harmonics.  Rather, 
it  depends  on  a  synchronism  in  the  electron  position  with 
respect  to  an  antisymmetric  radiation  field.  The  interac¬ 
tion  can  occur  with  either  a  transverse  or  axial  electiic 
field.  The  transverse  field  must  be  odd  in  the  direction  of 
the  wiggle  motion,  and  the  axial  field  must  be  even  for 
the  respective  interactions  to  occur.  For  a  second- 
harmonic  interaction,  the  radiation  goes  through  two  cy¬ 
cles  as  the  electron  beam  traverses  one  wiggler  period  X.». 

For  the  transverse  interaction,  the  on-axis  electric  field 
is  zero,  and  the  field  peaks  off  axis.  Considering  only  the 
central  part  of  the  bum,  the  essentials  of  the  transverse 
interaction  are  shown  in  Fig.  1(a)  where  the  electron 
motion  is  greatly  exaggerated  and  the  transverse  pit^Ie 
of  the  field  is  included  (in  this  case,  the  TE|  i  rectangular 
waveguide  mode).  As  seen  in  the  figure,  the  electron  will 
always  be  in  either  a  decelerating  or  a  zero  electric  field. 
Although  a  particle  displaced  from  the  horizontal  center 
of  the  beam  will  be  in  an  accelerating  field  a  portion  of 
the  time,  the  bulk  of  the  beam  will  be  in  a  decelerating 
field  most  of  the  time,  leading  to  a  net  amplification.  The 
axial  interaction  is  shown  in  Fig.  1  (b),  again  for  the  cen¬ 
tral  part  of  an  on-axis  beam.  The  transverse  profile  in 
this  case  represents  the  axial  field  of  the  TMn  mode. 
Here,  even  the  central  particle  sees  both  an  accelerating 
and  a  decelerating  field.  The  electron  is  in  a  decelerating 


field  on  axis  where  the  field  is  at  its  maximum  and  the  ax¬ 
ial  velocity  at  a  minimum,  and  in  an  accelerating  field  off 
axis  where  the  field  is  reduced  and  the  axial  velocity  is 
maximuin.  However,  the  transverse  variation  of  the  elec¬ 
tric  field  is  greater  than  the  transverse  variation  of  the  ax¬ 
ial  veloaty.  This  results  in  a  stronger  interaction  on  axis 
which,  again,  leads  to  net  amplification. 

Although  the  axial  and  transverse  interactions  have 
been  considered  separately  in  the  preceding  paragraph,  it 
is  difficult  to  completely  separate  the  two  interactions.  In 
fact,  computer  simulations  indicate  that  the  overall  per¬ 
formance  at  the  second  harmonic  is  improved  when  the 
two  interactions  are  combined.  Simulation  also  shows 
that  the  second-harmonic  periodic  position  interaction 


Transverse  Interaction 


FIG.  I.  Physical  representation  of  the  periodic  position  in¬ 
teraction. 
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can  have  a  stronger  growth  rate  than  the  fundamental 
interaction,  and  is  a  significantly  stronger  interaction 
than  the  third-harmonic  PEL  interaction  for  the  current 
range  of  experimental  parameters.  The  remainder  of  this 
paper  includes  a  description  of  the  experiment,  as  well  as 
a  comparison  with  simulation  results  using  the  three- 

IlO  I2*nr  code  wigglin 

The  experimental  configuration  is  described  in  Ref.  I9j. 
The  drive  frequency  was  between  12  and  18  GHz.  The 
experiment  used  a  cylindrical  electron  beam  tunable  in 
voltage  from  about  30  to  250  kV,  with  a  lOO-kV  nominal 
o^rating  voltage  for  the  second-harmonic  interaction. 
The  beam  voltage  was  measured  as  the  output  voltage  of 
the  modulator  using  a  capacitive  voltage  divider  The 
current  was  measured  at  the  gun  with  a  current  trans¬ 
former,  and  at  two  downstream  locations  with  resistive 
current  monitors.  One  measurement  was  taken  before 
the  input  coupler  region  and  the  other  just  after  the  in¬ 
teraction  region.  The  wiggler  consisted  of  a  permanent- 
magnet-assisted  electromagnet  with  a  period  of  3  cm  and 
an  amplitude  variable  over  670-1300  G.  This  corre- 
s^nds  to  a  large  perturbation  of  the  electron  motion  at 
hese  low  voltages,  and  the  ratio  of  transverse  to  axial  ve- 

0.23-0.43.  The  pole  pieces  ex¬ 
tended  partially  down  the  sides  of  the  waveguide  to  pro¬ 
vide  wiggle-plane  focusing,  and  resulted  in  a  very  flat 
profile  near  the  center  of  the  waveguide  with  the  field  ris¬ 
ing  sharply  near  the  wall. 

experiment  operated  as  an  amplifier  in  an  over- 
«zed  waveguide  (3.485x1.58  cm)  with  the  input  signal 

t£  launching  the 

S'  ^  These  are  the  lowest-order 

modes  with  the  odd  transverse  symmetry  necessary  for 
the  periodic  position  interaction.  Simulations  of  this 

f  ‘he  TE„ 

and  TM„  modes  with  very  little  power  in  other  modes, 
he  Mtput  radiation  was  analyzed  via  mode-selective 

with“l^°h microwave  power  was  measured 
wth  calibrated  detectors  at  each  of  the  output  coupler 

‘he  signals  from  the  output  couplers 
y  utilizing  the  uncoupled  dispersion  curves,  the  in¬ 
teraction  was  ^itively  identified  as  a  second-harmonic 
interaction  with  the  1,1  modes.  The  input  coupler  was 
alM  switch^  to  launch  the  TEo,  mode  (the  lowest-order 
mode  for  tiK  PEL  interaction)  to  verify  that  no  interac¬ 
tion  (furred  at  these  parameters. 

ier?.r"  *««’"‘l'harmonic  periodic  position  in¬ 

teraction  was  measured  at  beam  voltages  of  78-106  kV 

and  currents  of  6-10  A  (measured  downstream  from  the 

leraata  f"  ">«  fuixlamantal  in- 

■  ?'  GHz  was  achieved  by  both  voltaee  and 

wigg  er-field  tuning.  The  maximum  observed  gain  was 
approx, malaly  7  J B.  The  measured  jain  speetrum  .ill  be 
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present^  later  in  comparison  with  the  theoretical  anal¬ 
ysis.  The  interaction  could  not  be  saturated  at  this  value 
of  gam  with  the  available  drive  power,  but  the  maximum 
unsaturated  efficiency  obtained  was  1.1%. 

I  w  of  H5- 

30  kV  (de^nding  on  the  wiggler  strength)  which  had  a 

significant  effect  on  the  transported  beam  current,  reduc- 

rioV  5^"**  ^  i"‘orac- 

tion.  The  measured  frequency  was  10.4  GHz,  corre¬ 
sponding  to  the  cutoff  frequency  of  the  I.I  modes.  An 
unwupicd  dis^rsion  analysis  indicated  the  oscillation 

ZT,  f second-harmonic  periodic  position 
instability.  This  was  supported  by  the  observation  of  a 
hi^r  power  exiting  the  input  coupler  than  was  mea- 
sun^  at  the  output  couplers.  The  measured  power  exit¬ 
ing  from  the  mput  coupler  was  41.5  kW.  corresponding  to 
an  efficiency  of  over  3%.  The  actual  power  inside  the  de- 
vi«  was  uncertain  due  to  the  unknown  response  of  the  in¬ 
put  and  output  couplers  at  10.4  GHz  for  the  TE,,  and 
TM„  modes.  Although  the  fraction  of  the  total  power 
that  was  actually  coupled  out  from  the  input  coup^r  is 
unknown,  the  ap|«rent  strength  of  this  oscillation  indi¬ 
cate  the  potential  of  the  periodic  position  interaction. 

The  experiment  was  not  optimized  for  the  second- 
harmonic  pcnodic  position  interaction.  The  primary  limi- 
tations  were  electron-beam  generation  and  injection  The 
7"  experiment,  and 

match  the  b^m  to  the  wiggler.  A  good  match  was  dif- 
ficult  to  achieve  as  the  beam  was  transported  from  a 
wienoidal  field  into  the  planar  wiggler,  and  a  significant 

*7  7'  transition.  T^e  prob- 

ms  in  the  transition  region  also  resulted  in  a  larger  than 
desired  beam  diameter.  Because  of  the  nature  of  the  in- 
77^  •‘’n  portion  of  the  beam  becomes 

t77.  r  r  «  ‘he  beam  diameter  increases, 

rii'"tV  f *  'a^ge  diameter  also 
*  \  '»'«Wler-induced  velocity  spread 

which  limits  the  operating  efficiency. 

The  experimental  observations  were  compared  with 
amUalion,  using  wicrauN,  which  includes  the  stauN 

Maxwell  s  equations  as  well  as  the  complete  Lorentz- 
fora  equations  for  an  ensemble  of  electrons.  No  average 

performed.  As  such,  wigglin 
mphcitly  includes  both  the  well-known  odd  harmonic  in¬ 
teraction  in  a  planar  wiggler  and  the  periodic  position  in- 
terartion.  No  further  fundamental  modification  is  re¬ 
quired  to  model  the  experiment.  In  this  formulation,  the 
citrons  are  assumed  to  be  initially  monoenergetic  but 

s^^ad' 

The  wiggler  model  describes  an  inhomogeneity  in  the 
wiMie  direction  (i.e..  the  x  axis).  The  measured  field  was 

toward  *’”7  7'  sy"»netry  axis,  and  rose  sharply 
toward  the  edges  of  the  interaction  region.  As  such  we 
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employ  the  following  wiggler  model  [I4l: 
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(z)cosA:«2  sinhit.y - 

2kl 


ki  dx^ 


where  5,(2)  describes  the  axial  variation.  k»s2x/k,., 
XKx)  denotes  the  variation  in  the  wiggle  plane,  and 
nA:,j))*A:,>)COSh*H.^-sinhA:..y.  This  field  is  not  self- 
TOnsistent  in  that  it  is  divergence-free  but  not  curl-free 
However,  the  approximation  is  good  as  long  as  R.  (2)  and 
X(x)  vary  slowly  compared  with  L».. 

We  choose  BAz)  to  describe  both  the  adiabatic  injec¬ 
tion  of  the  beam  into  the  wiggler  over  TV.,  wiggler  periods 
and  the  downstream  taper  of  the  wiggler  for  efficiency 
enhancement.  Hence, 

B.  sin  \k^.2/AN^. ).  0  <  2  <  TV.7l.  . 

BAz)^  B„,,  NAw<z:£2q,  (4) 

^..[l +A:..C..(2  ~  2o)l,  2o<2, 

where  fl.  is  the  wiggler  magnitude  in  the  uniform  region, 
and  «.  denotes  the  normalized  taper.  The  variation  in  x 
IS  described  for  the  genera!  case  by  a  polynomial 

A'(x)“l+  T  (x/cT,)^'”.  (5) 

whye  a,  denotes  the  scale  length  for  variation  of  the 
field,  and  m  is  an  integer.  As  a,  —  «o  this  reduces  to  a 
wiggler  with  flat  pole  faces.  A  comparison  of  the  actual 
field  with  X(x)  as  used  in  the  code  (a  quartic  with  m‘»2 
and  0,-1.4938)  is  shown  in  Fig.  2.  and  it  is  clear  that 
the  approximation  gives  a  reasonable  fit  to  the  data. 

The  specific  parameters  used  for  comparison  are  a  volt¬ 
age  and  current  of  99.4  kV  and  6.6  A  with  a  beam  radius 


1.1 

O 

1.0 


S 


Transverse  Positim  (cm) 

FIG.  2.  Comparison  of  the  measured  transverse  wiggler  1 
ation  and  the  quartic  representation  used  in  wioclin. 


of  0.4  cm.  The  wiggler  was  characterized  by  -|  295 

"3.  and  a  total 

dJd^  -  .Both  ‘he  TE„  and  TM„  modes  are  in- 

W  F  “  ”‘7  of 

.  Figure  3  contains  a  comparison  of  the  observa- 

tmns  with  resu^  from  wiOGLlN  over  the  unstable  band 

0.025%,  and  0.05%.  The  experimental 
|»ints  over  the  frequency  band  fall,  for  the  most  part,  be- 

spreads  of  0.025% 

and  0.05%.  -^is  is  m  good  agreement  with  the  estimated 
energy  spread  based  upon  trajectory  calculations  of  the 
gun  geometry.  Observe  that  the  power  has  not  saturated 

saturated  gain  is 
^rJn-O.  which  Mk  10 

4^ro-0.025»'  "  ^  for 

The  effi^  of  a  tapered  wiggler  is  shown  in  Fig.  4  for 
the  case  of  Ay..  -0  and  -  “0.00083.  The  efficiency 
*  *‘»rt'‘aper  position,  which 

trapped  in  the  ponderomotive  potential  formed  by  the 
beating  of  the  wiggler  and  radiation  fields.  For  this  ex- 

Only  the  total  signal  and  the  TE„  mode  are  shown  in  the 
figur^  and  the  large  oscillations  in  the  total  power  are 
caused  by  the  TMn  mode.  It  is  evident  that  the  saturat- 


TE||  andTMi)  Modes  (o=  3.485cm;  6  =1.58  cm) 

10  - - - - - 


*  [-  4y.  =  0 


Vi  =  99.4kV  j 
/*  =  6.6  A  -j 
R*  =  0.4  on  n 


/  4y,/yo  =  0.025% 


2  4  •  ■ 

^  :fl,w=  1.295kG  N?  *■ 

2  =  4y,/yo«0.054^ - 

^!=  1.4938cni  WA*.  =  34  • 

0  '  '  '  ■  ■  ■  '  I  ■  ■  ■  1 

13.9  14.1  14.3  14J  147 

Frequency  (GHz) 
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TE| ,  and  TM,,  Modes  {a  =  3.485  cm;  h  =  1.58 
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““  “  “»l  <lis..nct  for  a 

lapered-wiggler  interaction. 

^  efficiency  can  be  increased  relative  to  that  of  the 

niostthrMffifd'fh*^**/*^  ***'  parameters  by  al- 

mwt  threefold  through  the  use  of  a  tapered  wigglcr 

halmor'"'*'^^’’'  MPcrimental  demonstration  of  a 
harmonic  periodic  position  amplifier  has  been  achievll 

fiTannir  '"‘"f  in  planar-wiggler- 

rw^ngular-wavcguide  geometry  where  modes  exis^wUh 

exD^.  J'7'”**'^  symmetry  plane  ThJ 

ex^riment  ^rmitted  positive  identification  of  the  in- 

t^cting  modes,  and  the  experiment  was  seen  tf be  in 

greement  with  predictions  from  the  wigglin 
simalaucn  code.  ,h 
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